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1. DEDICATION

It is appropriate that this volume is named Jens Oddershede — Adventurer in
Quantum Chemistry, as Jens has always viewed his sojourn through quantum
chemistry as an adventure rather than a job. His enthusiasm for, and dedication to,
good and interesting science has been an inspiration to all of us who have worked
together with him over the years.

This volume is made up of contributions from Jens’ friends and collaborators,
all of whom have benefited from interaction with him. Most of the names of the
senior authors of these chapters appear as well on the list of Jens’ publications
which follows this piece.

Rather than grouping chapters according to subject matter, the chapters in this
volume are ordered according to when Jens first published with the author of the
chapter. (You are left to sort out the details of contributions bearing the names of
several of Jens’ earlier collaborators!)

For all of us, it is a pleasure and an honor to contribute to this volume which
is published to celebrate Jens’ 60th birthday. May the coming years be equally as
full of adventure as the first 60 have been.

2. BIOGRAPHY

Jens Oddershede grew up on the country side in the province of Thy, northwestern
Denmark. As the oldest son it would have been natural for him to overtake/inherit
the family farm in Kastrup, however, Jens preferred to do chemistry experiments
in the attic rather than participating in the farm life (by all accounts, it was only by
extraordinary luck that the house survived). Therefore, after having completed

XVii
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gymnasium in Thisted, he started his scientific career at Arhus University as a
student of physics and chemistry. The thesis for his Cand. Scient. degree was done
in quantum chemistry in the newly established group headed by Prof. Jan
Linderberg The thesis ended up as a publication together with Jan Linderberg
(#1 in the list of pubhcatlons following) entitled ‘First Order Calculations of Spin
Densities in C103~ and ClO,.” This was to be the first of nearly 170 publications
by Jens and his collaborators so far. It was in Arhus that he met many of the people
that would play a significant role in his future scientific life, as well as where he
first developed, together with Poul Jgrgensen and Jan Linderberg, the polarization
propagator approximation for response properties of molecules that has played a
central role in Jens’ scientific life for the past 30 years.

While at Arhus, Jens spent two years from 1971-1973 at the University of Utah
with Prof. Frank Harris® group, where he worked on the problem of describing
metallic hydrogen using a Hartree—Fock methodology. He then returned to Arhus
and continued his collaboration with Poul Jgrgensen on propagator methods. He
completed his Dr. Scient. degree in 1978 at Arhus University with a dissertation
entitled ‘Polarization propagator calculations’.

In 1977, Jens moved to Odense University (since 1998 called the University
of Southern Denmark), where he became a Lector (Associate Professor) of
chemistry. At this time he began a collaboration with Prof. Geerd H. F. Diercksen
at the Max-Planck-Institute fur Astrophysik. This collaboration resulted in the
adding the capability of polarization propagator calculations to the MUNICH
system of programs; a powerful general molecular electronic structure program.
Jens also visited the University of Florida’s Quantum Theory project during these
years. He was made Adjunct Professor of Chemistry at the University of Florida in
1984, and continues this affiliation today.

Jens Oddershede was appointed Professor of Chemistry at Odense University
in 1988, and remains so. In 1992, he supplemented his scientific career with
administrative tasks when he became Dean of Science, which, however, did not
keep him from being active in Science. In 2001, he was elected Rector (President)
of the University of Southern Denmark, a position which he continues to serve.
However, he is still an active participant in theoretical chemistry and presently
among the most cited scientists at the University of Southern Denmark.

3. SCIENCE

When Jens Oddershede was elected a Fellow of the American Physical Society
in 1993, the citation read ‘For contribution to the theory, computation, and
understanding of molecular response properties, especially through the elucida-
tion implementation of the Polarization Propagator formalism.’ Although written
more than a decade ago, it is still true today. The common thread that has run
through Jens’ work for the past score of years is development of theoretical
methods for studying the response properties of molecules. His primary interest
has been in the development and applications of polarization propagator methods
for direct calculation of electronic spectra, radiative lifetime and linear and
non-linear response properties such as dynamical dipole polarizabilities and
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hyperpolarizabilities, spin—spin coupling constants, nuclear magnetic shieldings
and magnetizabilities, using both fully relativistic (4-component) and non-
relativistic methods. Jens has also been involved in the properties of energy
deposition by swift molecules in molecular targets such as the calculation of
stopping powers and shell corrections. This work led him to calculations, again
using the polarization propagator formalism, of moments of the dipole oscillator
strength distributions such as mean excitation energies. This and various dipole
and generalized oscillator strength sum rules are among his current research
interests.

Considering the success with which Jens Oddershede has developed the
polarization propagator formalism and applied it to calculation of various
response properties, it is not surprising that his most cited paper (#44 in the list of
publications) is a didactic review which lays out the polarization propagator
formalism in detail. This paper is one which is necessary reading for anyone who
wishes to implement the polarization propagator formalism, and that necessity is
reflected in the citation count for this paper. It, along with other highly cited
papers, is the result of Jens’ early and lasting collaboration with Prof. Poul
Jorgensen.

In his professional capacity, he is a member of the Danish Physical Society,
serving as the board member of the Division of Atomic and Molecular Physics
from 1980 to 1989, and as Chairman from 1987 to 1989. Jens is a member of The
Danish Chemical Society where he was a board member from 1989 to 1992, and
served as Chairman of the Division for Theoretical Chemistry from 1981 to 1985.
He is also a member of The European Physical Society, The American Physical
Society (fellow), and The Danish Natural Science Academy.

Jens has won the research prize awarded each year by Fyens Stiftstidene in
1981.

Jens Oddershede is, a member of the advisory editorial boards of Advances in
Quantum Chemistry and Theoretical Chemistry Accounts, and has served on the
boards of Theoretica Chemica Acta and The International Journal of Quantum
Chemistry. .

Outside the academy, Jens is also active. He was designated Arets Fynbo in
1996 and has been a member of more than a dozen boards of trustees.

Jens Oddershede is surely a man of many talents.



Bonding in the Perchlorate Anion and Radical

Jan Linderberg
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Abstract
Electron distributions are studied in the perchlorate anion and in the radical in order to elucidate the
pattern of bonding in these systems. Qualitative considerations are supplemented with numerical
calculations. Comparison with other efforts supports the previously suggested interpretation of the
radical as a weakly exchange coupled complex of an oxygen diatom and a chloryl radical.
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1. INTRODUCTION

Paramagnetic centers in perchlorate crystals were a topic of detailed experimental
investigation when Jens Oddershede begun his graduate studies at Aarhus
University [1]. He (and I) found it interesting to attempt a calculation of the spin
density parameter associated with the Fermi contact interaction term for the
perchlorate radical, C1O, and a species identified as CIO ~. The technique to be
used was based on the electron propagator or Green function for the anion, which
contains information on the states of the radical as well as on the doubly negative
species [2]. Induced spin densities were required since neither the highest
occupied nor the lowest unoccupied molecular orbital had any zeroth order
amplitude on the central chlorine nucleus according to the contemporary analysis
by Manne [3]. Perturbation theory of the kind used by McLachlan et al. [4]
to derive proton spin densities in aromatic hydrocarbons gave a satisfactory
result [5].

Oddershede’s calculations were limited by the computational facilities and
more recent calculations indicate that while Manne’s ordering of the occupied
molecular orbitals stays unchallenged, there is little significance to assign to virtual
orbitals for an anion [6]. It was pointed out [5] that ionization from a degenerate
state would lead to a distortion in the system due to the Jahn-Teller theorem.

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 48 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)48001-6 All rights reserved



2 J. Linderberg

No effort to examine this possibility was undertaken until Byberg observed a
similarity between the quadrupole coupling tensors in chloryl and perchlorate
radicals. The species C1O,4 could be interpreted as an exchange coupled complex of
CIO; and O, [7].

Van Huis and Schaefer [8] found that ClO4 has a minimum electronic energy
structure of C,, symmetry in contrast with an experimental assignment from
infrared spectra by Grothe and Willner [9]. These authors arrived at Cs, as the
appropriate symmetry group for ClO,4 in a neon matrix. The continued interest in
the perchlorate radical has prompted the present small study of its electronic
features and bonding characteristics.

It will be illustrated in the next section that the favored distortion of CIO, from
a tetrahedral symmetry is in the direction towards the Cjs, rather than the form
deduced by Van Huis and Schaefer [8]. The electronic structure of the open shell
is analyzed from the results of electronic structure calculation for structure with
small but finite distortions in Section 3 and a different conclusion is reached.
Fourthly, a juxtaposition of the findings from the previous sections supports the
Van Huis—Schaefer case. Additional remarks appear in the final section.

2. MOLECULAR ORBITALS

Regular Hartree—Fock calculations within a ‘triple-zeta-valence’ atomic basis were
performed with the program system GAMESS [10] which is freely available and
gives an optimized chlorine—oxygen bond length of 1.464 A in a tetrahedral
conformation and a set of three highest occupied molecular orbitals of #; symmetry.
These are nonbonding orbitals and are not overlapping with orbitals on the central
chlorine in a basis lacking f-orbitals there. Removal of an electron will then create a
degenerate state, which cannot be stable according to the Jahn—Teller theorem.

A suitable frame for the discussion places the tetrahedral molecular ion so that
the two-fold rotation axes are the coordinate axes. We choose to represent the
three degenerate ¢;-orbitals by their f-orbital equivalents:

{fofyfd o fx(y® — D@ — D)z — yH)}

Distortions need to have their symmetry contained in the direct product
t1 ®t, =a; + e+ t; +1t, and we will consider only such displacements that leave
the C1-O bonds invariant. This leaves only e-type and #,-type to be of concern. An
e-deformation shortens or lengthens opposite edges of the tetrahedron and does
little to split the #; degeneracy. The f, modes will be classified as d-orbitals and
the perturbing potential will have the form V =2¢V, + 2V, +{V,, with the
matrix representation

0 & 7
(ALLIWVIAALY = [T 0 E[(fIIVIf)
n &
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Relative weights of the three equivalent changes are given by the coefficients
and an appropriate reduced matrix element determines the magnitude of the
perturbation.

The ¢, degeneracy is cancelled, to first order, by the perturbation and the orbital
energy changes are determined by the eigenvalues of the matrix above. They are
expressed as

27j )
w=xﬂwwnm<w+§Q;J=Lz3

4+ =3; cos(3y)=Ent.

where a convenient normalization is chosen. Extrema for the eigenvalues occur at
te=+p=4L=1.

‘Scissoring” modes occur when two of the basic weights vanish, one edge
shortens while the opposite one lengthens. ‘Umbrella’ modes have equal basic
weights. It should be observed that there remains a two-fold degeneracy for
umbrella modes and that the gradient of the energy is not analytic. The ratio of the
orbital energies of the highest occupied molecular orbital in the scissoring mode to
the umbrella mode is cos(7/6) = 1/2(~/3) or 87%.

It is the closing umbrella that causes the highest occupied molecular orbital
energy level to be nondegenerate and localized on a set of three oxygens as an
a,-type, antibonding species (see Fig. 1). An opening umbrella will have a
degenerate e-type molecular orbital level as the highest occupied one. Both
orbitals have their main amplitude on the oxygen that defines the handle of the
umbrella.

Modifications of the scissoring type concentrate the amplitude of the relevant
orbital to the two oxygens that are brought closer together (see Fig. 2). Antibonding
results from the increased overlap and eases the effort to remove an electron.

No localization of the ¢, orbitals takes place when e-forms of distortion are
induced; the density is equally distributed over all the ligands in every one of the
three orbitals. Marginal energy shifts are found.

Fig. 1. The highest occupied molecular orbital for the closing umbrella mode.
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Fig. 2. The highest occupied molecular orbital for the scissoring mode.

3. FINITE DISPLACEMENTS

Infinitesimal changes of the atomic positions were analyzed above. An estimate of
the magnitude of reduced matrix element (f||V||f) will be obtained from
calculations at small, finite distortions. Table 1 presents essential data from the
calculations with GAMESS [10]. Basic displacements were introduced and bond
length renormalizations were effected in order to avoid stretching contributions.
This process will make it more difficult to ensure that the various forms have
moved an equal amount.

A measure of the distance between molecular conformations has been
introduced [11] in order to gauge the amount of movement required to
transform one structure into another disregarding relative translations and

Table 1. Perchlorate Hartree—Fock calculations for somewhat distorted tetrahedral
conformations

Closing Opening Closing Opening

Entity® umbrella umbrella scissoring scissoring Tetrahedral
R(CI-0) 1.464 A 1.464 A 1.464 A 1.464 A 1.464 A
R(0,-Oy) 2441 A 2.338A 2.320A 2458 A 2391 A
R(0,-0O.) 2441 A 2338 A 2380 A 2380 A 2391 A
R(0,—0y) 2441 A 2.338A 2389 A 2389 A 2391 A
R(0.—0y) 2335A 2438 A 2458 A 2.320A 2391 A
R(0,—0y) 2335A 2438 A 2380 A 2380 A 2391 A
R(0,-0,) 2335A 2438 A 2.389 A 2.389 A 2391 A
E.el 0.0065E}, 0.0063E}, 0.0038E}, 0.0038E}, 0

€_3 —0.2801E, —O0.2868E, —0.2834E, —0.2834E, —0.2787E,
o —0.2801E, —0.2713E, —0.2775E, —0.2775E, —0.2787E,
£ —0.2688E, —0.2713E, —0.2712E, —0.2712E, —0.2787E,
Eegt 0.2753E; 0.2776E;, 0.2750E;, 0.2750E}, 0.2787E;,

* Ey=— 758.697 lEh’ Ere1=Eo(RHF) —Eg; Ecq=Ere1—¢—1.
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rotations. Each conformation is characterized by a set of mass points,
{mj,7j|j= 1,2,...N, ij?j=0}, with their center of gravity at the origin.
The distance between two conformations is defined from the least value of the
functional

2 . > > 12
d (g m-) = min E mi|7 A — Qrgil*;
AB J QeS0(3) JIT A Bjl »

The extreme value is found from a real symmetric eigenvalue equation [11].
Five conformations have been studied here and their displacements from one
another are given in Angstrom in the matrix

( CU ou CS OS Td
CU 0 0.0939 0.0742 0.0396 0.0472
OU 0.0939 0 0.0393 0.0738 0.0468
CS 0.0742 0.0393 0 0.0724 0.0362
OS 0.0396 0.0738 0.0724 0 0.0362
Td 0.0472 0.0468 0.0362 0.0362 0

{das} =

\

where the rows and columns are labeled CU for closing umbrella and so on.
The two pairs (CU, OU) and (CS, OS) can be pictured as defining straight
lines through the Td as the crossing point. These lines form an angle of 49°
as compared with the angle between the (1,1,1) direction and a coordinate
axis of 54°. Such close similarity justifies a mapping on to the infinitesimal
model.

Closing or opening the scissoring mode refers only to which pair of C1-O bonds
that is considered and the symmetry is reflected in the identical result for the
orbital energies. Closing an umbrella is not the mirror image of opening one and
the difference comes out in the orbital energies.

Scissoring-mode orbital energies are well represented by the expression

.
=+ AW cos(Z =T = =32,

e, = —0.2774E,; {flIVII/)V/3 = 0.0061E,.

while the umbrella modes have two forms. The closing form gives

2mj 277)

s = e+ 2FIVIP cos<—+_ .y 3,2 1.

Ny
|

33
e = —0.2763E,; 2AfIVIf) = 0.0125E,.
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and the opening one provides

3
ey = —0.2765E,; 2fIVIf) = —0.0103E,.

.
: eo+2<f||vnf>cos(ﬂ); j= =3, -2 1,

Thus, there are three estimates for the matrix elements.
We assume a linear dependence of the reduced matrix element on the
displacement and find that

V o
VI _ 6 10gwA)  scissor mode
dos,Td\/§
V o
(sllaviaally = { ~WI g 114 opening umbrelia mode
2doy 1q
V °
M = 0.13(E,/A)  closing umbrella mode
2dcy 1

with a satisfactory agreement from a rather primitive model.

4. A WINNING ALTERNATIVE

The analyses in the previous sections support the notion that there will be an
initial force in the direction termed the closing umbrella mode on the
tetrahedral structure when an electron is removed from the perchlorate anion.
Infinitesimal changes favor a change to a C;,-form as suggested by Grothe
and Willner [9]. Finite displacements indicate, however, that the effect of the
orbital splitting is overcome by a uniform shift of the orbital energies and
the cost of bending the original structure. This is seen in the last line of Table 1
where a Koopmans theorem estimate is given for the energy of the neutral radical.

A distortion in the scissoring mode affects only two O — O distances while the
other changes all six. Thus, it is reasonable that the overall energy change is less. It
is also what Van Huis and Schaefer [8] deduced by extensive electronic structure
studies. Their optimized C,, conformer is further indicated by the localization of
the highest occupied molecular orbital on the two approaching oxygen atoms that
results in an increase in bonding between these atoms when an electron is
removed. Geometry optimization on the neutral species leads to increased C1-0O
bond lengths here as well.

It seems that the weakening of the bond between the chloryl species and
the oxygen diatom leaves room for the view that a coupling between the two
is not dissimilar to the situation in the crystalline environment where a
good interpretation is offered by an antiferromagnetic exchange interaction
giving a doublet from a chloryl doublet and a triplet dioxygen [7]. Such a
description is based on three singly occupied orbitals, one on the chlorine and
two on the dioxygen. Thus, it would be ineffective to attempt an accurate
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calculation without proper account of the possible electronic valence bond like
structures.

Grothe and Willner argue for a Cs, structure where the ‘umbrella’ would open
and the odd oxygen ligand be moved away from the central atom [9]. Their
suggestion involving electron transfer between ¢* orbitals seems unlikely as
the source of a change in geometric structure. There is no support for this view in
the present analysis. The initially promising suggestion is not corroborated by
even modest theoretical efforts.

5. FINAL REMARKS

Attempts to establish the existence and structure of chlorine tetraoxide have not
led to a unique and undisputed situation. Byberg identified the species in his
comprehensive studies on crystalline forms such as irradiated potassium
perchlorate and was led to the exchange coupled interpretation [7]. Studies of
the species in a neon matrix suggested the C;, form to Grothe and Willner [9].
Somewhat elaborate calculations by Van Huis and Schaefer [8] favor the C,,
geometry as an optimized structure of the isolated radical.

The analysis in this note lends credibility to the findings of Van Huis and
Schaefer and indicates a relation to the complex formation of the chloryl and the
oxygen molecule. It will be necessary to include an environment in theoretical
calculations to bring this matter further.
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Abstract
The Cauchy moments are derived and implemented for the approximate triples model CC3 with the
proper N’ scaling (where N denotes the number of basis functions). The Cauchy moments are
calculated for the Ne, Ar, and Kr atoms using the hierarchy of the coupled-cluster models CCS,
CC2, CCSD, CC3 and a large correlation-consistent basis sets augmented with diffuse functions.
A detailed investigation of the one- and N-electron errors shows that the CC3 results have the
accuracy comparable to the experimental results.
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1. INTRODUCTION

The calculation of frequency-dependent linear-response properties may be an
expensive task, since first-order response equations have to be solved for each
considered frequency [1]. The cost may be reduced by introducing the Cauchy
expansion in even powers of the frequency for the linear-response function [2].
The expansion coefficients, or Cauchy moments [3], are frequency independent
and need to be calculated only once for a given property. The Cauchy expansion is
valid only for the frequencies below the first pole of the linear-response function,

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 48 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)48002-8 All rights reserved
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however, most experiments are also carried out in this frequency region.
Moreover, using analytical continuation techniques in the complex plane the
Cauchy expansion may be extended beyond this limit [4].

The Cauchy moments are thus very useful in describing molecular properties
like dynamic polarizabilities at real and imaginary frequencies [5], inelastic
scattering cross sections [6], Verdet constants of atoms [7], dispersion interactions
between atoms and molecules [5], and the paramagnetic contribution to the
Cotton—Mouton constants of atoms [8]. Cauchy moments have been implemented
for the wavefunction models: Hartree—-Fock (HF) [9-11], multi-configurational
self-consistent field (MCSCF) [12], and second-order polarization propagator
approach (SOPPA) [13,14]. Using the time-averaged quasi-energy Lagrangian
techniques [1] Cauchy moments have also been determined for the coupled cluster
(CO) hierarchy of models CCS, CC2, CCSD [4]. We extend in this chapter the
latter implementation to the approximate triples model CC3. CCS stands for the
CC singles model, where all the single excitations from a reference wavefunction
are taken into account. In CCSD [15] all the single and double excitations are
treated; and in CCSDT all the triples are further added. CC2 model is obtained
from CCSD by approximating the doubles equations [16]. Similarly, CC3 is an
approximation to CCSDT, where approximations are introduced in the triples
equation [17]. The computational cost of the CC2 and CC3 models is reduced
compared to CCSD and CCSDT, respectively, and the cost across the hierarchy
scales as N* (CCS), N’ (CC2), N° (CCSD), N (CC3), where N is the number of
basis functions.

The CCS, CC2, CCSD, CC3 hierarchy has been designed specially for the
calculation of frequency-dependent properties. In this hierarchy, a systematic
improvement in the description of the dynamic electron correlation is obtained at
each level. For example, comparing CCS, CC2, CCSD, CC3 with FCI singlet and
triplet excitation energies showed that the errors decreased by about a factor 3 at
each level in the coupled cluster hierarchy [18]. The CC3 error was as small as
0.016 eV and the accuracy of the CC3 excitation energies was comparable to the
one of the CCSDT model [18].

Frequency-dependent polarizabilities and first hyperpolarizabilities have also
been calculated to high accuracy using the CC3 model [19-21]. Recently, we have
shown that oscillator strengths calculated using the CC3 model are practically
gauge invariant [22] and that the accuracy of the CC3 frequency-dependent
second hyperpolarizability of the Ne atom is at least the same as the accuracy of
the latest experiments [23]. This outstanding accuracy of the CC3 model reflects
the importance of the inclusion of triple excitations in the CC wavefunction for
accurate description of molecular properties — a fact that has been observed a
number of times for static properties calculated using CCSD(T) model [24].
Contrary to the CCSD(T) model, the CC3 model may be used to calculate both
static and frequency-dependent properties [17]. The CC3 and CCSD(T) [25]
models have comparable accuracy and the same formal computational scaling, N,
with the CC3 model being iterative and the CCSD(T) model non-iterative.

The results presented in this chapter are complementary to the ones of Ref. [4],
where the Cauchy moments were calculated for the Ne atom using the CCS, CC2,
CCSD hierarchy. A systematic improvement in the quality of the Cauchy
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moments was found in Ref. [4] when increasing the level of the hierarchy; in
particular, the CCSD Cauchy moments were in a very good agreement (0.04-3%)
with the empirical constrained dipole oscillator strength distribution (DOSD)
values [6] which are believed to be accurate within £ 1%. We here investigate the
improved accuracy of the Cauchy moments when going from CCSD to CC3.

In the next section, we recapitulate the derivation of the Cauchy moment
expressions for CC wavefunction models and give the CC3-specific formulas; we
also outline an efficient implementation of the CC3 Cauchy moments. Section 3
contains computational details. In Section 4, we report the Cauchy moments
calculated for the Ne, Ar, and Kr gases using the CCS, CC2, CCSD, CC3
hierarchy and correlation-consistent basis sets augmented with diffuse functions.
In particular, we consider the issues of one- and N-electron convergence and
compare with the Cauchy moments obtained from the DOSD approach and other
experiments.

2. THEORY

The Cauchy moments have been derived in Ref. [4] for CC wavefunctions, using
the time-dependent quasi-energy Lagrangian technique [1]. In Section 2.1 we
recapitulate the important points of that derivation and use it in Section 2.2 to
derive the CC3-specific formulas.

2.1. Cauchy moments for coupled cluster wavefunctions

The oscillator strength sums, or Cauchy moments, S45(k), for an exact state are
defined by the sum-over-states formula [3]:

Sush) =iw§nf£f, (0

n#0

where wy,, is the exc1tat10n energy for the transition from the reference state |0) to
the excited state |n), foif is the oscillator strength:

o = 2w0,{0lAn) (| B|O), )

and A and B denote the perturbation operators. The Cauchy moments enter the
expansion of the polarizability [2, 4]:

AB
p(—0rw) = i Jon Z 0 Syp(—2k = 2), 3)
WG — 0

n#0
where «w denotes the frequency of the external perturbation. The last equality in
equation (3) is fulfilled for |w| <min{wy,} [4].
For the non-variational CC wavefunctions, the polarizability is the negative of
the linear-response function and may therefore be identified as the second



12 F. Pawtowski et al.

derivative of the real part of the time-averaged quasi-energy Lagrangian, L (for
the definition of the Lagrangian see, for example, Section II B in Ref. [21]), with
respect to the field strengths ex(wy) [1]:

1
N {0 P (wp) + 1°(wy) + Fr (0P (wp)}, (@)

where w4 = —wg and where CT* is the complex conjugation and frequency sign
inversion operator defined by

C g (g, wp, ...) = &P (wp, wp, .. + (@ (—wy, —wp, ) (5)

The F matrix and n* vector in equation (4) are defined as the second partial
derivatives of the Lagrangian, taken at the zero perturbation strength:

9’L
A _
n,ui - <(9€A(<uA)(9tM>0’ (6)

0’L
F,, = 7
MiVj (atﬂiat,{/_> 0’ ( )

where ¢ denotes the unperturbed wavefunction parameters (e.g., the coupled-
cluster amplitudes). *(w,) in equation (4) denote the first-order response of the
wavefunction parameters to an external perturbation A oscillating with the
frequency w,. They are determined from the first-order response equation:

Mwy) = —(A —w, D)7, ®)

where I denotes a unit matrix. The Jacobian, A, and the £* vector in equation (8)
are defined as the second partial derivatives of the Lagrangian:

0’L
A, = | = ,
MiVj <at'uiatyj> . (9)

9%L
A
S = <afmaeA(wA)>O’ (10)

where 7 denotes the unperturbed Lagrange multipliers.
Applying the matrix identity

X-Y)!'=x""+xXxlyX-Y)! (11)

recursively to equation (8) we obtain an expansion of the first-order wavefunction
parameters:

Mwy) = (A7 — w0 AT? —iAT — AT = Eh, (12)
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which may be rewritten in terms of Cauchy vectors, CA(n):
Awy) = CH0) + w0, () + WiCAQ) + - = z Wi CA(n). (13)
n=0

Comparing equations (12) and (13) we obtain the recursive procedure for
calculating the Cauchy vectors:

(=1 = ¢ (14)

)y =A""'c'(-1) (15)

c(1) = A7) (16)

(17)

C*n)=A"'C*n—1) for n>0. (18)

Inserting equation (13) into equation (4) we obtain the polarizability expansion:

© 2k
app(—wiw) = — Zka{nAcB@k) +n°Ct 2k +) (= 1)'FC 2k —n)CB(n)},

k=0 =0
(19)

where we have introduced explicitly the terms resulting from the CT* operator.
Comparing equations (3) and (19) we identify the Cauchy moments as

2k
Sup(—2k—2)=— {nACB(Zk) +7°C 2+ (= 1)'FC* 2k —n)CP(n) }
n=0
(20)

Calculation of the Cauchy moments, S,5(—2k—2), thus only requires solving a
set of frequency-independent linear equations, equation (18), up to order 2k and
carrying out the linear transformations involving 5 vector and F matrix (see
equation (20)). Note, that contrary to equation (1) no sum over states is involved in
this formulation of the Cauchy moments.

2.2. Cauchy moments for the CC3 model

To calculate the Cauchy moments we first need to solve the equations for
the Cauchy vectors (equation (18)). In the CC3 model this equation may be

written as
Csp(m)\  [Aspsp Aspr T Chin—1) o
CfT‘(n) Arsp  Arr C%‘(n -1 ’
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where the Cauchy vectors and the Jacobian have been partitioned into the
contributions originating from the singles-and-doubles (SD) and the triples (T)
spaces. The pure triples contribution to the Jacobian is represented by the
diagonal matrix consisting of the triple excitation energies, w,,.:

AT»T = 5#3V3w#3’ (22)
with us; referring to a triples excitation. To keep the CC3 storage demands within
acceptable limits, the triples components of the Cauchy vectors cannot be written
to the disk or put to the memory and, therefore, no explicit reference to the
triples space can be made when solving equation (21). The explicit reference to
the triples space may be avoided by projecting all the triples components into the

singles-and-doubles space.
To achieve this we write the inverse of the CC3 Jacobian in the form

1
Aspsp  Aspr
Arsp Aty
_( (A ggsn) : —(A ggSD) '"AsprATT )
—ArtArsp(AShsp) ' ATT + ArtArsp(AShsp) ' AsprATT
(23)

where

f ASD, A ,SD
ASDsp = Aspsp — p_ —2 (24)

U3 Wy

is the effective Jacobian in the singles-and-doubles space. Using equation (23) we
may express equation (21) as a set of two equations:

(AT sp)Cap(n) = Csh(n — 1) (25)
Cn) = AT1(CH(n — 1) — ApgpCép(n)) (26)
with the effective Cauchy vectors defined as
Agp . CA(n—1
Cihin—1) = Copn — 1) = Y _ =2 = D) @7)
U3 “ps

Only equation (25), which is the counterpart of equation (21) in the subspace of
Agsp sp, 1s solved iteratively. In this equation all the triples components have
been prOJected into the singles-and-doubles space. Once equation (25) has been
solved the Cfp(n) solutlon vector is stored on disk. The triples component of the
solution vector, CT(n) may then be constructed on the fly (see equation (26)),
whenever it is needed. In this way, the storage of the triples components is
avoided.
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The effective singles-and-doubles equation for the Cauchy vectors,
equation (25), has the same structure as the effective singles-and-doubles
equation for the first-order CC3 amplitudes (see equation (26) of Ref. [21]), the
main difference being that now the right-hand side depends on the solution
vector of lower order. Equation (25) may thus be implemented following the
scheme described in Ref. [21] with an extra external loop over n (i.e., the
Cauchy vectors order).

Let us now consider the calculation of the triples part of the Cauchy vector,
C?(n), according to equation (26). Expanding C?(n — 1) on the right-hand side of
equation (26) recursively, we obtain:

vii= Vi C
C;Z(I’l) = _{ n+l Z Z = n+ih—m (m)} (28)

Equation (28) leads to the following computational scheme for the triples part of
the CC3 Cauchy vectors with n>0:

C(n) — &1

loop m=0, n
Ch(n) < Ci(m) + Aq,spCsp(m)
Ch(n) = Cr(mlwy

end loop m

turn sign: C4(n) « —C#

where wr is a vector with w,,. elements.
The equation for the triples part of the (frequency-independent) first-order
amplitudes, #(0), has a form:

£(0) = —ATT(ET + Arsptén(0)) (29)

and may be viewed as the special case of equation (26); indeed, #(0) is
obtained in the first iteration (m=0) of the above computational scheme. The
calculation of the Cﬂs (n) vectors may thus be implemented as a straightforward
generalization of the implementation of equation (29) (an extra loop over m
and some reorganization are only required). The efficient implementation of
equation (29) has been described in detail in Ref. [21]; the calculations are
carried out for two fixed V1rtual MO indexes leading to the triples vector
intermediates of the form W% (azjk) where B and C are the two fixed virtual
indexes, a is the third virtual index, and i, j, k are three occupied indexes — see
Ref. [21] for details.

Once the equations for the Cauchy vectors have been solved, the Cauchy
moments can be calculated according to equation (20), which for the CC3 model
may be written as
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Sas(—2k —2) = —n$pC8p(2k) — ngp Cop(2k)
2k

- Z(_l)nFSD,SD CéD(Zk - n)CgD(n)
n=0

— 1 CR(2k) — nfC(2k)

2k
— > (= 1)'FsprCsp(2k — m)CE(n)
=0

2k

= (= 1)'Fsp1C8p(2k — n)Cr(n), (30)
n=0

where the F matrix and the n* and C* vectors have been partitioned into the
contributions from the singles-and-doubles and the triples spaces.

Since the Cauchy moments formula, equation (20), has the same structure as the
CC linear-response function, equation (4), the contractions in equation (30) may
be implemented by a straightforward generalization of the computational
procedures described in Section III B of Ref. [21] for the calculation of the
CC3 linear-response function.

3. COMPUTATIONAL DETAILS

In the next section, we present the Cauchy moments, S(k), for the Ne, Ar, and Kr
gases calculated using the hierarchy of models CCS, CC2, CCSD, and CC3. We
consider the orders k=—2, —4, —6, —8, —10.

All the calculations have been carried out using a local version of the Dalton
program package [26]. The implementation of the Cauchy moments for the CCS,
CC2, and CCSD models has been described in Ref. [4]. The CC3 Cauchy
moments have been implemented by us following the outline presented in the
previous section.

Dunning’s correlation consistent basis sets cc-pVXZ [27] augmented with
diffuse functions [28] were used in the calculations. We considered cardinal
numbers X=D, T, Q, 5, 6 and single (s), double (d), triple (t), and quadruple (q)
augmentations. The orbitals were not allowed to relax in the coupled cluster
response calculations.

4. RESULTS

4.1. Neon

In Table 1 we have collected the Cauchy moments, S(k), calculated for the Ne atom
using the CCSD model and the n-aug-cc-pVXZ basis-set family. As can be seen

from the table, single augmentation is not sufficient for the calculation of
the Cauchy moments. On the other hand, going beyond the double augmentation
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Table 1. The basis-set convergence of the Cauchy moments S(k) [a.u.] for Ne calculated
with CCSD model and the n-aug-cc-VXZ basis-set family (all electrons correlated)

aug d-aug t-aug g-aug
k=-2
DZ 2.003 2.707 2.715 2.715
TZ 2.433 2.698 2.699 2.699
QzZ 2.598 2.680 2.680 2.680
5Z 2.643 2.668 2.668 2.668
6Z 2.650 2.662 2.662 2.662
k=—4
DZ 1.711 2916 3.015 3.019
TZ 2.148 2.922 2.943 2.943
QzZ 2.485 2.880 2.882 2.882
5Z 2.678 2.858 2.858 2.857
6Z 2.741 2.845 2.845 2.845
=—6
DZ 3.009 4.997 5.391 5.404
TZ 3.496 5.072 5.193 5.196
QzZ 3.925 4.999 5.018 5.019
572 4.328 4.948 4.948 4.948
6Z 4.524 4915 4914 4913
=-38
DZ 6.041 10.817 11.890 11.915
TZ 7.110 10.832 11.261 11.272
QzZ 7.818 10.637 10.740 10.746
5Z 8.683 10.522 10.535 10.537
6Z 9.235 10.433 10.436 10.437
k=-—10
DZ 12.315 26.571 29.036 29.076
TZ 15.252 25.825 26.975 27.001
QzZ 16.944 24.984 25.350 25.372
57 19.143 24.636 24.718 24.730
6Z 20.779 24.386 24.426 24.431

practically does not change the results. In the following we will, therefore, report
results obtained using the doubly augmented basis. The Cauchy moments in general
converge smoothly with increasing cardinal number, X, toward the basis-set limit.
Only for k= —4, —6, and — 8§ they first increase from X=D to X=T, and then
smoothly decrease. This might reflect the poor quality of the double-zeta basis.

The Cauchy moments of Ne at the CCSD/q-aug-cc-pV5Z level were found in
Ref. [4] to be converged within 1% compared to the basis-set limit result. We have
calculated the Cauchy moments also for the X=6 cardinal number. From the
results in Table 1 it appears that the Cauchy moments at this level are significantly
less than 1% from the basis-set limit result.
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Table 2. The Cauchy moments S(k) for Ne calculated at various levels of the CC
hierarchy using the d-aug-cc-pV6Z basis-set (all electrons correlated). All numbers in a.u.

Experiment
k CCS cc2 CCSD CC3 DOSD? Other”
-2 2.461 2.791 2.662 2.665 2.669 2.663°
—4 2.137 3.218 2.845 2.859 2.886 2.938
—6 3.030 6.009 4915 4.946 5.063 5.137
-8 5.328 13.759 10.433 10.485 10.86 10.95
—10 10.359 34.673 24.386 24.442 25.53 25.65
A Ref. [6].
® Ref. [30].
“Ref. [29].

The Cauchy moments calculated for the Ne atom using the d-aug-cc-pV6Z basis
at the different levels of the CC hierarchy are compared in Table 2 to the DOSD
results [6]. Other experimental results are also quoted [29,30]. A systematic
improvement toward the DOSD results (which are believed to be accurate within
+1%) is observed in the CC hierarchy. The CCS model underestimates, while
the CC2 model overestimates the DOSD results. Both the CCSD and CC3 results
approach the DOSD values from below. The CCSD Cauchy moments are in a
very good agreement with the DOSD results: the discrepancies are between 0.2%
(8(—2)) and 4.6% (S(— 10)) and increase monotonically with k. This monotonic
increase reflects that the error in the position of the first pole in the polarizability
(i.e., the excitation energy to the first dipole-allowed transition) gets increasing
weights in the power series expansion of the polarizability [4].

Turning our attention to the CC3 model we observe that the inclusion of triple
excitations further improves the quality of the Cauchy moments in the sense that
all the CC3 moments are closer to the DOSD results than the CCSD moments. The
CC3 and DOSD Cauchy moments are in fact so close that it is worth investigating
in more detail the errors associated with the CC3 results.

The excitation energy to the lowest dipole allowed state 2s*2p>3s'(P°) was in a
benchmark study [18] using the aug-cc-pVDZ basis found to be 19.041 eV
(CCSD), 19.240 eV (CC3), 19.206 eV (CCSDT), 19.247 eV (FCI), showing that
the CC3 excitation energy is converged, for all practical purposes, in N-electron
space. Calculations of the excitation energy using the d-aug-cc-pV5Z and d-aug-
cc-pV6Z basis gave 16.773 and 16.795 eV (CCSD), 16.811 and 16.826 eV (CC3).
The CC3 results compare very favorable with the experimental result of
16.848 eV from Ref. [31]. The very small error in the excitation energy at the CC3
level suggests that this error may be neglected in CC3 calculations of the Cauchy
moments.

Let us now consider the errors in the CC3 S(—2) Cauchy moment (the static
polarizability). From the monotonic convergence of the CCSD doubly augmented
basis-set calculations of S(—2) in Table 1 it appears that the difference between
the 5Z and 6Z results should give a good estimate of the CCSD basis-set error
at the 6Z level. CC3/d-aug-pV5Z S(—2) Cauchy moment is 2.670 a.u. Using the
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CC3/d-aug-pV6Z S(—?2) from Table 2 we may thus estimate the CC3 basis-set
limit for S(—2) to be 0.005 a.u. below the CC3/d-aug-pV6Z result. The errors
resulting from correlation effects beyond CC3 may be estimated from the aug-cc-
pVDZ calculations in Ref. [32] where it was found that the FCI static
polarizability of Ne was 0.003 a.u. smaller than the corresponding CC3 result.
Relativistic effects have been determined in Ref. [33] to increase S(—2) by
0.004 a.u. Adding the basis set, correlation and relativistic contribution gives a
decrease in S(—2) of 0.004 a.u. The effects not accounted for in the CC3/d-aug-
pV6Z calculation thus to a high degree cancel each other. For the Cauchy
moments with the higher values of |k| no relativistic contribution or correlation
contribution beyond CC3 has been calculated and it is for that reason difficult to
estimate the accuracy of these Cauchy moments. However, the above analysis
makes us to believe that the reported Cauchy moments have the accuracy
comparable to the experimental results.

4.2. Argon

The Cauchy moments calculated for the Ar atom at the different levels of the CC
hierarchy using d-aug-cc-pV6Z basis are collected in Table 3 together with the
empirical DOSD results [6] and other experimental results [34,35]. The behavior
of the CCS and CC2 models is less systematic than for Ne: these models
overestimate the Cauchy moments for the lower values of |k| and then
underestimate for higher |k|. As in the case of the Ne atom, the CCSD model
systematically approaches the DOSD values from below. The CC3 Cauchy
moments are first larger than the DOSD values (for k= —2 and —4) and then
become smaller than the DOSD values (for the remaining £’s). The CC3 model
gives generally better agreement with the DOSD values than the CCSD model, the
discrepancies being reduced by a factor of 4 (k= —10) to 20 (k= —6). In most
cases the CC2 model is in better agreement with both the CC3 and DOSD values
than is the CCSD model. This is due to a fortuitous cancellation of errors
at the CC2 level. To make a more detailed analysis of the CC3 uncertainties, the

Table 3. The Cauchy moments S(k) [a.u.] for Ar calculated at various levels of the CC
hierarchy using the d-aug-cc-pV6Z basis-set (all electrons correlated)

Experiment
k CCS cC2 CCSD CC3 DOSD? Other”
=2 11.469 11.233 11.084 11.102 11.08 11.08°
—4 25.599 28.089 27.360 27.996 2791 27.92
—6 78.942 94.068 90.761 94.846 95.06 95.26
—8 297.742 378.822 362.949 386.833 391.5 392.0
—10 1260.532  1702.508  1621.707  1760.880 1802 1800
2 Ref. [6].
" Ref. [35].

° Ref. [34].
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basis set and correlation error must be established and the relativistic contribution
to the Cauchy moments might need to be taken into account.

4.3. Krypton

The Cauchy moments of Kr (Table 4) have been calculated using the
largest currently available correlation-consistent basis augmented with diffuse
functions — d-aug-cc-pV5Z basis. As for the Ar atom, the CCS and CC2 results
overestimate the DOSD values for smaller |k| and underestimate for larger |k|.
The CCSD model behaves in the same manner. The CC3 model systematically

Table 4. The Cauchy moments S(k) [a.u.] for Kr calculated at various levels of the CC
hierarchy using the d-aug-cc-pV5Z basis-set (all electrons correlated)

Experiment
k CCS cC2 CCSD CC3 DOSD? Other”
-2 17.627 17.119 16.918 16.861 16.79 16.80°
—4 52.631 56.665 55.386 56.002 56.32 56.51
-6 216.762 249.399 242.394 248.098 256.7 258.7
-8 1079.250  1302.841  1263.398  1306.458 1404 1419
—10 6002.085  7554.571  7321.634  7639.949 8558 8669
“Ref. [6].
® Ref. [35].
¢ Ref. [34].

approaches the DOSD values from below. As observed for Ne and Ar, the
discrepancy between the CC3 and DOSD results for Kr is smaller than the
discrepancy between CCSD and DOSD. For most of the values of k, the CC2
Cauchy moments are in better agreement with both the CC3 and DOSD values
than is the CCSD results. This unexpected good performance of CC2 is again
the result of a fortuitous cancellation of errors. For k= —6 the situation is
extreme — the CC2 result is in better agreement with DOSD than is the CC3
results. Again, any more detailed judgments of the uncertainty of the CC3 Cauchy
moments are not possible at this stage.

5. CONCLUSION

The high quality of the CC3 model and the convergence in one-electron space
have allowed us to determine the Cauchy moments for Ne which have the
accuracy comparable to the experimental results. To arrive at the similar
conclusion for the Ar and Kr atoms a more detailed investigation of the
convergence in one-electron and N-electron space is required. The relativistic
contribution to the Cauchy moments may also need to be taken into account for
these two atoms.
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Abstract

Electron transport through molecular junctions (a molecule coordinated to two electrodes) is a non-
equilibrium phenomenon, and corresponds to a current/voltage spectroscopy. We discuss such
transport in two different limits. In the scanning tunneling microscope limit, where the coupling to
one electrode is very much stronger than that to the other, the density of states (DOS) along the
molecule effectively dominates the transport. However, when the couplings to the two electrodes are
comparable, then the DOS itself is inadequate to determine either mechanism or magnitude of
transport. The DOS still describes the quantum interference effects and the statistical aspects of
transport, but the actual mechanism is described by another factor, that we call the transmittance.
This transmittance function modulates the DOS, due to the effects of electronic structure changes
(and, though not explored here, other couplings through interelectronic correlations or vibronic
coupling). In the limit of transport outside of the band, the superexchange-type exponential decay
with length enters not through the DOS, but through the transmittance function.
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1. INTRODUCTION

The electronic spectrum and the current/voltage spectrum of molecular systems
are related, since transmission through a molecular junction is greatly enhanced if
the conduction electrons are injected at energies close to the molecular
resonances. This relationship is even more pronounced in Scanning Tunneling
Microscopy (STM). Indeed the modeling and the interpretation of such
experiments is most simply expressed by the Tersoff-Hamann formula which
gives the STM current as proportional to the density of states (DOS) at the tip
location and at the Fermi energy [1-6].

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 48 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)48003-X All rights reserved



24 Z. Bihary and M. A. Ratner

Molecular transmission, the measure of the probability that an electron with
a given energy transmits current through the molecular junction, is clearly
related to the electronic structure of the molecule. At energies close to
resonances, transmission (differential conductance) shows peaks, reminiscent of
the electronic spectra of the molecule. In this chapter, we explore the
relationship between the (local) DOS of the molecule and the transmission
function that characterizes its transport properties. To keep the discussion as
simple and transparent as possible, we shall describe the molecular system with
a single-band tight-binding Hamiltonian and treat the contacts as locally
coupled, site-wise incoherent point sources, within the wide-band limit. We will
use the standard non-equilibrium Green function formalism in the energy
representation. Only elastic currents will be discussed, within the single-electron
picture, therefore we neglect any internal interactions, such as electron—phonon
coupling and electron—electron Coulomb repulsion. We find that while the
current is indeed proportional to a scaled DOS, an additional factor,
called the transmittance and describing the mechanism of the transport,
enters as a proportionality factor, and can dominate the behavior in some
situations.

2. FORMALISM AND MODEL

In this section, we describe our model, and give a brief, self-contained
account on the equations of the non-equilibrium Green function formalism.
This is closely related to the electron and particle-hole propagators, which
have been at the heart of Jens’ electronic structure research [7,8]. For more
detailed and more general analysis, see some of the many excellent references
[9-15]. We restrict ourselves to the study of stationary transport, and work in
energy representation. We assume the existence of a well-defined self-energy.
The aim is to solve the Dyson and the Keldysh equations for the electronic
Green functions:

G'(E) = (E — Hy — X"(E)) (1)
GNE)=(E—H, —ZE)” =[G(E]N" 2)
G*(E) = G'(E)X~(E)G"(E) A3)

G (E) = G'(E)X” (E)G*(E). 4

H, is the Hamiltonian, G"(E), G*E), G(E) and G~ (E) are the retarded,
advanced, lesser and greater Green functions, and X'(E), X*(E), X~(E) and
Y7 (E) are the corresponding self-energies. We use the Huckel (tight-binding)
model to describe the molecular system. The basis for electronic states is a set
of spatially localized orbitals that may be considered atomic orbitals, or
orbitals associated with different groups of atoms, ‘sites’ within the molecule.
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The Hamiltonian in second quantized notation is

. ot n
H, = Zfijai a;, (5)
]

where éi* (a;) describes the creation (annihilation) of an electron at site i in the
molecule. In this chapter, we will investigate homogeneous, one-dimensional,
single-band models defined by the Hamiltonian

n n—1

N At A At A At A

Hpp=¢ E a; a; —t E (@i iy + Qi @) (6)
i=1 i=1

Here, n is the number of sites, ¢ is the energy of the sites, ¢ is the hopping parameter.
The conventional negative sign is used in the Hamiltonian to energetically favor
long wavelength molecular states. The Hamiltonian, the Green functions, and the
self-energies are all represented by matrices, using the atomic (site) basis (this
corresponds to real-space representation). Within the elastic, non-interacting
model we are considering here, the self-energy stems purely from the coupling to
the leads (contacts). We shall study two-terminal arrangements, so the self-energies
contain two terms: Y™~ = ¥ 4 $5S7 referring to the source and the
emitter. As we are concerned about the effect of the molecular energy structure on
the transmission, and not about effects due to the band structure of the leads, we
simply take the contacts into account with self-energy terms in the wide band limit:

i
o) = _5T1(2) )
. i
Zle = +5T1(2) (8)
21<(2) = +il'1f1)(E) )
Z4'1>(2) = _irl(Z)[l _f1(2)(E)] (10)

where I';(») is the escape rate matrix and f;»)(E) is the Fermi—Dirac distribution
characterized by the chemical potential in the corresponding leads. Certain
combinations of the self-energies yield the escape rate matrices:
(20— i) = i(Z72) — ZT2) = I'1(2), as can be easily verified using equations
(7)-(10). We define the total escape rate matrix as the sum
I'=T,+T,=i3"— ¥*)=i(X” — X°). The self-energy terms due to the contacts
do not depend on the Green functions themselves, therefore equations (1)—(4) can
be solved in a straightforward manner; no self-consistent calculation is needed.

Once the Green functions have been obtained, together with the self-energies,
they allow calculation of the quantities of interest. In particular, the spectral
function is given as

A(E) = i(G'(E) — G*(E)) = i(G”(E) — G~(E)), (11)
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or, combining the expressions (3) and (4) and noting the definition of I', we can
also write:

A(E) = G'(E)TG*(E). 12)

The diagonal elements of the spectral function yield the local DOS at the
corresponding site, while their sum, the trace, yields the DOS:

1
NG, E) = o [AE)]i (13)

1
N(E) = ﬁTr[A(E)]. (14)

The current transmitted through the junction is given as an integral of the flux of
electrons at the source (or, equivalently, at the emitter) over different energies:

i(E) = gTr[Ef(Exf(E) — ST(E)G (E)] (15)

I = [dEi(E). (16)

When internal interactions are neglected, the current is purely coherent (elastic),
and the formalism yields expressions that are consistent with the Landauer
formula. The current can be rewritten as

1= JdE(fl (E) — HE)T(E), a17)

where 7 is the transmission function. The expression f1(E) —f>(E) in equation (17)
can be viewed as the window function for transmission; it assumes non-zero
(unity) value only at energies where one of the contacts is occupied, but the other
has a hole. The transmission function describes the probability for such an
electron to indeed transfer through the molecular junction. It is related to the
differential conductance as G = (2¢*/h)T, and hence is a primary observable in
experiments. In what follows, we will characterize the (energy-dependent)
transport of the molecular system with the function 7(£) and compare it with the
(local) DOS. From the equations introduced in this section, the transmission
function can be derived as [16-25]:

T =Tr[I'G'T,G"]. (18)
3. TRANSMISSION IN STM EXPERIMENTS

Let us consider a molecule absorbed on a metallic surface with an STM tip
positioned at site k. This arrangement is schematically shown in Fig. 1a. One of the
‘leads’ in this case is the tip, the other one is the metal itself. The escape rate matrix
for the tip can be modeled as a local contact, only coupling the molecule at site k:

[I'1]; = I'10;04, (19)
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(@)

Fig. 1. Two limiting cases for transport. The upper figure represents the scanning
tunneling microscope limit, where the molecular structure coupling to the electrode is
much stronger than that to the scanning tip. The lower figure shows the molecular wire
junction, where the interactions with the two electrodes are comparable in magnitude.

where I'; now is simply the escape rate through the tip junction. The metallic
surface interacts with each site, along the entire molecular chain, and we model its
rate matrix as

[F2]zj = Fzéij’ (20)

where I’ is the escape rate to the metal at any given site. Figure 1a illustrates this
coupling scheme. Plugging the assumed forms for the I' matrices (equations (19)
and (20)) into the general formula equation (18), we obtain the transmission
function for the STM arrangement:

T =T1FZZij, (21)
J

where the Q matrix is defined as [26]
[01; = IG}I*. (22)

Using equation (12) we can express the diagonal elements of the spectral
function and calculate the local DOS at site i:

2aNGLE) = T1Qy + T2 Y 0y (23)
J

If we make the very reasonable assumption that the (overall) coupling strength to
the metal is much stronger than that to the tip, the RHS of equation (23) is
dominated by the second term. In this limit, expressing the local DOS at site &,
where the tip is coupled, we obtain

2eN(k,E) = T, Z Q- (24)
J
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Comparing this result with equation (21), we can express 7 with the local DOS:
T =T27N(k,E). (25)

Our simple calculation thus reflects the well-known result [1-6] that the
differential resistance measured in the tunneling current through an STM tip is
proportional to the local DOS of the molecule at the tip. In this section, we did not
use any concrete model for the Hamiltonian, the only assumption we needed to
make was that the molecule is much more strongly coupled to the metal surface
than to the tip, which, at least for metallic surfaces, is always the case.

4. TRANSMISSION THROUGH A MOLECULAR JUNCTION

In this section, we consider a molecular junction [9-15]. The molecular chain is
sandwiched between two metallic leads, and it is only coupled to them at its
terminal sites. This arrangement is illustrated in Fig. 1b. The escape rate matrices
now can be modeled as

(1] = 100, (26)

(121 = 1200, (27)

where once again I'y and I', are now the escape rates to the source and emitter
contacts. Using equation (18), we can calculate the transmission function:

T =TI1,0,, = T'T,|G,|". (28)

This is a well-known result [16-25], the transmission of a molecular chain is
related to the 1 —n element of the Green function. Using equation (12), we can
also calculate the local DOS and the DOS:

27N, E) = I'10y; + [0, (29)
2aN(E) = (I'y + I'y) Z 0y;. (30)

In equation (30) we used the fact that our molecular Hamiltonian is mirror
symmetric. Again, in the limit of very different couplings I',>>>I'y, the
transmission function can be related to the local DOS at the weak coupling
terminal: 7=112wN(1,E). This is a natural and rather general result noted by
many authors: Due to the strong coupling on one end, the molecule essentially
becomes part of the corresponding lead, the transmission is limited and
determined by the junction at the other terminal [27-29]. In the case when the
couplings are comparable, however, no such simple result is available. We shall
discuss this case next.

For a single-site model (and, more generally, in the case of proportionate
couplings, even for interacting central regions), a very general relationship exists
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between the transmission and the spectral function [30]:

r\r
T = )

=—7A. 31
Iry+r, G

To generalize this relation for the multi-site model, we define the transmittance
function 7, whose physical meaning we will shortly discuss, as

I, &
T =—=—T1A, 32
T 41, G2
where A is the averaged spectral function, basically the size-scaled DOS:
- 1 N(E
A =—-Tr[A] = ( ). (33)
n 2mn

The transmittance is a dimensionless function of energy, just like the transmission.
By definition, for a single-site model it equals unity, and is independent of energy.
Using our simple model, we shall now calculate it for arbitrarily long chains.
To keep the calculation tractable, we will only consider the weak-coupling limit
(I';,I'; < t), in this case the advanced (and retarded) Green functions do not
depend on the I's, and for the model defined by equation (6) they are given as

_l sin if sin(n + 1 — )0
t sinf sin(n+ 10 °’

(G'(E)l; = (34)

(E—¢)
2t

if i <j, and G, just like H;p, is symmetric. These formulae yield real ¢ values for
energies such that |E— ¢| <2t i.e., for energies within the molecular band.
Outside of the band the formulae are still valid, but § becomes purely imaginary.
In this parameter regime, substituting the trigonometric functions with their
hyperbolic counterparts retains the above forms with real . Using equations (12)
and (18) once again, we can readily calculate the transmission function and the
averaged spectral function:

cos = —

(35)

Ir, sin’6
T = : 36
£ sin’(n+ 1)0 (36)
_ Iy +r, sin(2n + 1)8
A= 41— STV 37
4ni® sin2(n + 18 < " sin 0 37

The rapidly changing trigonometric denominator gives rise to divergences that
correspond to the molecular resonances [16,27,28]. We can see that the DOS
contains the same divergent term as the transmission, therefore, at least close to
the molecular resonances, the transmission seems to be proportional to the scaled
DOS, as suggested by the equation defining 7 (equation (32)). The spectral
function (see equation (37)) contains the term I'; + I'», which refers to the contacts
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rather than to the molecule itself. This is already apparent in equation (12).
Indeed, the spectral function in the sense of quantum transport should and does
depend on the arrangement of the leads. In the case when the contact self-energies
are purely imaginary (such as in the case studied here, see equations (7)—(10)), the
effect of the contacts is to broaden the molecular resonant lines, without shifting
them. When the weak coupling limit is taken, all the lines remain very narrow, and
the spectral function is essentially that of a free molecule. This feature is
somewhat disguised in equation (37), a more careful analysis around the poles of
the Green function (that takes into account the small but non-zero self-energies)
shows the proper limiting behavior.

Comparing equations (36) and (37), and taking into consideration equation (32),
we can write the transmittance function as

B 4n sin’f
C 2n4+1—sin(2n + 1)0/sin 6

T (38)

No divergences and dependence on the contact parameters I'; , remain in the
form for 7. It shows the transmittance function (at least in the weak-coupling
limit) is indeed a well-defined molecular quantity. We can rewrite equation
(38), taking into account the definition of 6 (see equation (35)) and
the definition of the Chebyshev polynomials of the second kind U,(cos )=
sin[(n+1)f]/sin # as

_An(l —((E —o)2t))
T T 1= Uy (E—o20)

(39)

For even indices, U,(x) is an even function, therefore the transmittance is a
symmetric function of energy. For n=1, 7 is constant and equals unity by
definition, as we have mentioned. When n=2, we obtain:
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(40)
The transmittance function is now a Lorentzian, having its maximum at the
middle of the molecular band (at £=¢). The DOS for the two-site model is also
a combination of two Lorentzians, peaking at the resonances of the molecule (at
e 1), but it is important to realize that the width of these peaks is determined by
the coupling to the leads which can be very small (indeed, in our derivations we
have taken such limit), while the range of the transmittance function is
determined by t, the band-width parameter. We can already see a behavior that is
quite general (as we shall demonstrate later): The sharp peaks in the transmission
function are due to its being proportional to the DOS, but the proportionality
factor, the transmittance, is a slowly varying function that assumes large values
within the entire molecular band. On a more physical note we may say that the
transmittance function characterizes the mechanism of the transition (ballistic
within the band vs. tunneling out of the band), while the resonance structure,
characterized by the DOS, reflects instances of quantum interference of the
transferring electron which can greatly enhance or inhibit the transmission.
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Figure 2 shows the scaled DOS (solid black line), the transmission function
(dashed line) and the transmittance function (solid gray line) for a six-site chain.
The functions were calculated numerically, directly applying equations (1), (2),
(12), (18) and (32). The hopping parameter ¢ was taken as the unit of energy, and
the on-site energy was chosen as the energy reference (¢ =0). To avoid divergence
in the DOS and transmission function, a small value was chosen for the leakage
rates to the electrodes (I'y/t = I'»/t = 0.1). In order to show the large changes of
the functions, the plot is semi-logarithmic. Inspection of Fig. 2 confirms our
conclusions: The DOS and the transmission function show the six resonance
peaks within the molecular band. The transmittance function does not change
significantly within the band, but it drops sharply at the band edge. The
diminishing transmission function outside of the band is mainly a consequence of
the drop in the transmittance, not in the DOS.

We now investigate the long chain limit. In this case (n— o0), within the
molecular band (|E — ¢| < 2¢), the denominator in equation (39) is dominated by
the term proportional to n, and we obtain:

Tinbana (1 — ®) = 2(1 — (E — &)/21)°). (41)

Transmittance within the band is a simple quadratic function of energy. Its
maximum is at the middle of the band, and it goes to zero at the edges of the band.
In the long chain limit, transmittance (like the band width) becomes independent
of system size. Within the molecular band, sudden changes in the conductance

1e+2 1

1e+1 -

1e+0

1e-14

1e-2

DOS, T,7

1e-3 4

1e-4 1

1e-5 1

1e-6 1

Eft

Fig. 2. Density of states, transmission and transmittance for the six site chain, as
described in the text. The scaled state density (solid black line) exhibits resonances arising
from eigenstates on the bridge. The transmittance (solid gray line) drops beyond the limits
of the band, and shows only minimal oscillations within the band itself. The behavior of
the overall resulting transmission function (dashed line) is determined by the scaled DOS
within the band, and by the transmittance outside of the band.
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(either due to size changes or by changing the Fermi energy) are dominated by the
instances of quantum interference, while the mechanism is always ballistic
transmission, signified by the slowly changing transmittance function.

Far outside of the molecular band (|(E — ¢)| >> 2r), the situation is very different.
The DOS is proportional to (/E—e)* and is independent of system size. The
denominator in equation (39) is now dominated by the highest order term of the
Chebyshev polynomial 22"((E — ¢)/2t)*", and the numerator by ((E — ¢)/2t)*. Taking
the limit, we obtain

t 2(n—1)
Tomana(n = ) =n(z—)" . “2)
— &

and the transmission function is proportional to (#/(E — ¢)) 2" This is the standard
McConnell super-exchange result [10,31,32]. Transmittance now falls exponen-
tially with system size, and the decrease is stronger when the energy is farther from
the molecular band. We can see, that in the off-resonant case it is the transmittance
and not the DOS that is mostly responsible for the exponential size-dependence of
conduction. Indeed, it is the tunneling mechanism, and not the (missing) instances
of quantum interference that limits conductance in this regime. We defined the
transmittance as the proportionality factor between transmission and the scaled
DOS, and indeed, within the molecular band it was a natural choice. In the off-band
regime, the DOS is independent of system size, therefore the transmittance contains
an additional n factor.

Transmittance (unitless)

Eft

Fig. 3. The transmittance function and its variation with length for the tight binding
model. For the two-site case, the exact result demonstrates the transmittance as a
Lorentzian. However, for longer chains the transmittance (as in Fig. 2) varies weakly
within the band, and drops quite sharply outside the band — this latter dependence
dominates the overall transport in this region.
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Figure 3 shows the transmittance function for molecular chains with various
lengths using the same parameters as in Fig. 2. The functions are shifted for
better visibility. For n=2, it is a Lorentzian as suggested by the exact result
(equation (40)). With growing chain length, the transmittance function shows
weak modulations within the band, and drops sharply outside of the band. We also
show the exact result obtained in the limit of infinite chain length (equation (41)).

5. CONCLUSIONS

It was realized long ago that conductance properties of a molecule are strongly
related to the (local) DOS of the system [1,2]. We rederived the known
relationship for an STM arrangement within the non-equilibrium Green function
(Keldysh) formalism, using a simple tight-binding model for the molecule, and an
empirical description for the contacts. We tried to generalize and explore the
conductance-energy level relation also for a molecular junction arrangement. We
found it to be both useful and productive of insight to dissect the transmission
function into the DOS and a proportionality factor we called transmittance. This
way, two very different but equally important aspects of molecular conductance
can be individually considered. Transmission can be enhanced or suppressed by
instances of quantum interference of the transmitting electron, and is also greatly
influenced by the conduction mechanism. We argue that the former is
characterized by the DOS, while the latter is determined by the transmittance.

A rough but instructive analogy exists between our formulation of the
transmittance 7 and the introduction of the transmission coefficient, k, in the
activated complex theory of chemical reactions [33]. There one writes the rate
constant as k = kK*, with K7 the quasi-equilibrium constant relating concentration
at the barrier top to that of the reactants. The analogy arises because in both
situations a time rate of change (current or rate constant) is the product of a
statistical factor ((I'yI'»/T;+1I,)A or Kf) and a dynamical, mechanistic factor
(t or k). In both cases limits exist in which the dynamical correction is
unimportant, so that the statistics (I'\I»/I'y+ 1> (scaledDOS) or K,f) completely
determines the rate. The essential point of the present chapter is that this limit is
appropriate for the STM experiment of Fig. la, but not, in general, for the
transport junction experiment in Fig. 1b.

While we have limited our discussion to a tight-binding chain, very similar
considerations are relevant to interacting electron models as well as electron/
environment interactions such as vibronic coupling or dephasing. The general
factorization into a scaled state density (describing the energetics of the molecule)
and a transmittance that characterizes the transmission mechanism should remain
valid and constructive for such more general, more realistic models.
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Abstract

A pitchis made for a renewed, rigorous and systematic implementation of the GW method of Hedin and
Lundquist for extended, periodic systems. Building on previous accurate Hartree—Fock calculations
with Slater orbital basis set expansions, in which extensive use was made of Fourier transform methods,
it is advocated to use a mixed Slater-orbital/plane-wave basis. Earlier studies showed the amelioration
of approximate linear dependence problems, while such a basis set also holds various physical and
analytical advantages. The basic formalism and its realization with Fourier transform expressions is
explained. Modern needs of materials by precise design, assisted by the enormous advances in
computational capabilities, should make such a program viable, attractive and necessary.
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1. REMINISCENCES AS PROLOGUE

It was in March (or April) of 1972 when Jens and I first met, in Salt Lake City. We
had arranged that he and his family lived in our house from about October 1971 till
then, while I spent a ‘mini-sabbatical’ in Croatia. Jens spent his first postdoctoral
study in the group of Frank Harris and me. We hit it off immediately, and decided to
collaborate on the electron-correlation problem in rigorous solid-state calculations.
Jens was (understandably) full of Green’s functions at the time, and he educated me
about its powers and elegance. Frank Harris and I had reached the point of ‘near-
perfection’ in calculating the first, very accurate Hartree—Fock (HF) energies and
wavefunctions for solid atomic hydrogen [1]. We were using Fourier transform

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 48 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)48004-1 All rights reserved
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techniques with a Slater orbital basis. Jens and I set out to use these results and, at the
random-phase approximation (RPA) level, got total correlation energies for various
lattice constants. I remember that we had trouble getting our first paper accepted to
Phys. Rev. Lett. We met Jim Krumhansl, then the PRL Editor-in-Chief, on one of his
many ski visits, ostensibly to meet Gale Dick in the Physics Department of the
University of Utah. We convinced him (maybe it was just Jens, he was and is known
to be quite persuasive!) that this was a very significant paper on the outstanding
problem of rigorous correlation treatment in solids. At the time, only very
approximate treatments were in vogue, all based on the electron gas model. We
were essentially the first ones to implement the RPA with very accurate HF bands
and energies. We could show that the total energies had much more realistic values
and variation with the lattice constant. At the time, it caught the attention of
experimentalists attempting to metallize hydrogen under megabar pressures.

So, we got the paper published in PRL [2], and two more papers resulted
from our collaboration [3,4]. I still remember fondly those youthful, upbeat and
inspiring days in Utah, when our science seemed limitless and all fun, Jens’ pipe
tobacco smelled good, and our discussions (often very political) were vigorous,
and opiniated. Can we go back to those days, Jens? Happy birthday!

What follows can be rightly seen as a (long-delayed) afterthought to our happy
Utah sojourns.

2. MOTIVATION

When considering truly rigorous, ab initio studies of periodic systems one
implicitly adopts a number of criteria that the needed methods and numerical
techniques have to satisfy. These are

1. Adoption of a many-body theory that is systematically improvable (at least in
principle) and testable for its numerical convergence;

2. Avoidance of unphysical, analytical ‘pathologies’ intrinsic to a particular
truncation of the hierarchy of sophistication levels in that theory;

3. Realization with basis sets for Bloch orbital expansions that are physically,
analytically and/or practically motivated, and also systematically improvable
and testable;

4. Computability of quantities that enable the extraction of properties specific
for extended systems, such as density of states, bandwidths and gaps, and other
spectral properties, i.e., response properties physically and conceptually most
directly associated with experiments;

5. Adoption of numerical techniques that maximally exploit space group sym-
metry, the periodic boundary condition, and the nature of the basis set;

6. Possibility of a practical, yet again systematically improvable introduction
of temperature via phonons, so central to condensed matter properties.

Criterion 1 seems to exclude the DFT-based methods, because systematic
improvements are elusive, and we cannot state, in any precise manner, which
many-body effects have been included. Criterion 2 suggests only limited use of
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‘pure’ Hartree—Fock calculations. Although Hartree—Fock provides a variational
upper bound to the total crystal energy, this property is not of primary interest to
solid-state physics. In addition, the infamous ‘Hartree—Fock pathology’ [5] causes
problems for the response properties under criterion 4.

Typical Bloch orbital basis sets are made up from plane waves, Gaussians or
Slater-type functions. Plane wave basis sets, albeit analytically and numerically
attractive, suffer from the need for very large sizes. This results from their
inadequacy of describing atom-like behavior near nuclei, often overlooked (or
down-played) in solid-state theory. Gaussian basis sets have the advantage of easy
computability of all crystal integrals, whether in momentum (p) or configuration
(r) space, as in quantum chemistry. However, their ability to describe accurate
orbital behavior near nuclei is also limited because of their analytical behavior
for all finite r or p. Only Slater functions are capable to describe the correct cusp
behavior, at least in principle. To the extent that one needs, or desires ‘good nuclear
cusps’, even with limited basis set sizes, such functions are essentially mandatory.

Traditional evaluation of integrals involving Slater functions is notoriously
difficult and time consuming. Uniform accuracy control is also a problem. As a
result, only diatomic quantum chemical calculations are sometimes performed
with Slater bases. On the other hand, when solid-state calculations are performed
in p space, all crystal integrals can be expressed as reciprocal lattice sums. This
is described in a series of papers by Harris, Monkhorst and coworkers; a
summary is provided in ‘Hartree—Fock density of states for extended systems’,
by Monkhorst [5], and references therein. In this formulation, the reciprocal
lattice sums are over terms involving Fourier transforms of basis functions only.
Therefore, the advantages of using Gaussians over Slater functions largely
disappear: Fourier transforms are in closed form, and simple for either functions.
In this formulation, full exploitation of space group symmetries is also possible.
It carries the additional advantage of rigorously handling the conditionally
convergent lattice sums (see Ref. [5]).

Brillouin zone integrations, pervasive in any solid-state calculation, are best
performed with the Monkhorst—Pack scheme [6]. These integrations are
essentially equally demanding in any representation and with any basis set.
This satisfies criterion 5.

In our opinion, the use of and calculations for one-particle Green’s functions are
uniquely suitable for solid-state systems periodic in any number of dimensions.
When faithfully implemented, it satisfies all criteria above. Green’s functions offer
analytically compact and physically rich tools for representing many properties for
extended, periodic systems. They satisfy powerful and elegant relations for
quantities such as density of states, lifetimes for excitations, dielectric functions,
photo-emission and absorption spectra, total crystal energies, and many more.

This position is nothing new; it was succinctly and convincingly laid out in a
pair of papers by Hedin [7] and Hedin and Lundquist [8], now well over 30 years
ago. Particularly, the second paper is an impressive, and valuable review of
the full powers of the Green’s function method. Frankly, we believe that most, if
not all important theoretical aspects have been identified in these papers.

What is new is the modern computer capability of better dealing with needed
speed and memory for the substantial effort to implement the Green’s function
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method faithfully, accurately and systematically. In addition, the analytical and
numerical advances made by us (Refs. [5,6]) should allow a more efficient
organization of the calculations.

A specific incarnation of the Green’s function method is its so-called GW
approximation (because of the form of the self-energy), first proposed by Hedin
[7]; it is often referred to as the GW method. Its formal structure, and possible
extensions if needed, will be reviewed in the next section. A realization by
representation in p space, with attendant reciprocal lattice sums, will then be
given. Notation and derivation follow closely that given in Ref. [5]. Next,
calculation of the so-called self-energy, screened potential, dielectric and irreduc-
ible polarization propagator matrices is discussed. Calculation of the last matrix
is the core of the computational effort; all other matrices depend on it, and are
computationally much less demanding. We conclude with a summary, pointing
out challenges and possibilities ahead, as well as questions with regard to
incorporation in existing solid-state program packages.

3. THE GW METHOD

Many-body perturbation theory (MBPT) for periodic electron systems produces
many terms. All but the first-order term (the exchange term) diverges for the
electron gas and metallic systems. This behavior holds for both the total and
self-energy. Partial summations of these MBPT terms must be made to obtain
finite results. It is a well-known fact that the sum of the most divergent terms
in a perturbation series, when convergent, leads often to remarkably accurate
results [9-11].

The GW method, defined by Hedin in 1965 [7] (see also Ref. [8]), accomplishes
such a partial sum for X. The GW method is thoroughly reviewed in Aryasetiawan
and Gunnarsson (AG) [13] and Aulburn et al. (AJW) [14] in publications through
2000. Much of previous work relies heavily on DFT-zeroth order calculations,
and few attempts are made to achieve convergence. As expected, Aissing and
Monkhorst [12] could show that the pathology in the HF DOS at the Fermi level
is absent in the GW method, regardless of the shape of the Fermi surface, and
for any dimensionality of periodic systems. It was also found [12] that using HF
as a zeroth order state will not remove this (unphysical) vanishing of the DOS
at the Fermi surface, even after iterations towards a converged solution of X.
This singularity is weakened, but not removed.

We start by sketching the formal structure of the GW method. This is followed
by a realization with a AO-PW basis set.

3.1. Formal structure

We closely follow Hedin [7], and the notation of Monkhorst [5]. The one-
particle Green’s function operator G satisfies the equation

(E—T -V —0)GE)— SE)GE) =1 (1)
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T, V and C are the kinetic, nuclear potential and Hartree-like, electron—electron
repulsion potential operators, respectively. S(E) is the self-energy operator. The
crystal quasi-particle states are denoted by |uk) and their energies by E,(k),
with u the band index, and k the Bloch vector. With these quantities
G(E) can be given the spectral resolution

~ k) {(uk
mn

~E — E,(k) — i6,(K)

where
0", E (k)<E
5,(K) = S 3)
07, E,K) =Eg
with Er the Fermi energy. As a result the |uk) satisfy [7]
(E (k) =T —V — O)|uk) — £(E,(K)|uk) = 0 )

Given an expression for the self—energy operator, equations (2) and (4) must be
solved self-consistently. S(E) is also called the exchange-correlation potential,
it is manifestly non-local and energy dependent.

E,(K) can be, and in fact are generally complex. Their real part corresponds to
the average of some group of excited states, and their imaginary part to their
spread (related to life times of quasi-particles).

The self-energy determines the many-body accuracy for {I,uk) «(K)}, thus
G(E) Following Hedin [7] and Hedin and Lundquist [8], E(E) is expanded in
terms of a screened potential W, rather than the bare Coulomb potential ¥ (atomic
units are used throughout):

S(E) = iGOW(E) + O(W?) (5)

where

/

F®LE) = J%f(E — E)g(ENexp(—i4E') (6)
with 4=0". W(E) can be obtained from an integral equation, expressed formally
W(E) = b + W(E)P(E)D (7)

The kernel P can be expanded as

P(E) = —iGRG(E) + O(G*WE) (8)

P(E) is called the irreducible polarization propagator, and W(E) the dielectrically
screened interaction.
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The GW method of Hedin [7] amounts to approximating 3(E) with the first
terms of equations (5) and (8). To the extent it was implemented faithfully to
solid-state problems, the approximation was found to be very satisfactory. Below
we will argue why this should be so.

A formal solution for W(E) of equation (7) is

W(E) = v — P(E)D) ' = v () 9)

with the dielectric ‘matrix” & = I— Py
P is the central quantity in the GW method, and carries many-body effects
beyond the HF approximation. In the limit P — 0, the self-energy limits to

S(E)— Syp = iGup ®9 (10)

Sur is energy independent, but non-local.

Note that in equations (1) and (4), (V + C)is a multiplicative operator inr
representation, and a convolution operator in p representation. S(E) is neither
convolution nor multiplicative-like in either representation because

| S@Br') #f(r — 1) (1)
Moreover, because of its energy dependence, it is not Hermitian, so that
(uk|vk) #6,,.,. (12)
Of course, due to the energy independence of Sy,
St = Sur. (13)

Thus, orthonormality of |uk)yr is assured, and E, (k) are real.

The GW method seems very limited, given the very large number of pertur-
bative terms that are omitted. However, experience has shown great improve-
ments, and predictive precision over Hartree—Fock calculations. The reason is
that, with the Coulomb potential

(r|p|r’) = (14)

lr —r'|’

W(E) from equation (7) contains the sum of the most divergent terms in each
order of MBPT, regardless of |uk) describing a localized or delocalized state in
r representation. It is well known in mathematical physics that the sum of con-
vergent or lesser divergent terms in each order is often smaller, and in fact
generally small, compared to this ‘leading sum’ [9]. This is also true for P(E).
Of course, to the extent that we find the results for I,uk) and E,,(k) wanting, we can
add terms of order W~ to £, and/or terms of order W to P(E) (Vertex corrections
may also be important).
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3.2. Total energy expression

With a converged G(E) we can calculate the total energy of the system. Writing
x=r0, x =7, (15)

for space-spin coordinates, the total energy is given by [7]

dE A A 1 A 1 A A
E, = —iJz—exp(iAE)Tr (T +V+ EC + EE(E)) G(E)+R
T

(dE .
= —zJEexp(zAE)de<x

with 4=07. R is the nuclear repulsion term. Note that, because of ¥y in G
(see equation (2)), Eo 1s proportional to the number of unit cells N.
Since 7', V and C are spin independent, and since

NS U DR DA
T+V+-C+=SE
(7730 3%0)

x> +R, (16)

[dE . A
—I JgeXP(ZAE)G(E) = %{: | k) n,, (k) (k| (17)
where
I, E,K)<Eg
n,(k) = (13)
0, E,(k)>Ep
we can also write
Ey = 2Zn#(k)<,uk‘f" +V +%C uk> +R
uk
dE
—i J o Jdr exp(iEA){r|S(E)G(E)|r) (19)

The (uk) sum represents the Hartree-like contribution to E,,. As explained in
Ref. [5], the V/, 1 C and R terms exhibit singularities that cancel. When expressed
in p representatlon the result is a lattice structure constant (equation (27)
of Ref. [5]), and reciprocal lattice sums for {(uk|V|uk) and (uk| 5 L C|uk),
omitting K=0.

Notice that

1. The factors ‘2’ for both terms in equation (19) are due to spin integration.
2. The |uk) are not orthogonal, but are assumed normalized:

(uk|uk) =1 (20)

3. E. is not variational, i.e., not an upper bound to the exact energy. Because the
{luk),E,(K)} are solved self-consistently, the propagator lines in diagrams are
so-called dressed.
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4. Both terms will be proportional to N because of

S - Mo Jd3k,
(2m)

k

with v the volume of the unit cell.

4. IMPLEMENTATION

During the 1970s Harris and I developed Fourier transform methods and programs
to perform ab initio HF calculations with Slater-type basis orbitals. For a review
of the formalism and references to earlier work, see Ref. [5]. The key findings
were that the formalism handles the Madelung summations problem, and the
calculation of rigorous exchange and all central Fourier quantities, in an efficient,
transparent and accurate manner. All quantities are expressed as reciprocal lattice
sums involving Fourier transforms of the Slater functions only. This is true for
core and valence-type functions. Formulas can be interpreted in terms of devia-
tions of real crystals from the electron gas model. All singularities arising from the
Coulomb potential are removed explicitly.

Approximate linear dependence of AO-based sets is always a numerical
problem, especially in 3D extended systems. Slater functions are no exceptions.
We studied and recommended the use of mixed Slater/plane-wave (AO-PW)
basis sets [15]. It offers a good compromise of local accuracy (nuclear cusps can
be correctly described), global flexibility (nodes in |uk) outside primitive unit
cell can be correct) and reduced PW expansion lengths. It seems also beneficial
for GW calculations that need low-lying excited bands (not available with AO
bases), yet limited numbers of PWs. Computationally the AOs and PWs mix
perfectly: mixed AO-PW matrix elements are even easier to calculate than those
involving AO-AO combinations.

The expansion of the quasi-particle states thus assumes the form

k) = 3~ 1RG0 + 3 IK + k)i, () 21)
p K

The AO-basis Bloch functions are, as sum over reciprocal lattice vectors,

=172

N
lpk) =
Vo

> K+ K){K' +klp) (22)
K/

Vo is the unit cell volume, (r|Q)= exp[—iQ-r], and

(Qlp) = [dr(QIr){rIp) (23)

is the Fourier transform (FT) of AO |p). The equations for C(K) can be written
as [12]

[T(k) + V(k) + C(k) + Z(E,(k),k) — E,(K)S(K)]C,(k) =0 (24)



GW Method for Extended, Periodic Systems 43

where
0;(k) =(k|Ojk), O =T,V,C,I or S(E) (25)

and |ik)= ka) or IKk)— |K+K). See Ref. [5] for detailed working expressions
forO=T,V,Cand]. V(k) and C(k) have singularities that cancel; it amounts to
the removal of K=0 from the reciprocal lattice sums. ¥ is the self-energy matrix,
and presents the main computational challenge. For details we again refer to
Ref. [12]. For example, at the GW level, X¥,,(K) can be written as

2,,(E.K) =(pk|S(E)|gk)

= L S (IK + KK +KISEIK + KK +Klg)  (26)
0 KK

with
<QIIE(E)|Qz>

(2 )3 Jdk' Z(K+k'|G|K’ +KY(K + K — Q,IWE)K +K —Q,)
KK’

(27)

Of course, major mmphﬁcatlons occur when i and/or j in equation (25) are plane
waves |KK). With the expression (9) for W(E) we derive

(QIW(E)Qy = —(Ql 1671(E)|Qy) (28)

where we can write for the reciprocal space vectors Q;=K;+q, Q,=K,+q,
with K, K, reciprocal lattice vectors and q within the first Brillouin zone (FBZ).
Also writing

ek, (4. E) =(Qu127'(B)1Qy), (29)
the inverse of the dielectric matrix &(q) (see equation (9)),
exc (@ E) = s — Prxr(y ) —— (30)
K’ +ql

The real work goes into calculating Pxk’ (see equation (8)) and the convolution
of equation (27). The latter also can be performed with FT techniques [14,16].
The former can be expressed, among other forms, as

Pai@.E) =~ % > [ im0t =, —a+ K

E,,(k q+K)—Ek)

v, K+qk¥, K +qk
Ek—q+K) — B, — 2 8 T OEE el

(1)
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n,(K) are band occupation numbers, and

1
Vi@l = - D (K" + k) (K" + k + Ql») (32)
K/l

and K, in equation (31) is chosen such that (k—q+ K) is within the FBZ. With
equation (21) the ¥,, can be reduced to corresponding quantities involving
the basis functions |p) and PWs; we leave out details, except to stress that all
the terms in equation (31) are analytic, converge well and for core—core-like
elements real space evaluation can be done accurately. When equidistant special
reciprocal space grids are chosen [6], sums/differences of vectors on this grid
also are on this grid. Thus, there is no need for lattice interpolations. We may
want to obtain Padé approximants for the E dependence to enable the convolu-
tion integrals of equation (27).

5. DISCUSSION

The core of the computational effort is the calculation of the self-energy matrix
Y(EK). Quite obviously, the rate-determining step is the evaluation of the
irreducible polarization propagator matrix P(q,E), equation (31). This is needed
for as many (K,K') reciprocal lattice vectors, and E and q points as possible, and
required for convergence. It is well known that total energies are quite insensitive
to details of band energies and wave functions. On the other hand, the latter
quantities determine most of the interesting solid-state properties, such as density
of states, bandwidths and gaps, transition probabilities and the like. It is therefore
important to monitor the convergence of such properties as a function of basis
sets, Kk, E, q integration points and K summations.

New insights should be sought, and numerical experimentation will be neces-
sary. For example, ‘clever’ interpolations or Padé functions can be ‘invented’ to
give global expressions for some matrix elements. We could also consider the
evaluation of the convolution-type E integrals with a Fourier transform technique.
In addition, much of existing solid-state computational technology can be brought
to bear.

As pointed out above, we can equally easily use Slater-type bases. The only
expense is the somewhat slower convergence in K summations. As discussed
in Ref. [5], and references therein, we can use a mixture of configuration and
momentum space sums when core-like basis functions are involved.

6. EPILOGUE

Jens and I started an attempt at a systematic, rigorous inclusion of electron
correlation effects on solid-state properties. We hailed both from a quantum
chemistry tradition of formal clarity, analytical and numerical care, and attention
for efficient programming techniques. On the other hand, the solid-state theory
tradition followed, and continues to travel a very different route. This path is
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characterized by reliance on semi-quantitative concepts such as the electron
gas-based and pseudo-potential model descriptions. Much less attention is being
paid to quantitative rather than qualitative results such as trends, power laws
of properties, etc. As a result, notions of high accuracy and/or many-body or
numerical convergence are of considerably lesser interest. The arrival of density
functional theory on the solid-state calculational scene perpetuated, if not
solidified this trend. Although great computational effort is expended on evermore
complicated crystals using a number of widely available programs, it is fair
to state that no significant theoretical advances are pursued. The schism between
the quantum chemistry and band-theoretical approaches remains. Jens’s and my
start went cold.

And yet, the desire for designing materials with specific properties is only
gaining. Examples are semi-conducting behavior, laser action at particular wave-
lengths, magnetic properties, super-conduction at high temperatures, etc. Most,
if not all of these properties are subtly determined by electron correlation
and phonon effects. Just having the right trends of their quantitative behavior
is then not sufficient, instead a full recognition of the crystal’s stoichiometry is
required; after all, atoms and/or molecules make up such systems.

It is therefore my conviction that, rather sooner then later, we will see a
resurgence of the precise many-body approach to solid-state theory as we
envisioned. Almost assuredly the GW method will be the tool of choice. I hope
to see those days, and maybe Jens and I can enjoy them together.
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Abstract
We consider here the orientational aspects of the stopping of swift protons by the water molecule.
The calculations are dynamical in nature, and they are compared to the electronic structure-based
calculations made by Oddershede et al. on similar quantities. The comparisons, although qualitative,
show good agreement between the two approaches.
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1. DEDICATION

Over the years, Jens Oddershede has written extensively on various aspects of
energy deposition by swift ions in material targets. In many cases, he has been
concerned with the orientational effects of target molecules with respect to the
projectile beam direction, and has explained these differences in the context of the
relevant oscillator strength distribution of the target [1-8]. It is in the spirit of
Jens’ work that we carried out this study of the orientational aspects of the energy
deposition by swift protons in water, and we report them now in celebration of his
the-third-times-twentieth birthday.
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2. INTRODUCTION

We consider the linear energy loss, or stopping power [9-12], of a non-relativistic
swift ion as it passes through matter. The energy transfer (loss) from the ion to the
target atoms or molecules is usually represented as —dE/dx. From simple
conservation of energy and momentum, it is clear that at all but the lowest
collision energies, the bulk of the energy transfer will be to target electrons,
leading to electronic excitation and/or ionization. That transfer involves only
matrix elements corresponding to polarizations (momentum transfer) perpen-
dicular to the direction of the projectile velocity [4]. Consequently, as directions
are important here, and as it is now becoming possible to make a target molecule
orientationally homogeneous with respect to the projectile beam, understanding of
the details of the effects of target orientation in ion—molecule collisions becomes
important.

We will restrict our considerations to electronic stopping where energy transfer
is from the kinetic energy of the projectile to the target via electronic excitation. It
should be noted, however, there are other modes of energy transfer that can be
studied, for example, energy transfer to target nuclei kinetic energy (known as
nuclear stopping, and effective only at low projectile energy), and to vibrational
and rotational modes of polyatomic systems.

Much of the work of Jens Oddershede on energy deposition has been done from
the viewpoint of the calculation of the oscillator strength distribution, either the
generalized oscillator strength distribution (GOSD) or the dipole approximation to
it (DOSD). In these cases, a perturbative treatment which is based on the
assumption that the scattering is sufficiently weak, i.e., that the projectile-target
interaction is weak enough that one may apply first-order perturbation theory in
the interaction, is normally used. The most fundamental quantity describing such
an interaction in the first Born approximation is the generalized oscillator strength
(GOS) distribution of the target system [13—15]. The GOS distribution completely
determines the differential cross section for inelastic scattering of swift projectiles
from target atoms or molecules (or any other target, for that matter) at the level of
the first Born approximation.

The method used to obtain the results presented here is quite different, and is
based in scattering theory rather than in perturbation theory.

In the scattering theory approach, the stopping power, or energy loss per unit
length for a projectile of energy E,, can be written in terms of a differential
scattering cross section da/dQ as

—— — =S(E,) = — JAE(EP, Q)g—ng =— JbAE(Ep, bdbde (1)

where n is the density of target scattering centers and AFE is the kinetic energy loss
of the projectile. Here, we have used the deflection function, ®(b) to transform the
angular integral to the impact parameter (b) representation. The energy-dependent
stopping power normalized by the density of scattering centers, n, is the stopping
cross section (S(Ep)).
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Calculation of many trajectories at different impact parameters for each given
incident energy yields the energy-dependent deflection function and energy loss,
which can then, through equation (1), be used to calculate the stopping cross
section.

Our goal in this work is to understand the process of energy loss suffered by
protons when they collide with water, and by which modes energy is transferred to
the target. In particular, we are interested in the orientational dependence of the
stopping power.

3. METHODOLOGY

The scheme we employ uses a Cartesian laboratory system of coordinates which
avoids the spurious small kinetic and Coriolis energy terms that arise when center
of mass coordinates are used. However, the overall translational and rotational
degrees of freedom are still present. The unconstrained coupled dynamics of all
participating electrons and atomic nuclei is considered explicitly. The particles
move under the influence of the instantaneous forces derived from the Coulombic
potentials of the system Hamiltonian and the time-dependent system wave
function. The time-dependent variational principle is used to derive the dynamical
equations for a given form of time-dependent system wave function. The choice of
wave function ansatz and of sets of atomic basis functions are the limiting
approximations of the method. Wave function parameters, such as molecular
orbital coefficients, z;(f), average nuclear positions and momenta, R () and P.(7),
etc., carry the time dependence and serve as the dynamical variables of the
method. Therefore, the parameterization of the system wave function is important,
and we have found that wave functions expressed as generalized coherent states
are particularly useful. A minimal implementation of the method [16,17] employs
a wave function of the form:

|7 (6) = IR@®), PO)z(®), R@®), P()) = |¢)l2) 2

where the first term contains the nuclear coordinates, and is coupled to the second
term, which contains the electronic coordinates. Here, the electronic wave
function is expressed as a complex, spin unrestricted, single determinant:

|2) = det{x;(x;)} (3)

where Xx; is the three-dimensional position coordinate and spin of electron j. The
determinantal wave function is built from non-orthogonal dynamical spin orbitals:

K
Xi=®i+ Y bz i=12..N “)

j=N+1

which, in turn, are expressed in terms of a basis of atomic spin orbitals {¢;} of
rank K. These, in turn, are expanded in a basis of traveling Gaussian, centered on
the average nuclear positions R and moving with momentum P [17]. The time-
dependent variational principle requires the action to be stationary under
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variations of the wave function, yielding, in the narrow nuclear wave packet limit,
the Lagrangian for the composite system [17]. One should also note that the
molecular orbital coefficients z are complex.

The Euler-Lagrange equations can be formed for the dynamical variables
q=Rji, Pj1, Zpn, 2, and collected into a matrix equation which, when solved, yields
the wave function for the compound system at each time step.

This level of theory outlined above is implemented in the ENDyne code [18].
The explicit time dependence of the electronic and nuclear dynamics permits
illustrative animated representations of trajectories and of the evolution of
molecular properties. These animations reveal reaction mechanisms and details
of dynamics otherwise difficult to discern, making the approach particularly
suitable for the study of the subtleties of contributions to the stopping cross
section.

We emphasize that in this treatment trajectories are neither preselected nor
restricted: thus, they need not be straight. Although the total charge of the
projectile/target system is fixed, charge exchange between the projectile and
target may happen. Molecular bonds are not fixed: the target, or the projectile,
in appropriate cases, may fragment. Total system energy is fixed and conserved,
but conversion among translational, electronic, vibrational, and rotational
energy is not restricted. Total momentum and angular momentum are also
conserved.

Details of the method and its implementation can be found in Refs. [16,17,19,20].

3.1. Deflection function

Once we have calculated the dynamics of the collision, we obtain the final
electronic wave function, as well as the final nuclear momenta and positions. We
observe that even for relatively large impact parameters, the projectile suffers an
appreciable deflection.

At the terminus of each trajectory, we obtain the final momentum of the
projectile, k¢ (E,,, b), which defines the deflection function for the projectile when
projected on the initial momentum, 7k;, i.e.,

O(E,, b) = arccos[Kk¢(E, D) -Ki/ki(E,, b)ki] 5)

for each impact parameter b, which describes the dynamical interaction between
projectile and target. The scattering angle is defined as the absolute value of the
deflection function for the projectile, i.e., 0 = |O(E,, b)|.

3.2. Direct differential cross section

From the deflection function we calculate the differential cross section which is
needed in equation (1). We note that there could be several different trajectories
(two different impact parameters) that produce the same scattering angle, leading
to quantum mechanical interference of their nuclear wave functions. We thus
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introduce semiclassical corrections to the narrow nuclear width approximation
(classical nuclei) used in the minimal implementation of electron nuclear
dynamics.

We have implemented semiclassical corrections via the Schiff approximation
[21] for small scattering angles. The direct differential cross section in the Schiff
approximation within the END approximation is given by [22]

do )
0, 6
& lf( 2l (6)
with the scattering amplitude
f(0,9) = ikiJ Jo(gb)(e**® — 1)b db 7)
0

Here, Jo(x) is the Bessel function of zero order, ¢ = |k; — k;| is the momentum
transfer, which depends on the scattering angle 6, and 6(b) is the semiclassical
phase shift, which is given in terms of the deflection function as
O(b) = di(b)/2k; db.

Using the deflection function, we then obtain the direct differential cross
section. Note that for high energies, the direct differential cross section typically
shows Rutherford scattering, characteristic of a heavy ion scattering process.
However, for low projectile energies, the long collision time and the changing
electronic structure of the ion can modify the interaction potential dynamically,
producing a rainbow angle, and thus interference in the direct differential cross
section.

In other words, the classical direct differential cross section

do b
= — ®)
dQ sin 0}%

will diverge at the rainbow angle, as at that point |d®/db|=0. Furthermore, we

note that the Schiff approximation takes into account the quantum effects of
forward scattering.

3.3. Electron transfer cross section

During a projectile—target collision, the possibility of charge exchange exists.
One might expect that either of the collision partners might gain or lose
electrons through charge exchange or ionization. (We note that although
ionization is included in the electron nuclear dynamics theory, it is not part of
the current implementation. Thus, we restrict out studies to projectile energies
below the ionization threshold, which occurs at about 100 keV, which is
approximately the peak in the stopping cross section.) From the evolving
molecular state wave function, we can determine the number of electrons
associated with a projectile and/or target by the use of the Mulliken population
analysis [23], and from this we can extract the probability of electron capture
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or loss. From equations (3) and (4), the total number of electrons in the system
is [24]

N =Y P,d, => (Pd), =TrP4) )
V,u v

where P,, =3 ;2,%, and 4, is the atomic orbital overlap matrix. It is
possible to interpret (P4),, as the number of electrons to be associated with
the basis function u,. Thus, ny=73 ,4(P4),, is the number of electrons
associated with nuclei A. Knowing the initial number of projectile electrons
allows one to calculate the probability for electron capture or loss.

From the probability for charge exchange, the charge exchange cross section
can be obtained from

Uexch(Ep) = 277J Pexch(b9 Ep)b db (10)
0

4. COMPUTATIONAL DETAILS

In order to calculate a stopping cross section for a molecule using a dynamics
method, one sets the molecule in a lab-fixed coordinate frame with a specific
orientation specified by the Euler angles and internal coordinates of the molecule.
In this study the target water molecule was placed with the oxygen atom at
the origin of a Cartesian laboratory. We then specify sets of orientations by
the relation of the dipole moment vector of water to the velocity vector of the
incoming beam (along the z-axis).
We consider three sets of orientations:

Orientation a. The molecule is lined up with the dipole moment vector either
parallel or antiparallel to the z-axis. The molecule is rotated about the dipole
vector. The molecule is rotated about the z-axis.

Orientation b. The molecule is aligned with the dipole vector along the x-axis,
and the molecule in the xz-plane. The dipole vector is then rotated about the
z-axis in the xy-plane.

Orientation c. The molecule is aligned with the dipole vector along the x-axis
and the molecule in the xy-plane. The dipole vector is then rotated about the
z-axis with the dipole vector in the xy-plane.

Each of these orientations is depicted in Fig. 1.

For each of the three orientations depicted in Fig. 1, calculations were made for
the molecule rotated about the z-axis by 0, 90, 180, and 270° with respect to the
original position. For each position the initial projectile velocity was parallel to
the z-axis, and directed toward the target with an impact parameter b, measured
perpendicular to the z-axis. A total of 72 impact parameters were used for each
position. The projectile was started 30 a.u. from the target and the trajectory was
followed until the projectile was 30 a.u. past the target, or until there were no
longer changes in the energy or charge of the projectile.
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Fig. 1. Orientations of molecules used for determining the stopping power of oriented
water.

The basis functions used for the atomic orbital expansion were derived from
those of Dunning [25], and were centered on the moving nuclei. For O a
[10s5p/3s2p] was used [26], while for H a [5s1p/3s1p] basis [27] with an added
diffuse s-orbital was used. The combination of these basis sets on the determinant
describing the total system (supermolecule description), as required by equation
(3), produces a set of 24 accessible virtual orbitals for the target in its Hartree—
Fock ground state. The electronic ground state of water is 'A; so the
supermolecule will remain a singlet throughout the calculations.

The computations yielding the positions, momentum, and wave function
coefficients were performed using our ENDyne code [18].

5. RESULTS AND DISCUSSION

Oddershede’s earlier results [3—5] calculate the directional values of the dipole
oscillator strength distribution for use in the Bethe theory [9], which is valid for
high-energy projectiles. Our approach, since we have not implemented the
possibility of treating unbound electrons, is restricted to calculating stopping cross



54 R. Cabrera-Truijillo et al.

sections for projectile energies below the ionization threshold. Although this
makes comparison of the two approaches difficult, one might expect the same
qualitative results in the region of the stopping maximum. It is in this region that
we will make the connection.

The total electronic stopping cross sections for the three independent directions
in which the water molecule has been oriented with respect to the beam axis are
presented in Fig. 2, along with the experimental results of Reynolds et al. [28] for
comparison.

Although the calculated directional stopping cross sections in the region of the
maximum differ among themselves by amount only something less than 10%, it is
clear that they are clearly distinct in this region, and with order S,(a)> S(c)>
Si(b). Oddershede’s earlier results [3,5] give the mean excitation energies
in the order Iy > I > Ig which, since in Bethe’s theory Soc 1/, would result in
S§,>8.>8,.

To compare to Oddershede’s earlier result, one must realize that contributions
to the excitation spectrum of the target molecule can only come from momentum
transfers perpendicular to the projectile momentum [4]. Thus, the identification
between Oddershede’s polarization directions and the orientational directions
used here can be made, and the results are, as expected, in qualitative agreement.

The orientational average of the directional stopping cross sections can also be
taken, in which case the total stopping cross section, S, is obtained, and is
presented here in Fig. 3, again, along with the results of Reynolds et al., indicated
by the filled circles. The agreement of our result with that of Reynolds e al. is
quite good on the lower projectile energy end of the experiments, but begins to
diverge from, and become larger than, the experiments at the higher energy end.
This can be attributed to the fact that we do not treat ionization correctly, and that

30 T T T T
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S (107" eV cm?molecule)
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0.01 0.1 1 10 100
E, (keV)

Fig. 2. Stopping cross section for protons impinging on oriented H,O as a function of
proton velocity. See Fig. 1 for the definition of target orientations.
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Fig. 3. Orientationally averaged total stopping cross section S, for protons impinging on
H,O0 as a function of proton velocity along with the experimental results of Reynolds ef al.
(filled circles) [28]. S., Sy, and S,, represent the electronic, nuclear, and rovibrational
contributions to the stopping, respectively.

the advent of the ionization threshold at around E£,= 100 keV gives an additional
contribution to the stopping that we do not represent properly.

In addition to the total stopping cross section (S;), we present the electronic (S,),
nuclear (S,), and rovibrational (S,,) contributions to the stopping in Fig. 3. In all
cases, the symbols represent the projectile energies where the stopping was
calculated. We note that next to the electronic stopping, the largest contribution to
the total stopping for projectile energies above 1 keV or so is the rovibrational
stopping. The water molecule has two high-frequency vibrational modes (the
symmetric stretch at 3657 cm ~ ' and the asymmetric stretch at 3756 cm ™~ ') which
have maxima in their cross sections around the projectile energy E,<1 keV. The
bump in S.(E,) is reflected in the total stopping cross section. At very low
energies, one expects no electronic stopping, due to the relatively high energy of
the first electronic transition in water (7.5 eV). The rovibrational energy transfer
channel is still open, however, even at low energies, which causes a rise in the
total stopping at low energy. As the molecular mass is large compared to that of a
proton, the nuclear stopping is small, and negligible at projectile energies above
10 keV.

In the simplest case, one expects S(v) = (1/3)> S,(v) where i identifies one of the
three orientations. Although this identity is not obeyed exactly in this calculation,
as the orientational grid used is somewhat coarse, it is nearly satisfied.

More interesting, perhaps, is the observation that Si(c) is very close to the total
stopping cross section, S;.. This would imply that in the Bethe formulation, the
mean excitation energy associated with the random orientation and that associated
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with Oddershede’s z-polarization should be nearly identical, which is indeed
the case.

6. FINAL REMARKS

The results reported here stem from a very different approach to stopping theory
from that used by Oddershede et al. in their various excursions into the
calculations of stopping cross sections. While all of their work has been done in
the context of electronic structure calculations with stopping cross sections
extracted via oscillator strength distributions, the results presented here are
dynamical. While Oddershede et al. calculate average electronic properties of
target (and occasionally projectile) molecules, we have concentrated on the
properties of individual projectile/target collisions, and then averaged them. It is
gratifying to see that the two approaches give consistent results, although they are
vastly different in inception.

Finally, Jens Oddershede has contributed to many branches of atomic and
molecular theory, and all of us are proud to have been associated with him over the
years. Two of us (RCT and JRS) have been privileged to be called et al.!
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Low-Lying Excited States of the Hydrogen
Molecule in Cylindrical Harmonic Confinement

John M. H. Lo,l Mariusz Klobukowski' and Geerd H. F. Diercksen?

"Department of Chemistry, University of Alberta, Edmonton, Alta., Canada T6G 2G2
’Max-Planck-Institut fiir Astrophysik, Karl-Schwarzschild-Strafie 1,
D-85741 Garching, Germany

Abstract
The low-lying excited states of the hydrogen molecule confined in the harmonic potential were
studied using the configuration interaction method and large basis sets. Axially symmetric harmonic
oscillator potentials were used. The effect of the confinement on the geometry and spectroscopic
constants was analyzed. Detailed analysis of the effect of confinement on the composition of the
wavefunction was performed.
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1. INTRODUCTION

The study of atoms and molecules in external fields is a fascinating area of
research that has attracted much attention from different areas of science and
engineering. Following the influential work of Loudon in 1959, in which he
performed the quantum mechanical analysis of the behavior of a one-dimensional
hydrogen atom in various Coulomb potentials [1], many studies have been carried
out to understand the physics of excitons (hydrogen-like electron—hole pair) and
some related systems [2-5]. The discovery of neutron stars and white dwarf stars
further motivated rapid development of this field since it stimulated the interest
of studying the variation of electronic structure and behavior of atomic and
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molecular systems when they are under the magnetic field in which the Lorentz
force outweighs the Coulombic interaction [6,7]. Besides the exploration of the
process of star evolution, several areas of condensed-matter physics, in particular
the studies of quantum Hall effects and quantum dots, also require an in-depth
theoretical framework that explains the motion of electrons and particles in strong
electric and magnetic fields [8]. Electrons, when being spatially localized in either
quasizero-, one-, or two-dimensions by means of an applied electric or magnetic
field, exhibit unique properties that are absent without external confinement [9].
Extensive investigations, both theoretical and experimental, have been performed,
and some useful results have been obtained. The advances in the technology of
lithographic etching [10] allow for the facile creation of quantum dots, wires, and
wells of various sizes and numbers of electrons, which greatly assist the intense
experimental research of these intriguing objects. To date, quantum dots and wells
have already been widely used in electronic and opto-electronic devices, such as
compact discs and microwave antennas, as well as in medical science, for
instance, as imaging biosensors of living cells [11].

Despite being the simplest neutral molecule, dihydrogen molecule (H,) is of
great importance to astrophysics, atomic and molecular physics, solid-state
physics, plasma physics, catalysis, and fuel cell studies. Hydrogen is the first
element synthesized in the formation of a star, and is found to exist in the
interstellar space and in a wide range of cosmic objects. It is the most abundant
molecular species and constitutes approximately 92% of the matter in the
Universe [12,13]. Hence, the studies of magnetized hydrogen provide a vital
information for the mapping of the life-cycle of a star and the evolution of the
universe. From the theoretical viewpoint, hydrogen molecule is the best candidate
for the benchmarking calculations when testing new theories due to its structural
simplicity and the availability of highly accurate experimental spectroscopic
constants [14]. Since the first qualitative quantum mechanical calculation
performed in 1927 [15], hydrogen molecule has been extensively studied using
various methods, in which the computation carried out by Kolos and Wolniewicz
was the most remarkable [16].

In contrast to a large number of studies on H, in field-free environment, the
investigations of H, in the presence of strong fields are rather limited. Most of
these calculations center on the HY molecular ion [17-20]. Recently, the behavior
of H, in strong to superstrong magnetic fields has became a topic of considerable
interest, and several calculations have been performed concerning the
explanation of some unusual phenomena of hydrogen molecules in superstrong
fields (B>10'" G) [21,22]. Calculations performed by Lai et al. using Hartree—
Fock method suggested the existence of long-chain polymers of hydrogen on
the surface of neutron stars where the magnetic field is as strong as 10'* G [23].
A subsequent study by Demeur e al. also supported the stability of finite chains of
hydrogen in very intense magnetic fields [24]. In addition, a number of changes in
both the electronic structure and geometry of H, were proposed. Korolev and
Liberman found that the total spin of the hydrogen molecule in an ultra-high
magnetic field becomes one as a result of a triplet ground state [22]. The analysis
by Ortiz et al. using variational quantum Monte Carlo method proved that the
hydrogen molecule possesses the ground state symmetry of *IT, in superstrong
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magnetlc fields [25]. On the other hand, the studies conducted by Detmer et al.
using configuration interaction method predicted that the *X,, state would be the
ground state when the magnetic field strength is moderate (B=0.2 a.u.) [26].
These investigations also showed that both the ground and excited states of H,
will be more strongly bound and in certain circumstances local maxima appear at
large internuclear distances which have no counterparts in the field-free situation
[26-28]. Moreover, different vibrational excitation levels were obtained when the
orientation of the applied magnetic field was changed, which gives rise to a
continuum opacity in the photoionization of excited-state H, on neutron star [29].
The chaotic behavior of the energy levels of H, in Rydberg state may also result
from the linear and quadratic Zeeman interaction induced by the application of a
magnetic field [30].

The laterally confining potential of a small quantum dot can be approximated
by a smooth parabolic well in the cases where the scattering states are to be
neglected due to the generalized Kohn theorem [31]. Maksym and Chakraborty
[32], and Bakshi et al. [33] demonstrated, using far-infrared spectroscopy (FIR),
that the resonance energy of a quantum dot is independent of the number of
confined electrons, which is a unique characteristic of a parabolic potential. The
Hartree—Fock modeling of a GaAs quantum dot (300 X 300 nm) with N<10
electrons revealed that the parabolic confining potential that is approximately
circularly symmetric, with the diameter of about 100 nm, leads to the observed
magnetic-field-dependence of energy levels [34].

In the present work a cylindrical harmonic potential has been adopted as a
model potential of a 2-dimensional quantum well. The potential energy curves
(PEC) of the ground and low-lying excited states of H, aligned along the axis of
the potential have been calculated using the method of configuration interaction
with single and double substitutions (CISD) (in the case of H, this corresponds to
full configuration interaction method) and the results of computations are reported
below together with the analysis of the associated wavefunctions. Comparison
with the results from the studies of hydrogen molecule in a parallel magnetic field
[22,25-27] has been made. Several similarities as well as differences are observed
for the excited states of hydrogen molecule when it is embedded in the two
potentials and they are discussed in the following sections.

2. METHOD OF COMPUTATION

Within the Born—Oppenheimer approximation, the non-relativistic electronic
Hamiltonian of an N-electron molecular system in the presence of an external
potential can be written (in atomic units) as

N K N
H o) = Zj sz “q +Z|r_r|+V(r) @)

a=1 i=1 | « i i>j

HoyF) =HE + V). 2)
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7 ={F|,F,, ..., 7y} represents the spatial coordinates of the electrons while R=
{R|,R,, ..., Rk} denotes the nuclear coordinates. The first two terms in equation
(1) describe, respectively, the electronic kinetic energy and electron—nuclear
attraction and the third term is a two-electron operator that represents the
electron—electron repulsion. These three operators comprise the electronic
Hamiltonian in free space. The term V(7) is a generic operator for an external
potential. One of the common ways to express V(7), when it is affecting electrons
only, is to expand it as a sum of one-electron contributions

N
V@i = VE), 3)
i=1

in which the one-electron operators may be written as

xW)——"*Wrwy“+dﬁwrwﬁ%+%ﬂ@—@ﬁﬂ 4)

where r; = (x;,y;,2;). The form of equations (3) and (4) provides great flexibility for
the description of potentials of various forms. The potential "V (7) will be reduced
to a 3-dimensional anisotropic harmonic oscillator when n,=n,=n,=1. In the
present work, it was assumed that w,=0 and w,=w,=w in order to model an
approximate lateral parabolic potential which is co-axial to the hydrogen
molecule aligned along the z-axis. In addition, the center of confining
potential was chosen to coincide with the center of mass of the molecule, i.e.,
b,=b,=b,=0. Hence, the resulting one-electron interaction potential is

w?
Vi) =g+, )
and the complete electronic Hamiltonian used in the present work is
2 2
Ho(1.70) = — j{j jgjj{j — 7 __r2|4— QEZCx +37).
245 i=la=117i— i=1 (6)

The potential of equation (5) acts only on electrons and, in consequence, affects
the electronic wavefunctions, electron density, as well as the PECs.

The PECs of hydrogen molecule were calculated using the configuration
interaction (CI) method implemented in the modified version of GAMESs-Us
program [35]. Preliminary calculations were carried out using the object-oriented
OpreNMoL program [36]. The configuration state functions (CSFs) were generated
by the Graphical Unitary Group Approach (GUGA) [37] in which all possible
single and double excitations from the occupied to virtual one-electron orbitals
were included. The canonical orbitals obtained by solving the Hartree—Fock—
Roothaan equations were used. The total energies of the molecule in different
symmetry states were computed as the eigenvalues of the full CI matrix. The
virtual space was not truncated.

The basis set adopted in the calculations was optimized to yield good
values of both the ground and excited state energies of hydrogen atom. Detailed
analysis of the basis set will be given in the following section. In addition
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to the atom-centered Gaussian basis set, a set of basis functions (1slpld), with
the exponents of w/2, was added at the mid-bond position of the hydrogen
molecule in order to appropriately account for the distortion of electron density
due to the external harmonic potential. This mixed basis set strategy has been
tested on numerous atomic systems such as confined two-electrons quantum
dots, negative hydrogen ion, helium atom and lithium atom [38,39], and
satisfactory results have been obtained. It is expected that these confinement
functions should behave equally well in the molecular cases. The recent study
of lithium dimer confined in an ellipsoidal harmonic potential [40] showed
that the use of the confinement functions ensures the proper description of
avoided crossings between the electronic states and of their correct dissociation
limits.

3. RESULTS AND DISCUSSION
3.1. Basis set

One of the bottlenecks of the modern quantum chemical calculations is the large
number of integrals that have to be evaluated. Depending on the nature of the
formalism, the scaling may vary from K° to K'°, where K is the number of basis
functions, which makes the calculations including explicit treatment of electron
correlation very expensive computationally. The full CI method, which is size-
consistent, can yield the variationally exact eigenvalues within the space spanned
by the given basis set. However, it suffers from the fact that a tremendous number
of determinants will be generated and this number grows factorially with respect
to the number of basis functions. Therefore, the application of full CI calculations
is limited to very small systems. As a two-electron system, hydrogen molecule is
the best candidate for the benchmark calculation of different sophisticated post-
Hartree—Fock methods because rather small number of integrals must be
computed even when a comparatively large basis set is used. Another advantage
of employing hydrogen molecule in calculations is that experimental data of high
precision are available that allow for verification of a method. Consequently,
hydrogen molecule has been extensively studied by various quantum chemical
methods [16,41-47], and an enormous number of basis sets have been designed
for accurate computations of structures and properties of hydrogen-containing
compounds.

Recently, Tachikawa and Osamura have applied the fully variational molecular
orbital method (FVMO), combined with the full CI wavefunctions, to obtain very
accurate geometries and excitation energies of the ground and excited states of
hydrogen molecule [48]. Their study also showed that full CI calculations using
large correlation-consistent basis sets do not necessarily yield results that agree
very well with the experiment. Severe problems appeared in the estimations of
excitation energies T,, which for the 11, state was about 6325 cm™ ' (~6.3%)
overestimated. Due to the limitations of the correlation-consistent basis sets for
the excited state studies, a new atomic basis set has been designed in the present
work for the accurate calculation of the PECs of the low-lying excited states as
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Table 1. H-73 basis set of Hydrogen

Symmetry Exponent Coefficient
S 418.55081 1.00
62.745349 1.00
14.279584 1.00
4.0418170 1.00
1.3163895 1.00
0.47346186 1.00
0.18279991 1.00
0.072884362 1.00
0.039056541 1.00
0.019077672 1.00
0.0097350280 1.00
p 65.554593 1.00
4.4119074 1.00
1.4101801 1.00
0.31641648 1.00
0.10161790 1.00
0.038707113 1.00
0.015936506 1.00
d 22.213281 0.15854785
2.5916309 0.47406581
0.41870791 0.71413682
0.67153126 1.00
0.12927862 1.00
0.034247992 1.00
f 7.2151367 0.40231477
0.88389643 0.79963606
0.33897511 1.00
0.063826911 1.00

well as the ground state of hydrogen molecule. The exponents and coefficients
of the basis set were obtained by the least-square fitting to the radial distribution
functions of the 1s, 2s, 2p, 3d, and 4f orbitals. The basis set, denoted by H-73,
consists of 11s-, 7p-, 6d-, and 4f-type basis functions contracted to [11s7p4d3f].
The s- and p-type functions are fully uncontracted to allow for the greatest
flexibility in the molecular calculations. The exponents and coefficients are given
in Table 1.

The H-73 basis set has been tested in the atomic calculation for hydrogen. The
total energy of hydrogen atom in %S state was —0.4999951 a.u., which is superior
to the results obtained by employing aug-cc-pVTZ and aug-cc-pVQZ basis sets,
and comparable to the values from aug-cc-pV5Z and aug-cc-pV6Z calculations.
To test the validity of the basis set in molecular calculations, CI calculations for
the ground and several low-lying excited states of the hydrogen molecule have
been performed. Figure 1 depicts the ab initio PECs of H, and H3 ion and Tables 2
and 3 show the calculated equilibrium bond distances and excitation energies of
different electronic states of the hydrogen molecule.



Low-Lying Excited States of the Hydrogen Molecule 65

Energy (E,)

-0.6 -
-0.8 -
b 3%
-1+ A
X 15}
_1'2 1 1 1 I 1 1 1 I 1 1 1
0 2 4 6

Internuclear Distance (&)

Fig. 1. Potential energy curves of the ground and low- lying excited states of H, and of
the ground state of H} . Solid lines: Z?+ states; dotted lines: X} states; short-dashed lines:
11, states; long- dashed lines: I, state dotted- short dashed llne Hy ground state. For the
H manifold, the H state lies slightly above the H state. The opposite is observed for
the 11, manifold.

It may be seen that the bond distances calculated using H-73 basis set agree
better with experiment than those obtained using aug-cc-pVQZ or aug-cc-pVTZ
basis set, and are close to the highly accurate values computed using FVMO
method.

It is noticeable that correlation-consistent basis sets are not able to accurately
reproduce the bond distances and energies of the excited states in I/ symmetry,
which may be attributed to the relatively inadequate p-space. The problem was
eliminated in the case of H-73 basis set. The polarization set that was purposefully
optimized to correlate with the 2p orbitals of hydrogen atoms greatly improved
the bond lengths and excitation energies, and reduced the errors to be within
100 cm " of exact values.

3.2. General features of the potential energy curves

Due to the superior performance of the H-73 basis set in the CI calculations of
structures and energies for the excited states of hydrogen molecule, it was used
in the subsequent studies of H, enclosed in a cylindrical harmonic potential.
The PECs of the ground and eight low-lying excited states of H, encapsulated
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Table 2. Equilibrium geometries of selected electronic states of H, (in A)

Basis set X'zt B'zh c'm, a’xf ¢,
6-314+4G*#? 0.7389 1.1232 0.7846 0.9502 0.7215
6-311 44 G**? 0.7434 1.1567 0.8944 0.9726 0.8136
aug-cc- 0.7617 1.2670 0.9838 0.9884 1.0197
pVDZ?

aug-cc- 0.7431 1.2822 0.9976 0.9870 1.0211
pVTZ?

aug-cc- 0.7419 1.2845 1.0245 0.9874 1.0476
pvQz?

FV-OPT/ 0.7417 1.2828 1.0330 0.9887 1.0375
[8s4p2d]*

H-36° 0.7419 1.2747 1.0287 0.9857 1.0321
H-73 0.7414 1.2840 1.0319 0.9887 1.0375
Numerical limit* 0.7408 1.2859 1.0330 0.9885
Experiment® 0.7414 1.2928 1.0327 0.9887 1.0370
4 Ref. [48].

b Ref. [50].

°Ref. [14].

in a cylindrical potential have been calculated. Several confining potential
strengths « have been utilized: 0.00, 0.05, 0.10, 0.15°, and 0.20 a.u. The
mapping of PECs was done in the range from 0.6 to 8.0 A so as to capture the
dissociation limits.

Figure 2(a)—(d) displays the PECs of several electronic states of H, and of the
ground state of the H} ion in the presence of a confining potential. Several
features may be observed when compared to the situation where no potential is
applied. Firstly, the energy corresponding to a dissociation limit, E};,, = E(r— ),
shifts up for all the states when the strength of the potential increases. For
instance, in the dissociation channel for the X IE‘; and b 32}: (channel 1),
Eim=—1.0000 a.u. for w=0.00 a.u.

This value increases to —0.9808 a.u. for w=0.10 a.u., and —0.9292 a.u. for
®w=0.20 a.u. In other words, all the dissociation channels are destabilized by

Table 3. Excitation energies of selected electronic states of H, (in cm ™ D)

Basis set B!y’ c'im, a’s} ¢,
aug-cc-pVQZ? 91,660.9 10,6414.5 95,9354  99,095.4
FV-OPT/[8s4p2d]* 91,670.1 100,067.1 95,8843 95,8284
H-36° 91,372.4 99,964.9 95,437.5  95,603.5
H-73 91,612.4 99,990.6 95,844.3  95,763.8
Numerical limit* 91,694.2 100,104.3 95,981.4

Experiment® 91,700.0 100,089.8 95,936.1 95,838.5
4 Ref. [48].

b Ref. [50].

°Ref. [51].
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Fig. 2. Potential energy curves of H, and HJ in confinement. Solid lines: E; states;
dotted lines: X' states; short-dashed lines: 11, states; long-dashed lines: II,, states; dotted-
short-dashed line: H ground state. (a) For the II, manifold, the 31'[g state lies
slightly above the II, state. The opp051te is observed for the I1,, manifold. (b) For the I1,,

manifold, the H state lies above the H state.

the harmonic repulsive potential that acts on electrons. The electron density of
H, is compressed by the potential and the increased Coulomb interaction
destabilizes the molecule. Secondly, the dissociation channel that leads to
H(1s)+H(2s or 2p) in a field-free environment (channel II) splits into two
when the potential is turned on. The states of ¥ symmetry correlate to the
channel, which is lower in energy, that corresponds to H(1s)+H(2p,), while
those of II symmetry correlate to the higher channel that leads to the limit of
H(1s)+H(2p,/2p,). The energy separation between these two channels becomes
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Fig. 3. Atomic energies of hydrogen atom in confinement.

larger when a stronger potential is used. The peculiar nature of the channel II
within the harmonic potential can be rationalized via the atomic calculations of
hydrogen atom for various confining potential strengths. Figure 3 shows the
energies corresponding to different configurations of the hydrogen atom (see
also Table 4).

The data show that H(2p,) configuration becomes more stable relative to the
H(2p,) and H(2p,) counterparts in the harmonic potential. It can be attributed to
the fact that the potential is laterally circular about the z-axis which enhances the
electrostatic interaction along the x- and y-directions. As a consequence, the p-
shell degeneracy is removed, and the channel II splits, with the one corresponding
to H(1s) and H(2p,) becoming lower in energy.

Finally, it should be noticed that the energy of the one-electron system
HJ increases less rapidly than the system of the states of the two-electron H,.
In consequence, for the larger values of w, the energy of the ionized system
HZ will be lower than the energy of some of the excited electronic states of Hs.

Table 4. Atomic calculations of hydrogen atom in confinement

Configura-

tion »w=0.00 w=0.05 w=0.10 w=0.15 »w=0.20
Is —0.499995 —0.497521 —0.490376 —0.479179  —0.464588
2s —0.124999  —0.097968 —0.047714 0.006649 0.062849
2p,/2p, —0.124991 —0.100749  —0.050135 0.011405 0.081274
2p, —0.124991 —0.112215 —0.084665 —0.050641 —0.012044

All values are in a.u.
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In cylindrical confinement, in contrast to spherical [49] or ellipsoidal [38]
confinements, there is a possibility of escape of an electron when the repulsive
influence of confinement exceeds the attractive interaction with the nuclei. In
the following sections, in order to compare qualitative behavior of our results
with those previously published, we sometimes discuss the results obtained for
very large values of w. However, in tables and figures we show only those data
that relate to the excited states whose energies are below the ground-state
energy of Hi in the confinement of a given strength w.

321. X IE+ and b 3E+ states

Both the X E+ and b 3E+ states of the H, molecule correlate to the limit of
H(1s)+H(1s) (channel I). The ground state X E; arises from the configuration
|10§) while the b >X} state results from the configuration |lo,10,). The
configurations of these states remain the same for the applied potential with
various strengths. It has been suggested that the hydrogen molecule, under the
influence of a parallel ultrastrong magnetic field, undergoes a transition
of the ground state symmetry from 12 to *II, [22-26]. In the intermediate
regime, Detmer et al. [26] and Kravchenko and Liberman [52] showed, using
numerical Hartree—Fock approach, that the °X, state would appear as the
ground state, although the existence of this weakly bound Bose-particle
superfluid phase is still controversial. Nevertheless, such transitions do not
happen in the present case even up to the field strength of 0.20 a.u. The ground
state retains the symmetry 12; and the PECs of these two states still lead to
the same dissociation limit of channel 1. The difference between these two
situations can be accounted for by considering the different nature of the
external fields. The potential adopted in the present study is purely electrostatic
and repulsive to the electrons. The first-order Stark effect will not split the
species in channel I because it corresponds to a non-degenerate ground-state
hydrogen atoms whose orbital angular momentum is zero. In the case of
magnetic field, however, the spin—orbit interaction and the coupling between
the canonical momentum and the vector field have to be taken into account. As
a result, the influence of the magnetic field on the electronic structures of
different states of H, becomes orientation-dependent, and the Zeeman effects
(linear and quadratlc) spht the dissociation channel I according to the different
spin states of E and X,

Despite the dlfference in the asymptotic limits, some features characteristic for
molecules in magnetic fields can also be seen in the present work. Table 5 shows
that the binding energy of the ground state H, increases with the strength
of the potential and the equilibrium internuclear distance r, decreases.
Meanwhile, the monotonically increasing v, suggests that the potential well
becomes more steeper.

Similar observations have been made when H, was placed in a parallel
magnetic field [26]. The shorter bond distance and stronger binding interaction in
the ground state H, are the consequences of the increased electron density
between the two nuclei that is induced by the potential.
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Table 5. Spectroscopic parameters of X lEi and b > X% states

State Parameter w=0.00 w=0.05 w=0.10 w=0.15 ©»w=0.20
X 12;}“ T, 0.7414 0.7368 0.7273 0.7202 0.7156
‘ (0.7414)*
U, 4404.6 4428.4 4503.3 4635.5 4737.8
(4401.2)*
B, 60.857 61.620 63.242 64.491 65.318
(60.853)*
UpX, 147.262 145.819 150.791 233.272 123.788
(121.336)*
o, 3.2393 3.2497 3.2325 4.1626 3.1167
(3.0622)*
D, 38,111.9 38,328.4 39,103.2 40,072.8 41,328.1
(38,292.8)°
b 321‘ T, 4.1608 4.1379 4.0842 4.0305 3.9846
(4.13)°
U, 34.65 35.17 36.02 35.53 35.31
B, 1.932 1.954 2.005 2.059 2.107
UpX, 102.005 106.100 110.776 116.817 122.854
o, 3.8806 3.8700 3.8589 4.3257 44514
D, 4.148(4.20)° 4.280 4.236 3.995 3.622
Experimental values are given in parentheses; all values are in cm ™~ L
4Ref. [51].
b Ref. [16].
¢ Ref. [55].

The lowest triplet state, b X7, possesses interesting characteristics that are
worth noting. According to the early work of Kolos and Wolniewicz [53], the
b 3%l state is predominantly repulsive except for a shallow van der Waals
minimum around R=7.8 au. (4.1 A) with the estimated binding energy of
about 4 cm ™!, Other computations [54-56], that included electron correlation,
confirmed the existence of a van der Waals minimum. In the present work a
minimum was also found and its parameters are shown in Table 6. The
analysis of the PEC in the region of 3.0<R<S. 0A including the correction
for the basis set superposition error (BSSE), which is 51gn1ﬁcant for such a
weak binding, yielded r,=4. 1608 A and D,=4.15cm™ ', as illustrated by
Fig. 4. The results are in good agreement with the available theoretical values.
Similarly to the situation of the ground state, the application of an external
potential causes the contraction of the internuclear distance. However, the
change of dissociation energy is drastically different. Initially, the potential
well depth increases when a potential of w=0.05 a.u. is imposed. However,
the potential becomes shallower when the potential strength exceeds 0.10 a.u.
and the binding energy decreases monotonously. Same situation has also been
seen for the hydrogen molecule in a magnetic field [26], in which the van der
Waals minimum eventually vanished when the magnetic field strength became
greater than 100 a.u. (corresponding to about 10" G).
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Table 6. Spectroscopic parameters of van der Waals minima of selected states

State Parameter w=0.00 w=0.05 w=0.10 w=0.15 w=0.20
b 32;* T, 4.1608 4.1379 4.0842 4.0305 3.9846
(4.13)*
U, 34.65 35.17 36.02 35.53 35.31
B, 1.932 1.954 2.005 2.059 2.107
UpX, 102.005 106.100 110.776 116.817 122.854
o, 3.8806 3.8700 3.8589 4.3257 4.4514
D, 4.148 4.280 4.236 3.995 3.622
(4.20)*
a 32; Te 5.5335 5.0862 4.7692
v, 83.21 104.68 129.09
B, 1.092 1.293 1.471
D, 94.1 156.6 194.2
1'm, re 4.3089 40112
4.2)°
U, 123.1 154.2
B, 1.802 2.079
D, 173.3 214.7
a77)°
Experimental values are given in parentheses; all values are in cm ™ L
4 Ref. [55].
" Ref. [88].
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Fig. 4. b3 state in confinement.
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3.2.2. B'S! and a 33} states

Being the lowest stable excited state, the electronic structure of the B 'E;’ state of
H, has been of considerable interest. The calculation of Kolos and Wolniewicz
using the variational method with elliptic coordinates [57] showed that the
wavefunction is well represented by a mixture of three configurations: ionic,
|1s2s) and |1s2p,). The analysis of the wavefunction indicated that for the region
of 3<R<7 a.u. the nature of the B ' I} state is essentially ionic. For the small
internuclear distances, however, the most important contribution comes from the
Heitler—London type |1s2p,,) function. Yet for the large values of R both the |1s2s)
and |1s2p,) functions become important, leading to the asymptotic limit of
H(1s)+H(2p) in the field-free space. Because of the strong ionic character, the B
state PEC exhibits a very broad minimum. The dihydrogen molecule in the B ' X/
state is paramagnetic [58] and can form stable compounds with noble gases [59].

The spectroscopic constants obtained by polynomial fitting to the calculated
ab initio PECs for the B ' X! state are given in Table 7. The values are in a very
good agreement with the experiment except for the binding energy being
underestimated by about 1%. The relatively large discrepancy of r, results from
the flat minimum of the potential which increases the uncertainty in the evaluation
of r,. Change of configurations with R was noticed in the wavefunction analysis.
The contribution from the ionic wavefunction drops from about 80% at
R=4.00 a.u. to about 20% at R=12 a.u.; meanwhile, the contribution of
|1s2p,) wavefunction grows from 5 to 62%.

Under the influence of the external harmonic potential, two changes occur: an
elongation of the internuclear distance and the accompanying reduction of the
vibrational constant. These variations could be attributed to the increasing
contribution of |1s2s) wavefunction with the strength of the potential, which
diminishes the ionic interaction and stretches the internuclear separation. Similar
to the case where no potential is applied, when R— o, the configuration of
|1s2p,) dominates and leads to H(1s)+H(2p,) as this is the function that gives
non-vanishing dispersion at the dissociation limit. For >0.15 a.u. unusual
changes occur in the B state, in which the equilibrium internuclear distance starts
to decrease and the vibrational constant increases. These unexpected differences
have also been predicted for the hydrogen molecule placed in a parallel magnetic
field of strength larger than 0.20 a.u. [26], although the effect is more pronounced
in the latter case. The shortening of r, could be a consequence of the induced
interaction due to the polarized electron density, within the internuclear vicinity,
caused by the harmonic potential.

In contrast to channel I, which remains non-degenerate in the field, channel II
splits into three dissociation branches due to the Stark effect. Atomic calculations
of the H atom in a cylindrical potential oriented along the z-axis show that the
energy levels of 2p-orbitals split and H(2p,) becomes more stable relative to
H(2p,) and H(Zp,). Because of the lateral symmetry of the potential, the
degeneracy of H(2p,) and H(2p,) persists. For small values of w, H(2s) is slightly
less stable than H(2p,) and H(2p,) while the ordering reverses when w exceeds
0.15 a.u. As a result, there exist three dissociation limits for channel II, with a non-
zero cylindrical potential, which correspond to H(2s), H(2p,), and H(2p,)/H(2p,).
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Table 7. Spectroscopic parameters of B !X} and a 32; states

State Parameter w=0.00 w=0.05 w=0.10 w=0.15 w=0.20

B 12;‘ Te 1.2840 1.3163 1.3383 1.3469 1.3413
(1.2928)*
U, 1365.8 1472.3 1360.4 1423.6 1507.0
(1358.1)*
B, 20.290 19.305 18.675 18.438 18.593
(20.015)*
UpX, 24.330 10.548 8.403 6.739
(20.888)*
o, 1.3219 0.9516 0.5665 0.3622 0.2584
(1.1845)*
D, 28,812.3 29,956.7 32,331.8 34,904.0 37,630.0
(28,852.7)°
T, 91,612.4 92,908.8 95,710.5 99,113.8 102,927.2
(91,700)*
a 32; Te 0.9887 0.9736 0.9625 0.9634
(0.9887)*
U, 2664.8 27479 2778.7 2719.4
(2664.8)*
B, 34.219 35.286 36.109 36.036
(34.216)*
UpX, 82.061 80.943 96.870 99.888
(71.65)*
o, 1.7192 1.8673 2.0239 2.2410
(1.671)*
D, 24,581.4 22,246.5 18,584.4 15,727.3
(24,615.3)°
T, 95,844.3 100,635.8 109,471.3 118,310.0
(95,936.1)*
Experimental values are given in parentheses; all values are in cm ™ L
4 Ref. [51].
b Ref. [91].
¢ Ref. [92].

Besides the B ! X state, the a 32; state also possesses the asymptotic limit of
H(1s)+H(2p,) in the presence of a harmonic electrostatic potential. The PEC of
the a 32; state has already been extensively studied [60-64], and both highly
accurate adiabatic and non-adiabatic ab initio PECs have been calculated.
The PEC and the corresponding spectroscopic constants determined in the present
study are in very good agreement with the experiment except for the excitation
energy where the calculated value is about 90 cm ~ ' smaller than the experimental
one. Zung and Duncan, using orthonormal molecular orbitals with variable orbital
parameters, showed that the contribution of |1s2p.) to the total energy near the
potential minimum is negligible [61]. On the other hand, Mulliken has
demonstrated that for R>r, the MO configuration becomes a mixture of |1s2s)
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and |1s2p.) and when R— oo the function |1s2p.) predominates and correlates to
the dissociation of H(1s)-+H(2p) [65]. A detailed analysis of the relative
contributions of various configurations in the a 32; state wavefunction confirms
their conclusions. It is found that the main component of the state at the region
around the minimum is a mixture of |1s2s) and |1s3s) which then changes to |1s2s)
and |1s2p.) when R increases. For very large R, the predominant configuration is
|1s2p.) which leads to the appropriate dissociation limit of H(1s)+H(2p).

In the presence of the confining harmonic potential, several interesting changes
of the a32;," state occur. In contrast to the other states, where the binding energy
increases with the stronger potential strength, the dissociation energy for the
a 32; state exhibits a decreasing trend. The D, value reduces from 24,578 cm ™~
for 0=0.00 a.u. to 15,727 cm ' for w=0.15 a.u. For ©=0.20 a.u., the energy of
the a 32; state is greater than the energy of the ground state of H} . Detmer et al.
have observed similar behavior of the @ X} state of H, in a parallel magnetic field
with the strength below 0.5 a.u. [26] and they have found that upon further
increasing the field, the well starts becoming deeper and more pronounced. In
order to verify the existence of the same phenomenon in the present case, the
dissociation energy has been evaluated for the potential strength of 1.0, 2.0, and
5.0 a.u., respectively. The calculations show that the binding energy further
reduces to about 9060 cm ™~ ' when w=1.0 a.u. However, a turnover appears
for w>1.0 a.u. in which the dissociation energy drastically increases to about
30,000 cm " for w=2.0 a.u. and 68,000 cm ' for »w=>5.0 a.u. The development
of a3 2; state under an extremely strong potential can be rationalized by
considering the variation of configurations with the confinement strength. For the
field-free and weak-field regime (i.e., w<1.0 a.u.) the contribution from the
function |1s2s) increases progressively from 60% (w=0.00 a.u.) to 98% (w=
1.0 a.u.) while that from the function |1s2p.) diminishes very rapidly. The
domination of the configuration of |1s2s) weakens the exchange interaction
between the two parallel-spin electrons in 1s and 2s orbitals, respectively [66],
which counteracts the enhanced binding due to the applied potential. For the
strong-field regime, however, the contribution from the function |1s2p.) suddenly
increases and dominates the state wavefunction. The better orbital overlap
between 1s and 2p, orbitals under the influence of an applied potential increases
the exchange energy [67] which in turn strengthens the binding interaction. On the
other hand, the main configuration for the a’ E;f state at large R is |1s2p,) and its
contribution grows very rapidly when the potential strength increases. For
©>0.20 a.u. the configuration becomes exclusively |1s2p.). As mentioned, the
larger involvement of the 2p, orbital can increase the binding interaction via the
enhanced exchange energy contribution. Consequently, the dissociation limit of
H(1s)+H2p,) is stabilized relative to the potential minimum, and the binding
energy is reduced.

Besides the abrupt change of binding energy, Detmer et al. have observed the
development of a second minimum at large R which has no counterpart in the
field-free space [26]. This additional minimum becomes more pronounced when
the magnetic field increases to 1.0 a.u. The further increase in the field starts to
diminish the potential well. The minimum eventually vanishes when the field is
greater than 50.0 a.u. The calculated PEC of the a 32’; state in the present study
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also exhibits a shallow minimum. As shown in Table 6, for a confining potential of
®w=0.05 a.u., the second minimum appears at about 5.5 A with the binding energy
of 94.1 cm -1 which accommodates one vibrational level. The position of this
minimum moves towards a smaller value of R, accompanying the increase of the
binding energy and number of vibrational levels when the potential strength
increases. Using the above-mentioned argument, the existence of the second
minimum and the increase of its binding energy with the increasing « can be
accounted for by the strong exchange interaction of 1s and 2p, orbitals which
constitute the major contribution to the a 32’; state at large R.

3.2.3. C ]HM, c3Hu, IIHg, andi3ﬂg states

Experimental studies of the IT-manifold excited states of H, began with the
extensive investigations of the emission spectra of molecular hydrogen from the
near infrared to extremely ultraviolet regions [68—71]. After the observation by
Lichten, using molecular beam resonance spectroscopy technique, that the ¢>II,,

state 1s metastable [72,73], a lot of work has been devoted to accurate theoretical
calculations of the I1,, PECs of H, which helped to assist the assignments and
confirmation of emission bands. Meanwhile, the studies of the II, counterparts
emerged rapidly because of the problem of 3d XIIA complex of states that leads
to the breakdown of Born—Oppenheimer approximation in the computation of
the excited states involving 3d orbitals [74]. The wrong prediction of singlet—
triplet splitting for II, states also stimulated the calculations of reliable PECs
that cover very wide range of R [75]. Up to now highly accurate PECs for these
states have already been obtained [75-78] and precise spectroscopic constants
have been determined which are in excellent agreement with the experiment
[79-81]. All of these states are found correlated to the dissociation limit of
H(1s)+H(2p) as R— . Despite the same asymptotic behavior, they exhibit
very different characteristics for the small to medium-R region that are of interest
to discuss.

The C 'I1,, state has attracted much attention from spectroscopists because the
state was believed to be the upper state of the ultraviolet absorption band which
can help establish the accurate dissociation energy of the ground state of H, [82].
Therefore, several attempts have been made to obtain the complete PEC for the
C state [53,76,83,84]. The calculations by Browne revealed that there exists
a suspicious maximum at R=8a.u. which is about 160cm~' above the
dissociation limit [76]. This observation was consistent with the conclusion of
Herzberg and Monfils that a maximum might exist in the vicinity of R=13 a.u.
[82]. The subsequent calculations by Kolos and Wolniewicz [53], and Namioka
[77] reﬁned the barrier to be about 105.5 cm ™' at R=9 a.u. The computed PEC
for the C H state and the fitted spectroscopic parameters (7., V,, UoX., &) in the
present study agree well with the experiment, as demonstrated by Table 8.

The hump is located at R=9.03 a.u. being 106.3cm ™' higher than the
dissociation limit, which differs by only 1 cm ™' from the value determined by
Kolos and Wolniewicz. The estimated excitation energy for the C state is far
superior than the value obtained by CI calculatlon using aug-cc-pVQZ basis set
[48], which overestimated T, by 6300 cm ™
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Table 8. Spectroscopic parameters of C 'IT,, and ¢ *II, states

State Parameter w=0.00 w=0.05 w=0.10 w=0.15
C 1I_Iu Te 1.0319 1.0202 1.0033
(1.0327)*
Ve 2445.3 2497.0 2584.2
(2443.8)*
B, 31.346 31.964 32.977
(31.363)*
VX, 79.039 79.113 96.862
(69.524)*
o, 1.6616 1.7640 1.7889
(1.6647)*
D, 20,435.1 19,932.2 19,383.7
(20,488.6)"
T, 99,990.6 105,600.8 116,397.0
(100,089.8)*
c 3Hu Te 1.0358 1.0274 1.0105 0.9896
(1.037)?
U, 2466.7 2522.4 2633.1 2765.8
(2466.9)*
B, 31.077 31.545 31.583 33.968
(31.07)*
UpX, 71.365 77.493 75.341 54.905
(63.51)?
o, 1.525 1.477 1.515 1.480
(1.425)*
D, 24,666.6 25,604.0 27,437.3 29,437.1
(24,816.8)*
T, 95,763.8 99,836.9 108,257.5 118,264.0
(95,838.5)*
Experimental values are given in parentheses; all values are in cm ™~ L
4Ref. [51].
b Ref. [91].

The PEC of the ¢ *II, state has been studied, although less thoroughly than the
C state, in order to get insight into the metastable behavior of the v=0 vibrational
level that decays to the B ' ¥} with the lifetime in the range of milliseconds [73].
Browne [76] and Hoyland [78] have computed the PEC for the ¢ I . state and
showed that it resembles very much that for the singlet counterpart except that
there is no local maximum at large R. Same observations have been made in the
present study where, due to the different electron—nuclear interaction [85], the
triplet state is lower in energy than the singlet state by about 4232 cm ™! at r,,
which is comparable to the experimental value of 4251.3cm™' [51]. The
spectroscopic constants determined using the calculated PEC have excellent
agreement with the experimental values. Similarly to the C 'II, state, the
calculated T, for the c state is closer to the experiment than that obtained by using
aug-cc-pVQZ basis set [48].
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The natural orbital analysis indicated that the major configuration for both 11,
states is |Ls, Zpﬂ) near the minimum [86]. While this conﬁgurat1on remains
dominant for the ¢ 311, state throughout the whole range of R, the C'II, state
undergoes a conﬁguratlon mixing at large R where the repulsive |ls, 2Px, )
dominates, resulting in the small potential maximum [87]. Wavefunction
analysis in the present work corroborates these observations. A drastic change
of the relative contributions of |ls,2p,) and [ls,2p, ) states along
the potentlal curve is observed. The former one is paramount (~50%) while the
latter one is absent in the region close to the minimum. For the region of large R,
however, a sharp increase of the contribution from |1s, 2P, ) is noticed, especially
at 7.00<R<12.00 a.u. where its weight raises from 5 t020%. Simultaneously,
the contribution from the attractive term |1s, 2Pz, ) drops rapidly to 25%.
Interestingly, the higher excitation terms, such as |1s3p,,) have a significant
interaction with these states (~46% at R=20.00 A) Therefore, a basis set that is
optimized not only for 2p space but also for 3p space is necessary for the proper
description of the I1 states at large internuclear distances.

Accurate PECs of [ H and i H states have been computed using highly
flexible wavefunctions in elhptlcal coordlnates containing explicit r, terms [88].
The presently calculated potential curves for these states, as illustrated by Fig. 1
and Table 9, are in good agreement with those results except for v.x, which are all
overestimated by 10%. The estimated singlet-triplet sphttmg for the I1, states at
r, is about 12.7cm™ ', with the trlplet state being lower in energy, which is
consistent with the value of 10.8 cm determmed by Kolos and Rychlewski. A
crossmg between the states is found at R=1.25 A where the trlplet state becomes
higher in energy than the singlet state For both states a maximum appears at
2.25<R<2.30 A which are 1870 cm ™!, for the singlet state, and 2942 cm ™', for

Table 9. Spectroscopic parameters of I 'IT gand i M ¢ states

State Parameter w=0.00 w=0.05

1'm, r, 1.0658 (1.0693)* 1.0839
U, 2252.8 (2259.2)* 2114.8
B, 29.445 (29.259)* 28.473
VX, 91.675 (78.41)* 111.864
a, 1.919 (1.584)* 2.208
D, 7324.4 (7576.8)b 2853.3
T, 113,096.5 (113,142)* 122,523.8

i, re 1.0653 (1.0700)* 1.0805
v, 2260.8 (2253.6)% 2154.9
B, 29.475 (29.221)* 28.653
U X, 89.075 (67.05)* 100.194
o, 1.880 (1.506)* 2.021
D, 7373.5 (7493.4)¢ 2957.6
T, 113,083.8 (113,132)% 122,502.4

Experimental values are given in parentheses; all values are in cm ™~ !

4Ref. [51].

® Ref. [89].

°Ref. [93].
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the triplet state, above the asymptote. These values match the values estimated by
Kolos and Rychlewski [88], Dressler and Wolniewicz [80] and Wolniewicz [89].
The existence of maxima for the two I, states is attributed to the avoided crossing
between the |1o,17,) and |10, 1m,) states where the latter one is repulsive [87]. To
verify this argument the wavefunctions for the 11, states have been analyzed. For
the singlet state, the contribution of |la ¥y ) functlon declines quickly from 73%
atr,to 18% at 6.00 A while the that for the |16,1m,) function increases from O to
25%. A similar variation of configurations is observed as well for the triplet state
although the change is slightly more significant, which is anticipated due to the
fact that the valence repulsion in the triplet state is enhanced by the repulsive
resonance interaction, giving rise to the broader and higher hump at large R [88].
Therefore, this strong configuration interaction at large internuclear distances is
indicative of the crossing between |1o,1m,) and |1g,1m,) for the II, states that
leads to the local maxima.

The attractive resonance interaction for the 'IT ¢ State overcomes the valence
repulsion at large R and causes the formation of a second minimum, which is not
found in the triplet state [88]. The resonance interaction in the triplet state is
instead repulsive which further strengthens the valence repulsron at large
internuclear distances. The second minimum for the ' IT ¢ state is found at 8.14 a.u.
which has the depth of 173 cm ™' and accommodates several vibrational levels in
the present study. These values are only moderately different from the values
reported by Wolniewicz including the adiabatic corrections [89] who found the
second minimum at R=8.25 a.u. with the depth of 178 cm

The four II states behave in substantially different ways in accordance to the
applied confining potential. For these highly excited states, the II, energies are
above the energy of the 22; state of Hgt already for w=0.10 a.u., Whlle the lower
I1, energies are placed above that of Hy at w=0.15 a.u. For the potentral strength
0 <0.10 a.u. the equilibrium 1nternuclear distance of the 'IT,, state decreases from
1.0319 t0 1.0033 A. Srrnultaneously, the binding energy drops from 20,435 cm ™,
for ©=0.00 a.u., to 19,384 cm™ ', for w=0.10 a.u. On the other hand, a trend
opposite to the change of binding energy is noticed for the well-known maximum
at large R. While this hump is shifted towards smaller values of R, its height with
respect to the dissociation limit increases rapidly for 0.00 <« <0.15 a.u. and then
decreases. Detmer ef al. have also observed similar behavior of the ' IT,, state in the
presence of a parallel magnetic field [27]. The inverse relation between w and D,
could be accounted for by considering the deformation of m orbitals within a
repulsive cylindrical potential. Due to the symmetry restriction exerted by the
applied potential, the np orbital sets lose the degeneracy, with p, and p,
components being more destabilized. The distorted 17, MO, which is more
localized in the region between the two nuclei, has better overlap with the 1o,
MO, thus strongly enhancing the Coulomb interaction. However, the overlap
between 1o, and 17, is remarkably diminished. Consequently, the dissociation
limit is greatly stabilized with respect to the potential minimum, giving rise to the
decreasing binding energy for the 'IT, state. The induced stabilization effect on
the repulsive |lo,17,) function also explains the larger barrier of the large-R
maximum for w>0.00 a.u. since it intensifies the coupling between the |17, 17,)
and |lo,lm,) configurations, resulting in a higher potential hump. When w
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increases, the single-reference |laul7r ,) potential curve is more stabilized and
crosses the single-reference |10 17,) potential curve at smaller R. This explains
the shift of the maximum towards smaller R with the increasing w.

On the contrary, the PEC of the *IT,, state evolves in a way similar to that of the

12+ state: the potential well becomes increasingly deeper, and the equ111br1um
1nternuclear distance contracts continuously. As in the case of the singlet C 'IT,,
state, the overlap between 1o, and 17, MOs is enhanced due to the distortion from
the confining potential. Apart from the stronger Coulomb interaction, the
exchange energy between the two parallel electrons is introduced which cancels
out the Coulomb repulsion [65]. Therefore, the |10g17ru) configuration, which
dominates in the region near the minimum, is more stabilized than the |10M17rg)
configuration in which the orbital overlap is less efficient, and this exchange effect
contributes towards the increasing well depth of the *IT, state when an external
potential is applied.

The PECs of the highest states in the /I manifold, i ¢ and it ¢ states, exhibit
drastic changes in the presence of a cylindrical potential. The changes of the PECs
of these states with confinement are shown in Figs 5 and 6. For both cases, the
equilibrium internuclear distances increase with «. Concurrently, the binding
energies of both states decrease, with the change in the singlet state being more
pronounced. Both of the 11, states correlate to the united-atom limit of He(1s3d)
[65]. For R=r,, the Wavefunctlons of H and - H are composed of |10’ 3d, )
which is treated as a Rydberg state, and 1o, 2p7r ), respectively. The latter
function becomes more important when R is larger until eventually it dominates at
very large R and leads to the asymptote of H(1s)+H(2p). When the hydrogen
molecule is encapsulated in a cylindrical potential, not only the p-shell but also
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Fig. 5. 1'IT ¢ State in confinement. The energy is shown with respect to the dissociation
limit.
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Fig. 6. i°IT ¢ State in confinement. The energy is shown with respect to the dissociation limit.

the d-shell orbital degeneracy is removed, and those involved in 3d, MOs, i.e.,
3d,, and 3d,, orbitals which are very diffuse, will be very intensely destablhzed
As a consequence, in the region close to the minimum, their contribution to the
yi ¢ and i ¢ states, as measured by squares of coefficients in the CI expansion,
is reduced. The destabilization of 3d orbitals causes the attractive potential of
|10,3d, ) to be shifted upward in energy relative to the repulsive potential of
|1<7 2p7T ) resulting in the decreasing binding energy. Simultaneously, the
maximum is shifted towards smaller values of R and becomes higher in energy
with respect to the dissociation limit due to the fact that the two potential curves of
|10,2p Yand |10,3d, ) cross at smaller R. The slight stretching of the equilibrium
1nternuclear dlstances ‘also reflects a larger contribution of the |1o 2p7rg) function.
It may be seen from Figs 5 and 6 that the IH state is more susceptible to the
influence of the external potential than the * 11, state Unlike the first minimum at
small R the second van der Waals minimum of the 1H becomes more pronounced
with the increasing strength of the harmonic potentlal The corresponding binding
energy (see Table 6) increases from 173 cm ™' for »=0.00 a.u. to 215 cm ™' for
®w=0.05 a.u. and the minimum moves to smaller values of R. Detmer ef al. have
observed a similar trend [27] and they found that the second minimum will vanish
when the magnetic field strength is larger than 10.0 a.u. Mulliken ascribed the
second minimum to the first-order London dispersion interaction between H(1s)
and H(2p,.) which yields a net stablhzatlon for the H state at large R [90]. As the
contribution of |1,2p, )function to the 'IT, state increases with the application of
a cylindrical Conﬁnlng potential, this long range attraction is significantly
enhanced, giving rise to a deeper potential well in the region 6 <R <8 a.u.
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3.24. E, F 'S} state

The first excited IE; state is characterized by the double-minimum potential
which is manifested in a very complicated vibrational-rotational spectrum [94].
The PEC of the E, F 12; state has been extensively studied by Davidson [95,96],
Gerhauser and Taylor [62], and Kolos and Wolniewicz [97]. The peculiar double
minimum is the result of an avoided crossing of the potential curves for the, in MO
notation, |1o,20,) and |162) configurations. The inner minimum originates from
the covalent | 10g20g) configuration while the outer minimum is composed mainly
of ionic |l1¢2) configuration. These configurational alterations along R and
multiple-minimum potential have also been observed for higher excited E+
states, and were attributed to the H"H ™ separate atom level that intervenes in all
the | 1sns) levels below |1s5s) [95]. The calculated PEC of E, F 12; state is plotted
in Fig. 1 and the corresponding spectroscopic constants are summarized in
Table 10. Very good agreement with the experiment is achieved except that the
discrepancies in vibrational frequencies are moderately large. The detailed
analysis of the CI wavefunction has been performed in order to comprehend the
nature of the state, and it reveals a complicated change of configurations with R.
Figure 8(a) illustrates the variation of contributions of configurations involved in
the E, F E+ state. For R<1.5 A the state is well represented by the covalent
|1o,20,) conﬁguratlon (~90%) whose PEC rises very rapidly to the asymptote
corresponding to H(1s) +H(2s). When R approaches the point of avoided crossing

Table 10. Spectroscopic parameters of E, F lE; states

State Parameter w=0.00 w=005 w=010 w=0.15 w=0.20
E 12; Te 1.0114 0.9966 0.9940 0.9986
(1.011)*
U, 2541.1 2626.8 2615.2 2542.9
(2588.9)*
B, 32.698 32.679 33.853 33.542
(32.68)*
VX, 124.879 148.904 146.964 167.952
(130.5)*
o, 1.909 1.969 1.961 2.226
(1.818)*
T, 100,018.9 106,018.4 115,651.0 124,419.7
(100,082)%
Flyt Te 2.3227 2.3193 2.2913 2.2491 2.2039
¢ (2.31)
U, 1248.1 1289.1 1349.9 1419.9 1486.2
(1199)*
B, 6.198 6.218 6.372 6.613 6.886
VX, 30.365 26.909 26.993 27.574 27.957
o, 0.1202 0.1529 0.1657 0.1701 0.17841
T, 100,879.7 102,488.6 105,999.7 110,231.2 114,884.1
(100,911)*

Experimental values are given in parentheses; all values are in cm ™.

aRef. [51].
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(~1.65 A), an intrusion of the ionic potential happens that causes a drastic increase
in the weight of |1¢2) and forms a deep minimum at fairly large R (~2.3 A).

These observations confirm the molecular orbital analysis of the E, F 12’; state
carried out by Kolos and Wolniewicz in which the ionic part of the total
wavefunction dominates the region from 3 to 6 a.u. [97]. At still larger R, the
|1o,20,) configuration, which is a mixture of |1s2s,) and |Is2p,), becomes
predominant again due to a second avoided crossing with the ionic potential. This
avoided crossing allows for the proper dissociation of the state into the separate
atom limit of H(1s) and H(2s) [65].

The evolution of the PEC of E, F 12; state under the effect of a cylindrical
harmonic potential is illustrated in Fig. 7. The two minima have considerably
different behavior in response to the applied potential, and several characteristics
are noticeable. The inner minimum becomes less pronounced when the potential
strength is increased from 0.00 to 0.15 a.u. However, this monotonous change is
not seen in r,, which first decreases for «» <0.10 a.u. and then increases for larger
®. On the other hand, the outer minimum is shifted monotonically towards the
inner minimum accompanied by the increasing potential depth. Schmelcher et al.
have studied the 'Y excited states of hydrogen molecule in a parallel magnetic
field for the field strength ranging from 0 to 100 a.u. [98], and they observed
qualitatively very similar trends of the inner and outer minima evolving in the
field with strengths smaller than 0.5 a.u. The unusual behavior can be explained in
terms of the different extent of configuration mixing with respect to the strength of
confining potential. Figure 8(b)—(d) displays the weight of each configuration in
the total CI wavefunction that corresponds to the E, F ! X! state when a harmonic
potential is present. At the region close to the inner minimum |1¢,20,) remains as
the dominant configuration. However, the associated potential well becomes
more shallow because the [16,20,) configuration is strongly destabilized due
to the involvement of 2s orbitals and the PEC is shifted up relative to the ionic

002} &
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Fig. 7. E, F IE; state in confinement. The energy is shown with respect to the
dissociation limit.
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PEC. This PEC shifting leads to the transition point where the |lo,20,) PEC
crosses the ionic PEC moving to smaller R, as implied by the observation that the
contribution of |lo,20,) configuration vanishes more rapidly for w=0.15 a.u.
(Fig. 8(d)) when compared to the field-free case (Fig. 8(a)).

Another feature of the E, F/ IE; state wavefunction is the increase in weight of
the ionic character in the intermediate-R region. The contribution of ionic
wavefunction raises from 50 to 70% when a potential of the strength v =0.20 a.u.
is applied. This is not unexpected because the competing |10,20,) configuration
becomes less and less important due to the 2s destabilization. Furthermore, the
|162) configuration is less destabilized as the smaller electron density within
the internuclear vicinity reduces the repulsive interaction between electrons. Thus,
the depth of the outer minimum which is formed from the |1¢2) configuration
increases monotonically for w <0.15 a.u. The greater ionic character of the E, F
'S¥ state enhances the coupling with the G, K ' S} state, as shown in Fig. 9, giving
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Fig. 9. The E, F and G, K IE; states in confinement.
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rise to a smaller energy difference between these two state at the point of avoided
crossing, that may indicate a possibility of the failure of the Born—Oppenheimer
approximation in the calculations of low-lying excited states in the presence of a
confining potential. Shi et al. have shown recently that for a diatomic molecule two
electronic states of the same spatial symmetry may intersect in multi-parameter
space because additional symmetry elements appear in the perturbation operator in
the adiabatic approximation that may result in zero off-diagonal matrix elements
even though the two states have the same spatial symmetry [99]. In the present
case, the external harmonic potential can be viewed as a perturbation to the
Hamiltonian of the hydrogen molecule in free space. Hence, the perturbation
operator will be expressed in terms of not only the internuclear distance R but also
the strength of confining potential w, and the assumption that the off-diagonal
coupling matrix elements are non-zero if two states are of the same symmetry may
no longer be valid. A thorough understanding of this phenomenon requires a more
detailed analysis of conical intersection in both theoretical and experimental
aspects, a subject of intensive recent studies [100,101].

Compared to the wavefunction in free space, the role of the [lg,20,)
configuration is of greater significance at large R when confining potential is
present. Its contribution progressively increases from 45 to 80% when o is
increased from 0.00 to 0.20 a.u. It suggests that the dissociation channel
leading to H" +H™ will be strongly destabilized relative to the covalent
channels and will lie higher in energy, which confirms the contention of Sako
and Diercksen that negative hydrogen ion possesses a fragile electron density
that is easily affected by the confinement [38]. Surprisingly, a closer look at the
composition of |1,20,) configuration at large values of R discloses that the
configuration comprises |1s2s,) and |1s2p,) (in Heitler—London convention) and
the latter one predominates for w+0.00 a.u., in contrast to the situation without
confinement, where the former one dominates the state throughout a wide range
of R till the asymptote. Concurrently, the dissociation limit of the E, F 12;
state merges to that of B ' X} and 322,’ states that corresponds to H(1s) +H(2p,)
for ©>0.00 a.u. These observations can be explained by noting the fact that
the 2s and 2p energy levels of the hydrogen atom, which are degenerate
when there is no external field, split in a cylindrical harmonic potential, as
depicted by Fig. 3, and 2p, orbital becomes lower in energy relative to
2s orbital, resulting in the splitting of the channel II into three routes:
1s2p, <1s2s<1s2p,, 1s2p,.

3.3. Molecules in magnetic fields

The results of calculations carried out in the present study show similarity to the
results obtained using the cylindrical harmonic potential and those obtained from
the numerical calculations of hydrogen molecule in parallel magnetic field. On the
other hand, there exist a number of differences between these two models such as
the switch of ground state symmetry in an intermediate- to ultrahigh-field regime.
In order to understand the origin of the interesting similarities, it is worthwhile to
review the basic formalism of a molecule in magnetic field.
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From the classical electrodynamics, the Dirac Hamiltonian of a hydrogen
molecule moving in a constant magnetic field B is [102]

2 2 2 2 2 2
R e- Ze e Ze
How =3 5, e (A @

i=1l a=1 &

Here the adiabatic approximation is employed (to assume that the kinetic energy
of nuclei is zero), and it is assumed that 4mwey=1 for simplicity. R is the
internuclear distance, r;; is the distance between the two electrons, and R;, is the
distance between the ith electron and the ath nucleus. A is the vector potential of
the magnetic field that obeys the relation

B =VXA, (8)

and o; is the Pauli spin matrix. It is assumed that the molecular axis is along the z-
direction and B = BZ where Z is the corresponding unit vector. The Schrodinger
equation is gauge-invariant and any gauge can be selected if equation (8) is
fulfilled. Hence, a symmetric Coulomb gauge, V-A =0, is used which is defined
as A= (B/2)(—y,x,0). The substitution of A into equation (7) yields the
Hamiltonian

e eBy 2 eBx\? 2. Z¢
g{mag_zm Z{( tx_7> +<pty+$> +plzz}+ZZR

¢ =1

N B 9
12 R ZM” ©)

where the last term deals with the interaction between an electron spin and the
field B. The simplification of equation (9) is straightforward; expanding and
rearranging the terms leads to the following:

2 2 2 2 2 2 22 2 p2 2
; Ze e Ze B
Hope =S L — R x+,
eB 2 eB 2
+ I+ S, 10
2meci;lz mc; i (10)

2 2 2 2 2 2 2 2
pi Ze e Ze 1
H ag = E Lo— § ‘ e+ +§mey2 El_l(x$+y,-2)

2
+7<ZQiZ+ZZSiZ>, (11)
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where v = eB/2m,c. The first part of equation (11) is the Hamiltonian of a
hydrogen molecule in free space, while the second part deals with the interaction
of the molecule with the field. Comparing equation (11) and equations (1)—(6), it
is seen that the two Hamiltonians are very similar except that equation (11)
contains two extra terms which constitute the longitudinal kinetic energy
Hamiltonian [24]

2 2
Hi=> T.=v> % +25) (12)
i=1 i=1
that corresponds to the Zeeman effect [103]. The transverse magnetic Hamiltonian

H, = ZhL =—mevzz(x +7) (13)

is equivalent to equation (5) when w?=+~? in atomic units.

Hence, the Hamiltonian constructed from equations (1) and (5) is suitable for the
evaluation of the transverse magnetic effect on a hydrogen molecule, due to the
presence of a parallel magnetic field, that gives rise to the fine features of PECs.
Since equation (12) commutes with the total Hamiltonian mag- the correction for
the longitudinal component of the total magnetic effect on the molecule can be
calculated as the energy eigenvalue of the Hamiltonian JH | acting on the hydrogen
molecular wavefunction, and the corrected total energy is given by

Eme = pHa - AR (14)

The GUGA-CI wavefunctions are spatial and spin symmetry-adapted, thus the
projections of total orbital angular momentum and total spin of a hydrogen
molecule in a particular electronic state are conserved for all the values of R.
Therefore, the term AE?1 remains constant for an electronic state, and it causes a
shift of the corresponding PEC depending on the spin configuration. For the X states
the orbital contribution to AE”"! is zero since the total orbital angular momentum is
zZero. Similarly, for the singlet states the spin contribution is zero as S,=0.

Accordingly, it is expected that the ground X 12+ state would be identical if e1ther
the Hamiltonian H or mag 18 used because the term AE?{1 vanishes. However,

the term becomes non-zero for the triplet states, and the spin configuration has to be
taken into account. A triplet state will be split into three sub-levels since there are
three possible values of S,=—1, 0, 1. If only the lowest state, i.e., S,=—1 is
considered, the term AE? Wlll become negative, thus lowering the complete PEC.

This explains the change of ground state symmetry of hydrogen molecule in
magnetic field. Since the term AE? is always negative for both b X and ¢ *IT,

states, for a sufficiently strong magnetic field, these states would be lowered in
energy until they cross successively the X 12; state and become the ground state.
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4. FINAL REMARKS AND CONCLUSIONS

Molecules exhibit versatile behavior in response to the application of various
forms of external potentials. In the present study, different electronic states of a
hydrogen molecule enclosed in a cylindrical harmonic potential have been
investigated and it has been found that states with different spatial symmetry and
spins behave in different manner. In general, the applied potential shrinks the
molecule and makes the minima on the PECs more pronounced. However, the
symmetries of atomic orbitals that constitute the configuration of an electronic
state also play a crucial role, and some unexpected shallow van der Waals minima
and interchanges of dissociation limits that are caused by the orbital reordering
under the influence of confinement have been observed. Moreover, a near
intersection has been seen between the excited 12; states through which a
possible breakdown of the Born—Oppenheimer approximation may occur.
Interestingly, it is found that a hydrogen molecule, when confined in a cylindrical
potential, behaves in a very similar way as it does under the influence of a parallel
magnetic field, which stimulates a further study regarding the use of this model
potential to the electrodynamic studies of molecules in external fields.
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Interplay of Classical and Quantum Mechanics
in the Theory of Charged-Particle Stopping

Peter Sigmund
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Abstract

A quarter of a century ago the author stepped into Jens Oddershede’s office and asked for support on
a problem involving computation with atomic wave functions in connection with a new theoretical
scheme to treat stopping of charged particles at intermediate speed. This visit resulted in two related
publications, two joint papers and a number of follow-up studies by Jens and several others. In 1989
a Sanibel Symposium was devoted to aspects of the penetration of charged particles through matter,
and since then, quite a few quantum chemists have joined the community of theoreticians dealing
with particle penetration.

Niels Bohr, a pioneer in both disciplines, emphasized the significance of classical vs. quantal
arguments in particle penetration. Not the least in view of the complexity of ab initio computations
in this area, such considerations keep being relevant. This note adds new points to an old discussion
based on recent developments.
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1. INTRODUCTION

Swift charged particles penetrating through matter with kinetic energies in the
keV/u regime and higher slow down primarily by interacting with the electrons
of the stopping material. The simplest way to quantify the stopping process is to
consider it as a random sequence of free-Coulomb scatterings with a cross section

do(T) 2mZie* 1
dT mv: T2’

0<T < Topuxs (1)

where the projectile has been assumed to be a bare ion with speed v and atomic
number Z;. The quantity 7 is the energy transfer in an individual elastic collision
with a target electron (charge — e, mass m) at rest,! and T, = 2mv” the maximum
energy transfer compatible with energy and momentum conservation.”
With this we find the stopping force
24 (Toax
dE 2nZie i J dar @)

drR J do(T) mv? T’

T
where R is the travelled pathlength and n the mean number of electrons per
volume.

Since the cross section for nonrelativistic Coulomb scattering is the same in
classical and quantum mechanics, equation (2) must contain much of the essential
physics in the slowing-down process. However, it also contains an undetermined
minimum energy transfer 7,,;, which is nominally zero and hence leads to an
infinite stopping force.

Bohr [4], using purely classical arguments, found a solution to this problem
which turned out to survive the emergence of quantum mechanics. To see what is
going on, consider first Thomson’s formula

2mv?

, 3
1 + (pmv?/Z,e*)? 3)

T(p) =

which expresses the energy loss 7T as a function of the classical impact parameter
p and from which equation (1) can easily be derived. Clearly, small values of T
originate in large impact parameters p. In those distant collisions the time-
dependent electric field induced by the projectile near the target electron varies
slowly in space but rapidly in time. Hence, energy transfer in such collisions
resembles the interaction between an electromagnetic wave and the target
electrons. This process was well described by Drude’s electron theory at Bohr’s
time.

Drude’s theory characterizes the electron as a harmonic oscillator with a
resonance frequency w. Adopting this model, Bohr found that the Coulomb

! Although quantum chemists usually set s=m=e=1, this notation will be avoided here. Setting 7= 1
would compromise the use of classical arguments right from the beginning.
2 For electron and positron projectiles, slight modifications are necessary [3].
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interaction is effectively truncated at the adiabatic radius

v
Pmax = dag = —-
w
For a,q > b, where
221 62
b= 5
mv

is the classical collision radius, equation (3) is readily seen to reduce to

2(Z,e*)? *
Tmin = T(p =pmax) :172 o

mv v

In modern notation, Bohr’s stopping formula then reads

dE 47} i C
_ . 1€ NZ]]’] mU

ﬁ Zle w,

93

“4)

&)

(6)

(7

where w,, is the resonance frequency of the vth electron in a target atom of atomic
number Z, and N the number of atoms per volume. The constant C=1.1229

follows from a detailed evaluation [4] of the functional dependence of T(p).
Bethe’s quantum theory [5] changed surprisingly little in equation (7):

¢ Instead of one resonance frequency per individual electron, Bethe recovered
the spectrum of resonance frequencies w, for the atom, weighted by dipole

oscillator strengths f, satisfying the sum rule
qu = ZZ’

just as in the quantum theory of optical dispersion and absorption.’

)

e Being based on lowest-order perturbatlon theory, Bethe theory approximates

equation (3) by T= 2(Zle2/p)2/mv so that
T

2
max — <pmax>
Tmin Pmin
e The effective minimum impact parameter becomes

h

Pmin = e

&)

(10)

in Bethe theory. In other words, de Broglie’s wavelength replaces the classical

collision radius b.

3 Having recognized the close quantitative connection between optical properties and collision dynamics at

this stage of development of atomic theory is a remarkable example of Bohr’s physical intuition.
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Bethe’s formula [5] then reads

dE  4mnZiet 2mv?
—— = N 1 11
dR mv? ny 1 hw, (ih

in standard form. Note that in both equations (7) and (11) the only material
property entering is the I-value given by

Z,Inl = Z £, In(hw,). (12)

A most remarkable feature of Bethe’s theory, pointed out by Bloch [8], is that py.x
is the same in Bohr and Bethe theory, not only in the present, simplified picture
but also in the more detailed mathematical form.

Figure 1 shows a comparison between experimental stopping data and
equations (7) and (11). It is seen that over a broad range of beam energies,
Bohr’s classical formula is superior to Bethe’s when the same I-value is inserted.

Figure 1 also makes it clear that there must be a fairly wide variety of systems
and bombardment conditions where neither equation (7) nor (11) can provide
accurate predictions of stopping forces. A considerable number of improvements
of the theory can be made and has been made, and the main purpose of this paper
is to identify to what extent such improvements can be based safely on classical,
Bohr-type arguments. For simplicity of notation, reference will be made in the
following to the stopping number L defined by

dE  4mZziet
B (13)
T T L /J\l T T TTIrT T T T T TTIrT T T T T TT1rT
20 A
/ \
| \
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Fig. 1. Stopping force on oxygen ions in aluminium: Comparison of Bohr and Bethe
formulae with measurements from numerous laboratories compiled in Ref. [6]. From
Ref. [7].
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i.e., a quantity which reduces to Lgop,=1In (Cmv3/Zlvol) and Lpche=1In (vaz/l),
respectively, where vy=e*/h is the Bohr velocity.

2. GENERAL CONSIDERATIONS

I like to emphasize that Fig. 1 is not meant to indicate any fundamental limitation
of quantum mechanics: both Bohr’s and Bethe’s formulae invoke mathematical
approximations to the underlying physical models, and Bethe’s formula in
particular relies on first-order perturbation theory for both distant and close
collisions.

On the other hand, Fig. 1 demonstrates the power of classical collision theory.
In view of the complexity of a complete quantal treatment of the stopping of a
point charge in a many-electron target, or even a many-electron projectile in a
many-electron target, utilizing the power of classical collision theory whereever
justified, and knowing its limitations, is nothing less than a necessity from a
practical point of view.

It appears appropriate here to distinguish between two aspects of quantum
mechanics, the stationary states of an isolated target atom or molecule on the one
hand, and the physical processes during collision on the other. The former will be
considered as intrinsically quantal. No attempt will be made to turn the wheel
backward and to estimate dipole oscillator strengths on the basis of the
correspondence principle or the like. After all, atomic data for energy levels,
transition frequencies, orbital velocities, and oscillator strengths are available in
numerous tabulations and computer codes, albeit of varying accuracy. The
question to be addressed here is to what extent additional quantal arguments need
to enter via collision theory.

It was seen in the previous section that the main difference between Bethe’s and
Bohr’s descriptions lies in the dynamics of close collisions, in which electron
binding is unimportant. This feature is beautifully illustrated by Bethe’s sum rule
[5] which expresses the mean energy transfer to a target electron at a given
momentum transfer #q as

thZ

o as

1
Z > (e, — el Fup(@l® =

v

where ¢ and ¢, represent the energies of the ground state and an arbitrary excited
state of a target atom and

Z
Fio(q) = (Z el‘m> (15)
=1

V0

a transition amplitude. While the left-hand side in equation (14) contains the
energies of all bound and continuum states, the right-hand side represents the
energy transfer to a free electron.
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The reason for the difference between Bethe’s and Bohr’s formulae, despite the
identity of the nonrelativistic cross sections for Coulomb scattering in classical
and quantum mechanics, was identified by Bloch [8], who ascribed it to the
connection between energy transfer and impact parameter. This difference drops
out during integration over impact parameter if the range of energy transfers is
unlimited, but it becomes significant once a limiting impact parameter is set by
electron binding.*

The Bloch correction’

. Zl 82
ALpjoech = Re [1#(1) - ¢<1 tios )} (16)
when added to the Bethe logarithm L=In Qmv3/l), reproduces Bohr’s formula (7)
and Bethe’s formula (11) at low and high-projectile speed, respectively.
The Bloch correction is independent of target properties, and its magnitude is
governed by the Bohr parameter

ZZ] 62
K = .

hw a7

For k>> 1, de Broglie’s wavelength is small enough compared to the classical
collision radius b so that a wave packet can be constructed which, approximately,
follows the classical Coulomb trajectory [3]. The opposite limit, where the
Sommerfeld parameter Ze*lhv<< 1, denotes the case of weak Coulomb
interaction where the Born approximation may be expected to be valid.

As it stands, ALgjocn, €quation (16), when added to the Bethe formula, extends
its range of validity into the classical regime. Alternatively one may introduce an
inverse-Bloch correction [10,11]

Zl€2

. Zl€2
ALinv Bloch — In—— —Re w 141 (18)
hv hv

which, when added to the Bohr formula, extends its range of validity into the
Bethe regime.

2.1. Electrons and positrons

The Bohr criterion k>>1 depends on the projectile speed rather than its
kinetic energy. This, together with the fact that |Z;|=1, implies that for
electrons or positrons the validity of semiclassical collision theory becomes

“#Bloch employed what chemists call the semiclassical model, where the motions of the projectile and the
target nucleus are treated classically while target electrons obey quantum mechanics. In this model the impact
parameter p refers to the target nucleus rather than an electron. In genuine quantum mechanics, angular
momentum takes over the role of an impact parameter [9].

5 (&) denotes the logarithmic derivative of the gamma function in conventional notation.
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questionable at projectile energies above ~50eV. For electrons in particular,
the Pauli principle is known to introduce an additional feature that is absent in
classical scattering theory and that is particularly important at lower energies.
Altogether, the tradition to avoid classical arguments in the computation of
atomic stopping parameters for impinging electrons and positrons appears well
founded.

3. SHELL CORRECTION

Electrons belonging to a target atom or molecule are not only bound, they
also move. This motion is ignored in Bohr stopping theory. Although the
same is not true in Bethe theory as far as the fundamental relations are
concerned, orbital motion is not taken properly into account in equation (11):
it is lost at the point where accessible energy transfers are classified into
dipole excitations and free-particle collisions.® Indeed, equation (11)
represents the leading term in an expansion in powers of v,/v, where v, is
a characteristic electron speed in the vth orbital. This deficiency is repaired by
including the shell correction.

In Bethe theory the shell correction ALgpe; is conveniently defined as the
difference between the stopping number Ly, in the Born approximation and
the Bethe logarithm Ly =1n (2mv2/l) Fano [12] wrote the leading correction in

the form
(vz)
ALgepp ~ (19)

i.e., the leading shell correction reflects the orbital motion of the target electrons.
However, the subsequent term (ocv ) does not allow such a simple inter-
pretation, and terms of order ocv™® and higher can be shown to diverge for atomic
and molecular targets.

Shell correctlons can also be evaluated without recourse to an expansion in
powers of v~ ~, but existing calculations such as Refs. [13,14] are based on
specific models for the target atom and, unlike equation (19), do not end up in
expressions that would allow to identify the physical origin of various
contributions. It is clear, however, that orbital motion cannot be the sole cause
of shell corrections: The fact that the Bethe logarithm turns negative at 2mv*/I< 1
cannot be due to the neglect of orbital motion but must be of a purely
mathematical nature. Unfortunately, the uncertainty principle makes it impossible
to eliminate orbital motion in an atom from the beginning.

There is, however, an exception: in an infinite homogeneous electron gas,
electrons are delocalized. Neglecting their orbital motion does not contradict
quantum mechanics, and lacking localization is unproblematic when only cross

6 For details the reader is referred to Ref. [12].
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sections are of interest. For this system the stopping number reads [15]
2mv2_3 vlz:_ 3 vé_
hwp 502 14 4 ’

where wp is the plasma frequency representing a binding force exerted by the
surrounding electrons and vg the Fermi velocity representing their zero-point
motion. In other words, the two leading correction terms in equation (20) are of a
purely kinematic nature.’

Unlike for an atom, a shell correction expansion up to high orders is possible for
an electron bound in a harmonic-oscillator potential [16]. However, this system is
characterized by only one parameter and, hence, does not readily allow to separate
kinetic from other contributions.

Conceptionally the situation is much clearer in classical theory because the
cross-over toward negative stopping numbers of the Bohr logarithm Lgg,,=
In (Cmv3/Z1v01) can easily be avoided [11]. Orbital motion can be incorporated
into the initial conditions [17], although the actual evaluation in Ref. [17] was
carried through only to the leading term in v~ 2.

A fairly general way to evaluate shell corrections is based on kinetic theory [1].
Here it is assumed that shell corrections account for orbital motion and nothing
else. The theoretical basis is a relation between the stopping number L for a target
at rest and the stopping number L for a moving target [1],

L =1In

(20)

L) =U<MLO(|V—VC|)> , 1)

3
v — v, v,

where the average is taken over the spectrum of orbital velocities. This relation is
exact for free, binary elastic collisions, and since it only relies on conservation
laws, it is equally valid in classical and quantal collision theory. The relation
may be taken to be approximately valid when binding is of minor significance.
Equation (21) was shown [1] to reproduce the leading term in the shell correction
expansion (19).

A complete numerical evaluation [2] of equation (21) requires a choice of L.
The most feasible choice, readily available in 1982, was the Bethe logarithm Ly=
In 2mv*/) or, better, Lo, =1In 2mv*/hw,), allowing proper association of orbital
velocities with transition frequencies. In order to avoid artifacts originating in
negative stopping numbers, Ly, was set to zero for 2mv*/hw,<1. The missing
interval must be significant in the integral due to the factor |v—uv.|™ and hence
lead to an error of unknown magnitude. To this adds the more fundamental
problem of the precise physical significance of the shell correction in the Bethe
theory mentioned above. Nevertheless, this seemed to be the best available option
at the time.

As indicated, these problems can be eliminated consistently within Bohr theory,
where a nonnegative expression for Ly or Lg,, valid approximately down to

7 Note that 3v/5 is the mean-square electron speed in a Fermi gas, i.e., equation (20) is consistent with (19).
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Fig. 2. Stopping cross section for hydrogen in argon. Calculated from binary theory with
and without shell correction. Experimental data from numerous laboratories compiled in
Ref. [6].

velocity zero, has been found [11]. The transition into the Bethe regime can
then be achieved by adding the inverse-Bloch correction (18). Note that also the
Bloch correction ignores orbital motion, and therefore, needs shell correction.
That correction, however, is unproblematic: the Bloch theory operates with free
binary collisions, hence the transformation (21) is exact.

Figure 2 shows the stopping force of argon gas on protons. Experimental data
are compared to two predictions of binary stopping theory to be discussed below,
excluding and including shell correction, respectively. The difference is seen to be
substantial.

3.1. Higher moments

Higher moments of the energy-loss spectrum such as straggling
(AE —(AE)?) = N‘]’T2 dao(T) (22)

or the third cumulant®
((AE —(AE)®) = N[T? do(T) (23)
are increasingly determined by contributions from large energy transfers 7,

i.e., close collisions. Energy transfers between moving collision partners may
exceed the kinematic limit Tmax=2mv2. Therefore, the shell correction becomes

8Although equations (22) and (23) look compellingly similar, the reader is warned against undue
generalization: The fourth cumulant does not follow the same pattern.
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increasingly significant in the higher moments. It is, in fact, the leading correction
to what would follow from straight free-Coulomb scattering [18].

4. BARKAS-ANDERSEN EFFECT

The Barkas effect denotes the observation that the stopping cross section of a
material is typically greater for a positive particle than for its negative antiparticle
under otherwise identical conditions. This effect, first reported in 1953 [19] and
confirmed in numerous later experiments, is not predicted by Bethe theory where,
independent of the inclusion or omission of shell corrections, the stopping cross
section is proportional to the square of the projectile charge. That this effect is
also important for swift ions was pointed out by Andersen et al. [20] who found
that the ratio of stopping cross sections for alphas and protons exceeded the value
four predicted by the Bethe formula. Clearly, the Barkas—Andersen effect
indicates the presence of higher order terms in the projectile charge. Unlike the
Bloch correction, the Barkas—Andersen correction must include terms of uneven
order in Z;.

The theoretical literature on the Barkas—Andersen effect is extensive. The
present discussion focuses on the role of quantal vs. classical arguments.

Traditionally the effect is incorporated into stopping theory via expansion in
powers of Z;. As pointed out by Lindhard [21], there are two independent
dimensionless parameters containing Z;, namely, the Bohr parameter k (equation
(17)) and the Barkas parameter

7 2
B — ]63(1)

(24)
mv

While the Bloch correction represents a series expansion in powers of k% the
leading term in the Barkas—Andersen correction was found [22] to be o« B.

It is important to note here that B is the inverse of the dimensionless variable
entering Bohr’s stopping formula equation (7). Lindhard [21] concluded from this
that the Barkas effect is basically a classical phenomenon. In particular, this
implies that within Bohr stopping theory, in the absence of a shell correction, the
stopping number can depend only on the variable mv*/Z;e*w. The validity of this
simple scaling relationship in modified Bohr theory — allowing for shell and
inverse-Bloch correction as well as projectile screening — has been tested recently
[23]. Although not exact, the relation is well fulfilled over a wide range of ion-
target combinations and beam energies. An example is shown in Fig. 3.

One must expect the presence of mixed terms of the form x*B” in the expansion.
The term of lowest order (¢=2, 8=1), contributing «Z; to the stopping cross
section, would indicate a difference between the Barkas—Andersen correction
evaluated from the Born series and the Bohr model, respectively. While such a
comparison has not been performed in general terms, a numerical evaluation for the
specific case of Li in C revealed a negligible difference [24].

In practice, series expansions of the stopping cross section in powers
of Z; are only useful at high beam velocities where neither the Bloch nor
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Fig. 3. Barkas—Andersen effect predicted by binary stopping theory. Plotted are stopping
numbers for singly charged Ar, Li, and H ions and for their anti-ions in Si. Also shown are
the respective ion/anti-ion ratios. From Ref. [23].

the Barkas—Andersen effect exceed a few per cent in relative magnitude.
Experiments with antiproton beams at energies down to 1keV [30] and
comparison with standard proton data [31] revealed much larger proton—
antiproton differences.

While more than a handful theoretical schemes are available to nonperturba-
tively evaluate the Barkas—Andersen correction quantum mechanically, binary
stopping theory developed recently [32] fulfills the task on the basis of the Bohr
stopping model’; the only quantum feature added is the inverse-Bloch correction
(18) which does not differentiate between particle and antiparticle. Figure 4
demonstrates that with regard to comparison with experimental antiproton
stopping data, classical theory is fully competitive with various quantum theories.

Clever schemes have been developed to treat the Barkas—Andersen effect for
light ions in an electron gas ([27,34] and others) in what is called the nonlinear
quantum regime. While there is little doubt that there must be a lower velocity
limit for the validity of Bohr-like stopping theory, a reliable estimate of this limit
does not seem available, nor is there a demonstration of where and in what manner
quantum mechanics is an indispensable feature.

Moreover, estimates for an electron gas can hardly be representative for
insulating materials. There have been speculations on the relevance of promotion
effects [35], but theoretical estimates of the Barkas—Andersen effect in insulating
solid materials have been performed only on the basis of classical theory so far

° The essential point in binary stopping theory is the avoidance of an expansion of 7(p) in powers of Z; this is
achieved by mapping the Bohr model on a binary-collision problem involving a screened interaction potential,
following a suggestion by Lindhard [21] but with an additional term that generates exact equivalence in the limit
of distant collisions. The theory has been implemented in the PASS code [33] which allows incorporation of
several features that were either unknown or of no interest at Bohr’s time.
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Fig. 4. Stopping of antiprotons in Si: comparison of experimental data [25] with
theoretical predictions [25-29]. From Ref. [29].

[36,37]: to the extent that electron promotion contributes significantly, classical
theory will be inadequate in the respective velocity regime.

5. DRESSED IONS

Dressed ions carry electrons while slowing down. This feature is important for all
ions below some characteristic speed v.. A rough estimate for v, is

ve =voZ;"” (25)

for ions in charge equilibrium [3]. Until less than 10 years ago, generally accepted
theoretical descriptions of the stopping of dressed ions were only available for the
low-speed regime, v << v, where the stopping cross section was predicted to be
proportional to the projectile speed. The estimates by Firsov [38] and Lindhard
and Scharff [39] are classical as far as the collisional aspects are concerned, and
employ Thomas—Fermi electron densities.

Lacking progress in the theory of stopping of swift dressed ions had two serious
reasons:

o [t was a fairly common belief that such a theory should be a modification of the
Bethe theory. Although the fact that the screening regime (v<v.) lies entirely
within the classical domain was presumably recognized, the implication that
classical theory must be more powerful than the Born approximation in this
regime was evidently not taken at face value.

¢ A large Barkas—Andersen correction had to be expected for Z; >> 1. Available
estimates referred to the first term in a perturbation expansion in Z;. Such an
estimate could not be expected to apply to higher-Z; ions.
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The field of stopping of heavy ions is under rapid development [40]. Several
powerful theoretical schemes have been proposed, with varying reliance on classical
and quantal arguments. Interestingly, where until a decade ago, classical estimates
dominated the low-speed regime while modified Bethe theory was taken to apply
to swift ions, the situation has reversed: classical estimates have proven successful to
quantify stopping of swift ions, while recent schemes addressing the low-speed
regime such as [41] and numerous follow-up papers rely on quantum theory.

5.1. Charge states

Based on the Z7 dependence of the Bethe stopping cross section (equation (11))
it was a widespread assumption that the stopping cross section for a dressed ion
could be found by replacing Z; in the Bethe formula by the charge number ¢, i.e.,
the number of electrons missing from a neutral projectile. Specifically, stopping in
charge equilibrium was assumed to be determined by an effective charge gy
More or less drastic differences between g.g, so defined and extracted from
measured stopping cross sections, and the charge state of ions emitted from foils,
were discussed extensively. This charge-state paradox was resolved stepwise:

1. Bethe theory was reevaluated on the basis of screened instead of unscreened
Coulomb interaction [42],

2. Bethe theory was replaced by Bohr theory [43],

3. New concepts were developed [32,44-46].

In the present context the most important conclusion emerging from all
theoretical schemes, whether classical or quantal, is that the dependence of the
stopping cross section on the ion charge tends to be weaker than g3. This
dependence is sensitive primarily to the ratio Z,/Z, and less pronouncedly so to the
projectile speed [43].

Although an accurate theory of equilibrium and nonequilibrium charge-state
populations must presumably be based on a quantal description of electron capture
and loss, a simple estimate of the equilibrium charge state

2/3
Gequil :Zl (1 - e_v/Zl v0> > (26)

based on an argument by Bohr [47] — involving little more than the Thomas—
Fermi model of the atom combined with physical reasoning — has been used
successfully to predict stopping cross sections for a wide variety of systems
[33,48]. More accurate expressions for equilibrium charge states [49,50] rely on
empirical charge-state data rather than theory.

5.2. Pitfalls

A dressed ion will repeatedly change identity due to charge exchange while
penetrating through a medium. Therefore, precise definition of the stopping force
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is essential both in a classical and a quantal description of the stopping process. As
long as one deals with stopping, it is the change in kinetic energy of the projectile
nucleus that is the pertinent parameter 7 entering the stopping cross section [T do
[40,51]. If one deals with energy deposition or ionization, other quantities may be
more relevant.

The point may be illustrated by an example. A highly charged ion contains a
significant amount of potential energy when interacting with a material. For N’
this would be ~1.5keV, which is the energy required to strip all electrons,
one by one, from a neutral nitrogen atom. Neutralization of this ion proceeds
via electron capture into excited states (‘hollow atoms’) and subsequent decay
via Auger and photon emission. As a result one observes radiation effects such as
electron emission, sputtering, etc. even if the ion has negligible kinetic energy.
Even at sizable beam velocities, effects caused by neutralization may dominate
over those due to slowing down. Depending on the precise definition of energy
loss, the calculated stopping cross section may become anything between
exceedingly large and negative. An unambiguous definition is

2 2
T = (ot e 2y e @)

for an individual event, where P and M, are the momentum and the mass of the
projectile nucleus, respectively. Such a definition applies equally well to quantal,
semiclassical, and classical estimates in the nonrelativistic regime. Of course it
does not preclude a projectile from gaining kinetic energy in an individual
collision event.

Another, more subtle consequence of ignoring the difference between the
energy of an atom and the kinetic energy of the nucleus was pointed out recently
[52]: a dressed projectile may get electronically excited in a collision; the energy
consumed in such a process will be taken from the kinetic energy of the nucleus
and hence contribute to 7. On the other hand, if the projectile gets ionized, the
excess kinetic energy of the emitted electron will not contribute to 7 since, in the
laboratory frame of reference, the emitted electron is likely to move more slowly
after the collision than before. Following a pioneering paper in this area [53],
several authors'® overestimated the stopping force on dressed ions by including
all energy consumed in projectile ionization as seen from a moving reference
frame.

5.3. Screening

The prime effect on the stopping of a dressed ion is the static screening due to its
accompanying cloud of bound electrons. This effect can be estimated by assigning
a screened-Coulomb potential to the projectile with a screening function

depending on the charge state. Since Bohr’s kappa criterion (17) defining

19 For details see Ref. [52].
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the limits of the classical-orbit picture was derived for unscreened Coulomb
interaction, it does not strictly apply to dressed ions. Although Bohr’s estimate can
be extended to screened potentials [54], a more heuristic argument may serve the
present purpose: model calculations on the basis of a Yukawa screening function
have been performed both on the basis of Bethe and Bohr stopping theory [42,43,
55]. Identical expressions were found for the energy loss vs. impact parameter in
distant interactions. Conversely, screening is unimportant in close collisions.

There may be an intermediate regime of impact parameters where the effect of
screening depends on whether the description is quantal or classical. This could be
found by reevaluation of the Bloch correction for a screened potential.

6. RELATIVITY

The relativistic regime differs fundamentally from what has been discussed so far,
in that the cross sections for Coulomb scattering are not the same in quantum as in
classical mechanics. Therefore, with the exception of the Fermi density effect —
which is classical as far as the collision physics is concerned — classical arguments
are less powerful in this regime.

While this has been known for a long time, recent developments in heavy-ion
stopping [56] stimulated a reevaluation of the Bloch theory which resulted in a
major revision of relativistic stopping theory, giving rise to substantial changes in
quantitative predictions, in particular for the heaviest ions [9].

A particularly interesting feature of the theory [9] is the incorporation of
deviations from Coulomb scattering due to the nonvanishing size of the projectile
nucleus. The very fact that the theory is based on the Dirac equation and that spin
dependences enter nontrivially indicates that quantum mechanics is essential here.
Moreover, at the highest energies considered, pair production becomes important,
i.e., an effect that does not have a classical equivalent [57].

7. DISCUSSION

Quantum chemistry is a discipline on its own, and its development is presumably
determined at least as much by its inherent dynamics as by the needs of
experimental chemistry. This is even more likely to be the case with regard to the
relation between quantum chemistry and particle stopping. Nevertheless, some
conclusions may be drawn from the above discussion on what sort of information
is most urgently needed in particle penetration from quantum chemists, and, what
might be interesting challenges for ambitious quantum chemists on the more
esotheric side. I shall conclude this survey by expressing a few personal views that
may not necessarily be shared by all those active in the field.

I tried to consistently distinguish between the quantum mechanics of atomic
and molecular properties on the one hand and quantum collision theory on the
other. The present discussion follows the same pattern.
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7.1. Atomic and molecular properties

Here is a list of quantities needed as input in particle stopping:

Atomic and molecular velocity distributions for evaluation of shell corrections.
As discussed above, this need is even accentuated once interest is directed
toward higher moments such as straggling and skewness, where the shell
correction constitutes the leading deviation from standard forms following
from straight Coulomb scattering. An unsolved fundamental problem in this
context is of a conceptual kind: a pronounced difference has been found
between shell corrections determined from Hartree—Fock-type [59,60] and
hydrogenic velocity spectra [37], cf. Fig. 5.

Dipole oscillator strengths form important input into all stopping models based
on Bethe or Bohr theory. Emphasis has frequently been on total /-values which
show only little sensitivity to the specific input. More important are differential
oscillator-strength spectra, in particular at projectile speeds where inner-shell
excitation channels are closed. Spectra bundled into principal or subshells [60]
are sufficient for many purposes, but the best available tabulations are based on
analysis of optical data rather than on theory, and such data are unavailable for
numerous elements and compounds [61].

There have been several brave attempts to evaluate generalized oscillator
strengths which involve matrix elements of the type of equation (15). Such
computations are quite laborious [62] because of numerous high-lying states
involved, and much computation time is employed to confirm the validity of
Rutherford’s law although that may not be evident. More seriously, such
calculations can at best serve a complete evaluation of a stopping cross section in

AT, H - Ar

—dE/dx [MeVcm?2/mg]
o

A Measured
-------- Hydrogenic
————— Clementi
0.01 1 Lol 1 Lol 1 Lo
0.01 0.1 1 10
E [MeV]

Fig. 5. Stopping cross section for hydrogen in argon. Calculated from binary theory with
shell correction based on Clementi [58] and hydrogenic wave functions. Experimental
data from numerous laboratories compiled in Ref. [6].
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the Born approximation. Inclusion of the Barkas—Andersen effect requires
computation of generalized oscillator strengths connecting numerous excited
states with each other rather than just with the ground state.

Other atomic data needed, such as electronic charge distributions and screened
potentials for partially stripped ions can presumably be based on available
tabulations, although existing theoretical treatments have been based on simple
and not necessarily accurate scaling relations.

7.2. Quantal collision theory

From the above discussion of the relative merits of quantal and classical collision
theory one may extract that

e Quantal collision theory is indispensable in the relativistic regime.

e An accurate treatment of the role of charge exchange, in particular in
nonequlibrium stopping in dense media, can hardly be based on classical theory
alone.

e There is a widespread opinion that stopping of projectiles at velocities below
the Bohr velocity is essentially quantal. The claim appears plausible for
insulators to the extent that electron promotion may be an essential sink of
energy.

Apart from these items, classical theory appears to do an adequate job whenever
reliable input is available.

7.3. Simulation

Straight simulation of collision processes relevant to stopping by solution of the
classical equations of motion has been common for about two decades [64].
Although the necessary computational effort is considerable, remarkable results
have been found in comparisons with experimental results such as emitted-
electron spectra [65]. The main application area of this method refers to very
heavy ions at not too high speeds where the Bohr criterion is well satisfied yet
relativistic effects are insignificant.

Straight simulations based on Schodinger’s equation are coming up slowly, as
far as penetration problems are concerned. They appear most promising in case
of simple collision systems and allow to test the validity of theoretical models.
Such calculations have been performed on the interaction of a point charge with a
harmonic oscillator [66] and on the penetration of hydrogen ions or antiprotons in
hydrogen or helium gas [67]. The latter are particularly useful to illustrate the role
of electron capture in the stopping of light ions at low and intermediate velocities.

' Apart from the atomistics of charge exchange, especially electron capture, there is also a statistical aspect
which has been studied extensively within a classical approach [51] which appears adequate for gases but less
obvious for penetration through solids [63].
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An interesting recent development is the application of an electron—nuclear-
dynamics code [68] to penetration phenomena [69]. The scheme is capable of
treating multi-electron systems and may be particularly useful for low-velocity
stopping in insulating media, where alternative treatments are essentially
unavailable. However, conceptional problems in the data analysis need attention,
such as separation of nuclear from electronic stopping and, in particular, the very
definition of stopping force as discussed in Section 5.2.

As a general rule, simulations based on classical or quantal equations of motion
may serve a useful purpose as benchmarks for model calculations. The days where
such simulations may be used for routine calculations of stopping parameters
are likely to lie quite a few years ahead, even with the present pace of hardware
development in mind. Stopping data are potentially needed for 92X 92 elemental
ion-target combinations over almost ten decades of beam energy and for a
considerable number of charge states, and to this adds an unlimited number of
compounds and alloys. It seems wise to keep this in mind in a cost-benefit
analysis of one’s effort.
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Abstract

This chapter considers a problem much studied by the pioneers of quantum mechanics at the
beginning of the 20th century, the motion of the spherical pendulum, for which the equations of
motion are the same as those of the symmetric top, reporting a number of new results. An accurate
approximation to the variation of the frequency of vertical oscillations with the initial angular
displacement from the downward vertical direction is obtained on the basis of physical
approximations to the equation of motion, rather than mathematical, approximations to the
solution. This formula predicts that for angular displacements less than about 70°, the frequency of
vertical oscillations first becomes smaller as the energy is increased, passes through a minimum and
thereafter rises again. This effect is confirmed by numerical simulation of the exact equations.

In general, the 3D motion of the spherical pendulum is very complex, but for fixed initial
angular displacements, values of the kinetic energy can be found (by trial and error) for which
this motion is periodic. The approximation discussed above leads to the approximate description
of the horizontal motion in terms of Mathieu functions, for which Flocquet analysis determines
periodic solutions in terms of two integers k and n, which can be thought of as quantum numbers.
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1. INTRODUCTION

As only one of us has but a single joint article [1] with Jens, not surprisingly
because we are not quantum chemists, we are honoured to have been invited to
contribute to this special issue in his honour. In all the 25 or so years we
have known him, being professors of applied mathematics, we have had to
listen to cheap jibes about special functions, asymptotic expansions and other
things of beauty, so this invitation gives us the opportunity for some revenge,
because, knowing how conscientious Jens is, we are sure that he will read
the article.

Theoretical chemists learn about a number of special functions, the Hermite
functions in connection with the quantisation of the harmonic oscillator, Legendre
and associated Legendre functions in connection with multipole expansions,
Bessel functions in connection with Coulomb Greens’ functions, the Coulomb
wave functions and a few others. All these have in common that they are the
solutions of second order linear equations with a parameter. It is usually the case
that solutions of boundary value problems for these equations only exist for
countable sets of values of the parameter. This is how quantisation crops up in the
Schrodinger picture. Quantum chemists are very comfortable with this state of
affairs, but rarely venture outside the linear world where everything seems to be
ordered.

The spherical pendulum, which consists of a mass attached by a massless rigid
rod to a frictionless universal joint, exhibits complicated motion combining
vertical oscillations similar to those of the simple pendulum, whose motion is
constrained to a vertical plane, with rotation in a horizontal plane. Chaos in this
system was first observed over 100 years ago by Webster [2] and the details of the
motion discussed at length by Whittaker [3] and Pars [4]. All aspects of its
possible motion are covered by the case, when the mass is projected with a
horizontal speed V in a horizontal direction perpendicular to the vertical plane
containing the initial position of the pendulum when it makes some acute angle
with the downward vertical direction. In many respects, the motion is similar to
that of the symmetric top with one point fixed, which has been studied ad nauseum
by many of the early heroes of quantum mechanics [5].

These two systems are examples from non-linear physics, where the equations
can be solved in terms of elliptic functions and elliptic integrals. The reader who is
not familiar with these functions, which do not arise in the same way as the
previously mentioned special functions, is referred to the excellent book by
Whittaker and Watson [6]. In that book, the reader will see that there are two
flavours of elliptic functions, the Weierstrass and Jacobi representations, three
kinds of elliptic integrals, and six kinds of pseudo-periodic functions, the
Weierstrass zeta and sigma functions and the four kinds of Jacobi theta functions.
Of historical interest for theoretical chemists is the fact that Jacobi’s imaginary
transformation of the theta functions is the same as the Ewald transformation
of crystal physics [7].

Related to the elliptic integral of the third kind are the Lamé functions, which
arise in the generalisation of spherical harmonics to confocal ellipsoidal
coordinates. Applications of these in molecular electrostatics can be found
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in Ref. [8]. In this day of computers, all these functions have fallen into disuse and
are candidates for extinct knowledge.

So how is the spherical pendulum quantised? The answer is that its motion is
generally chaotic, except for discrete values of the initial projection speed, for
which it is periodic. The precise details of this phenomenon are difficult to get
a handle on, because, although the vertical motion is always described by
periodic elliptic functions, the horizontal motion is described in terms of Lamé
functions, which are very difficult to study and for which periodicity is difficult
to diagnose.

At this point, we had better get back to how Jens Oddershede fits into the
picture. Apart from his fame as a leading quantum chemist whose contributions
we celebrate in this volume, Jens is recognised amongst the leading academic
administrators in Denmark, first as Dean of the Faculty of Science and
Engineering and now as President of the University of Southern Denmark. One
of his major achievements was to put the ‘engineering’ in ‘science and
engineering’, which partly occurred because he, with a bit of assistance from
me, was able to convince the owner of a ship building company with which I had
been involved in a robotics research project, to make the largest recorded donation
to a Danish university to fund the institute to which I am attached. The key
ingredient in the robotics project was to use some advanced analytical mechanics
from the world of molecular dynamics to do collision-avoiding trajectory
planning for welding and painting robots.

In this version of mechanics, we model mechanical systems as assemblies of
point masses connected by massless rigid rods, so we operate with redundant
coordinates and constraints, rather than eliminating the constraints using
generalised coordinates. Linear algebra is then used to compute the forces of
constraint. When I began to teach our course in analytical mechanics to the
engineering students, I started to ask whether this way of looking at mechanics
also had pedagogical apart from computational advantages. If one looks at the
treatment of the pendulum in any modern freshman physics textbook [9], one
begins to grasp why no one wants to study physics anymore. To get around
the problem that the motion of the pendulum is usually described in terms of the
angular displacement of the pendulum from the downward vertical direction,
which is a generalised coordinate and not a mechanical variable, a fictitious
tangential equation of motion is introduced, fictitious because it is relative to an
accelerating (rotating) frame. Since first year physics students have not been
introduced to generalised coordinates and analytical mechanics, it is no wonder
that they are confused.

At this point, I was on sabbatical at La Trobe University in Australia, where
my host was Professor Edgar Smith, a frequent visitor to Odense and so well
known to Jens, that he is well qualified as a co-author of this article. We began
to speculate that students might find more convincing set of arguments which
led them from Newton’s second law to the motion of the pendulum, shown
in Fig. 1.

The motion of the spherical pendulum for general values of its initial vertical
coordinate and horizontal velocity can be quite complex, as can be seen in Fig. 2
which shows the projection of three trajectories onto the horizontal plane, where
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Fig. 1. The geometry of the pendulum (the stick and balls). In the case of the simple
pendulum, the system is displaced from its downward position released from rest with
the initial value of its vertical coordinate z[0] measured from the support point, as shown.
The most general motion involves giving the mass an initial velocity V in the plane formed
by the two lines, which are perpendicular to the pendulum and thus tangent to the sphere
on which the pendulum moves. It is sufficiently general to consider the initial velocity V to
be horizontal (in the direction of the vector perpendicular to the vertical plane containing
the pendulum).

the pendulum starts from a horizontal position but with different horizontal
speeds, increasing from left to right. The middle case is much simpler than the
other two, indicating a periodic trajectory.

There is a considerable literature [10-13] devoted to finding approximate
formulas for the frequency of the simple pendulum for non-zero amplitudes,
usually based on mathematical arguments designed to approximate elliptic
functions.

Fig. 2. The horizontal projection of three trajectories of the spherical pendulum with
different initial horizontal velocities, increasing from left to right.
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In this chapter, we will derive the approximate formula

BEE)

where g is the gravitational acceleration and L the length of the pendulum, for the
angular frequency as a function of the initial angular deviation ® of the pendulum
from the downward vertical direction, which is accurate up to angles as large
as 90°. This formula is obtained by finding the optimal symbolic linear
approximation to the vertical force on the pendulum, using computer algebra.
Interestingly enough, my main input to Ref. [1] involved using the computer
algebra system REDUCE running on a mainframe to compute the asymptotic
expansion of the solution to an algebraic equation.

For the case of spherical pendulum, it is relevant to ask how the frequency of
vertical oscillations changes as the initial horizontal velocity V increases from
zero, in terms of the dimensionless kinetic energy K defined by

V2
=— 2

2ol 2
The authors invite physical explanations of the fact that for angles less than about
67°, the frequency decreases, goes through a minimum, before rising again. For
larger angular deviations, the frequency increases. The same approximation
predicts that the critical angle is given by

arccos[1/3] 3)

whose numerical value is about 70.5°.

In this approach, the horizontal coordinates x[¢] and y[#] both satisfy linear,
second order equations. The exact trajectories satisfy Lamé’s equation of order
two, which is extremely difficult to analyse. The corresponding equation for the
linear approximation is Mathieu’s equation, which is known to have both periodic
and aperiodic solutions.

2. NEWTON’S EQUATIONS FOR THE PENDULUM IN CARTESIAN
COORDINATES

In the absence of friction, there are two forces acting on the mass m whose position
vector at time ¢ is denoted by the vector r[f] measured relative to the support point,
which is the origin of a set of Cartesian axes with three-component k in the
upward vertical direction. The first is the force of gravity on the mass, which acts
downwards with a value —mgk. The second is the centripetal force, unknown
for the moment, which is directed along the support towards the universal point.
We denote this force by — 7r[¢], where T is a scalar function of time to be found.
The Newtonian equations of motion can then be written as

mr"[f] = —mgk — Tr([f] 4)
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Another way of thinking of the centripetal force is that it is a force arising
because the mass is constrained to move on the surface of a sphere, expressed by
the constraint

r[]> = 1? (5)
This equation can be differentiated with respect to time to obtain the equations
r[f]-f'[1 =0, r{]-r'[1] = —r[1 (6)

The first of these expresses the condition that the centripetal constraint force
does no work, because the velocity is perpendicular to the radius. The second
states that the radial component of the acceleration is directed inwards and equal
to the square of the speed. This relation can be used to calculate the constraint
force by taking the scalar product of the equation of motion (2) with the vector
function r[¢], and using the constraint and its time derivatives to obtain

mr[f]-v"[f] = —mgr[f]-k — TL* = —mgz[t] — TL* = —mr'[1]? (7
This can be solved for T to obtain

mr'[1]> — mgz[t]
T= - ®)
Although this equation is derived in the classic works of Webster [2] and
Sommerfeld [5], only Webster notes that the equation of conservation of energy

1 1
Emr'[t]2 +mgz[t] = H = EmV2 +mgZ )

where Z is the initial value z[0] of the vertical coordinate, can be used to eliminate
the velocity from the expression for 7 to obtain
_ 2H — 3mgz|t]

T 2

(10)

so that the equation of motion becomes

2H — 3mgz[t]
L2

Webster, however, does not notice that we may take the scalar product of the

equation of motion with the vector k and use the resulting expression to obtain

2H — 3mgz][t]
L2
which is a second order differential equation for the vertical coordinate z. This

equation is exact and applies equally well for the simple and spherical pendulums.
For the case of the simple pendulum, released from rest, this becomes

mr’[f] = —mgk — r(1] (11)

mZ'[tf] = —mg — z[t] (12)

2mgZ — 3mgz[t]
LZ

mZ'[t] = —mg — Z[t] (13)
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The vertical equation of motion in both cases can be simplified by dividing out
the mass m and defining new variables w, W and 7 by

zl1] Z g
w(r] L,WL,TI\/; (14)
to obtain
d2
< =Wl = 3wl = 2W + Kowir] — 1 (15)
u
where K is the dimensionless initial kinetic energy, previously defined as
V2
=— 16
2ol (16)

If we could solve this equation to find w[#] and hence z[f] we could insert the result
into the equation of motion and take the scalar product with a horizontal unit
vector, i say, to obtain

2H — 3mgz[t]
_ T
which is a linear differential equation for one of the horizontal coordinates x[7].
The other coordinate y[f] satisfies the same equation.

x[1] (17)

mx"[1] =

3. FIRST INTEGRAL AND SOLUTION FOR THE VERTICAL
COORDINATE

3.1. The first integral

If we multiply the differential equation for the vertical coordinate z[f] by the
vertical velocity z/[#] and integrate, we obtain

wr)? = 2(W —wlt))(1 — wir]* + K(W + wl7])) (18)

since the initial vertical velocity is assumed to be zero.

3.2. Behaviour of the solution

The right-hand sided is a cubic polynomial in w[7] which is shown in Fig. 3,
plotted as a function of w for W= —1/2 (corresponding to an initial angular
displacement from the downward vertical of 60°) and three values of K.

Since the first integral must be non-negative, the motion is restricted to the
region above the horizontal axis. The three values of w for which the first integral
is zero are given symbolically by

{W,1<K—\/4+K2+4KW),%<K+ 4+K2+4KW>} (19)

2
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_3,

Fig. 3. The first integral of the equation of motion for vertical coordinate z[f] of the
pendulum, plotted for three values of the kinetic energy K. In the case of the simple
pendulum (K=0, the curve cutting the horizontal axis at z= —1), we see that the first
integral is only non-negative if z[7] lies between — 1, its lowest possible value and W,
the vertical coordinate of the point from which it is released. As K increases, the zero at
z= —1 moves to the right. For small values of K (0.2), the left zero of the first integral,
representing the lower limit of the vertical coordinate, lies to the left of the initial value,
so that the initial vertical motion is downwards. As K increases, this zero moves above
the initial value, and the initial motion is upwards.

The value of the third zero is never less than 1, so that the motion is restricted to
the interval bounded by the first two zeros. If the two zeros are equal, which occurs
when
—1+W?
K W 20)
there are no vertical oscillations and the pendulum moves in a horizontal circle
(this case is called the conical pendulum).

3.3. Transformation of the first integral to Weierstrassian form

This cubic can be transformed to canonical form (with the quadratic term missing)
by means of the linear transformation

K+Ww

wlt] =2p[7] + (21)
to give

2
[T =4p(r) —ﬁ(54 + 18K?* + 36KW + 18W?) p [7]

2
— 55 K + 2K3 — 18W + 6K*W — 21KW? +2W%)  (22)

which is precisely the differential equation for the Weierstrass elliptic P-function,
whose solution can be written as



Elliptic Functions of the Worst Kind 119

w(T] =2@[T+a]+K+W

(23)

where a is a constant to be found from the initial conditions, which, since
the initial vertical velocity is zero, indicates that the constant a is one of the
semi-periods of the Weierstrass elliptic function.

4. EQUATIONS FOR THE HORIZONTAL COORDINATES

If we define the dimensionless horizontal coordinates by

_aln i
X[r] = 7 Y[r] = 7 (24)

and use the formal solution for w in terms of the Weierstrass functions, then
X satisfies

X"[1] = —QW + 2K — 3w[r]X[7] (25)
which, on inserting the solution, becomes
X' =—-W +K —6p[r +a)X[7] (26)

the same equation as is satisfied by Y. These equations have solutions in terms of
Lamé functions of the second kind. Very little is known about these functions and
the solutions of this equation: in fact, it is a highly non-trivial task to compute the
details of the solution, so that it is very difficult to extract much physics out of the
solution even when it is found.

5. APPROXIMATE EQUATION OF MOTION

The right-hand side of the equation of motion is a quadratic expression in w,
which is plotted in Fig. 4 for the same parameter values as in Fig. 2.

The curvature of all three is moderate, which suggests that it might be possible
to approximate this acceleration by a straight line over the interval over which the
first integral is non-negative, to a function of the form

w'[f] = aw[t] + b (27)

Modern mathematical software, such as Mathematica, allows us to compute
symbolically the mean square deviation of this approximation from the exact
acceleration, integrated over the feasible region, differentiate the resulting
expression symbolically with respect to the parameters a and b, set the results to
zero and solve the equations symbolically, and simplify the whole lot to find the
following remarkably simple expressions

K 3 5
a= =T+ W =2 V4K +4KW (28)

2
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- 08 el 0t \

Fig. 4. The acceleration associated with the vertical coordinate for the simple pendulum
(the lowest curve), the slow spherical pendulum (the middle curve) and the fast spherical
pendulum (the upper curve).

1
b= (—6—K —2W +4W 4+ K +4KW

4

+K(—6W + V4 + K2 + 4KW)) (29)

The value of a is always negative, so that the solutions will always be
oscillatory and expressible in terms of the normal circular functions, with a
frequency equal to the square root of —a, namely

K 3
Q:\/E_W+E 4 + K* + 4KW (30)

To our knowledge, this is the first analytical estimate of the frequency of the
spherical pendulum to have been published.
For the case of the simple pendulum (K=0), the value of a simplifies to

Q=J3—-W (31)

leading to the remarkably simple and accurate formula equation (1) for the
approximate amplitude dependence of the frequency. Note that when W= —1 and
the oscillations are infinitesimal, this has the value of 2. The explanation for this is
that the vertical coordinate goes through two periods as the pendulum swings back
and forth through one oscillation in the angular displacement.

There is actually a considerable literature on the approximate amplitude
dependence of the simple pendulum [9-11], although this is the only one we know
of which is based on approximating the physics rather than the mathematics.
The formula is remarkably accurate even for initial angular displacements of 90°
from the downward vertical. The corresponding equations for the spherical
pendulum in generalised coordinates are altogether more complicated, very
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Fig. 5. The solution w[f] of the linear approximation superimposed on the exact solution
for K=2 and W= —1/2.

similar to those of the spinning top [12], and thus rarely discussed in the
educational literature [13,14].

5.1. Solution of the approximate equation of motion

The solution satisfying the initial conditions w[0] =W, w'[0]=0 is found to be

K +2W — V4 +K? +4KW
4
K —2W — V4 4+ K*> 4+ 4KW g
— 7] cos | Q zt

wlt]

(32)

Figure 5 shows the solution w|¢] of the linear approximation superimposed on the
exact solution for K=2 and W= —1/2. Again the agreement is quantitative.

6. APPROXIMATE FREQUENCY DEPENDENCE OF THE SPHERICAL
PENDULUM ON THE KINETIC ENERGY

Figure 6 shows the approximate frequency of the spherical pendulum relative to
the ideal value for the simple pendulum, plotted as a function of the dimensionless
kinetic energy.

These curves reveal an apparently new and surprising phenomenon. For small
initial angular displacements from the downward vertical (the curve with the most
pronounced minimum), the frequency apparently decreases as the kinetic energy
K increases from zero, and passes through a minimum, before increasing. For
larger initial angular displacements (the middle curve), the minimum is less
pronounced and occurs at lower values of K. In the last curve, the minimum has
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Fig. 6. The approximate frequency of the spherical pendulum plotted as a function of the
kinetic energy K for initial vertical coordinates W= —3/4 (the curve with the most

pronounced minimum), W= —1/2 (the middle curve) and W= —1/4 (the monotonic
curve).

disappeared. The critical value of W for which the minimum occurs when K=0
can be computed symbolically to be —1/3, corresponding to about 72°. Exact
calculations using the Weierstrassian functions implemented in Mathematica,
reveal that this effect is real, with the critical angular displacement estimated to be
about 67°.

7. APPROXIMATE HORIZONTAL MOTION

Whittaker [3] has given an expression for the azimuthal angle of the spherical
pendulum in terms of elliptic functions of the third kind, so that, not surprisingly,
there has been very little numerical discussion of its motion. Instead, we see if our
approximate theory can be used to obtain a simpler picture of the motion.

7.1. Equation of motion for the horizontal coordinates

If we insert the approximate solution for w into the equation of motion for X, we
obtain

1
X"[7] ———Z<5K+2W+3 4 + K2 + 4KW
2 —
_3(_[(+zw+ 4+K +4KW>cos 272 X[7] (33)

which can be put in the form of Mathieu’s equation [6,15-17]
X"[T] = —(a — 2q cos[2TDX[T] (34)
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where

T=— (35)

2(5K +2W + 34 + K? + 4KW)
a =

(36)
(K —2W + 34 + K2 + 4KW)
3(—K +2 V4 + K? + 4K
_ 3(=K +2W + V4 + K> + 4KW) 37

(K —2W + 3vV4 + K? + 4KW)

The initial conditions for X[7] are

X[0] =V1—-W2 X'[0]=0 (38)

The solution for X is then

X[7] =

w2
Vv1I—W [a,q,gq (39)

Cla,q,0] 2
where Cla,q,t] is the even Mathieu function.

The corresponding initial conditions for Y[7], which satisfies the same
Mathieu’s equation, are

Y[0] =0, Y'[0] =+2K (40)

The solution for Y is then given by

Y[r] =

22K [a, 0 .QT:| @1

QS'[a, q,0] 2

where S[a,q.t] is the odd Mathieu function.

7.2. Periodic Mathieu functions

Numerical simulations of the spherical pendulum for arbitrary values of K and
W will usually reveal a very complicated, a periodic motion of the type shown
in Fig. 2, but in some cases the motion is periodic. The theory can be found in
Refs. [9,11], but is summarised here. Let r be any integer or simple fraction
(such as 3/2, etc.). Then solutions of Mathieu’s equation of the form

explurT] fIT] = exp [zr %] f [%] (42)

where f[T] is 2m-periodic, exist, and are thus periodic. Since both a and ¢
depend on K and W, we can set a value for W and find K such that the so-called
characteristic value A[r,q] is equal to a. For example, for W=0 (the case
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Fig. 7. The horizontal projection of the trajectories for the exact solution (the left curve)
and the solution of the approximate equation of motion in terms of Mathieu functions
(the right curve) for n=1, k=2.

studied in Fig. 2), the value of K for r=3/2 is about 0.359. The middle, periodic
solution in Fig. 2 is found when K=0.3972. In fact, periodic solutions exist
when r is any rational function of the form

_n—l—k
ok

Clearly the smaller the values of the integral quantum numbers n and k, the
simpler the motion.

The horizontal projection of the approximate motion for n=1, k=2 is shown
in Fig. 7 (the right curve), compared with the same curve from Fig. 2 for the exact
motion (the left figure).

r

(43)
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Abstract

In this work J(**C,"*C) coupling constants and the principal components of nuclear magnetic
shielding constants in the Cgo, C7o, and Cé%_) fullerenes are calculated at the B3LYP/cc-pCVDZ-sd
level using optimized B3LYP/cc-pCVDZ geometries. Indirect spin—spin couplings are utilized to
study local diamagnetic ring currents in fullerenes. In unsaturated carbon containing compounds, the
Fermi contact (FC) contribution to long-range "J(**C,'*C) (n>>4) coupling constants is mainly
transmitted through the mobile 7t-electronic system following a few simple rules: the alternating
sign-rule and the pathway invariance. Besides, the absolute value of such a coupling decreases
slowly when increasing the number of bonds separating the coupled nuclei. Without explicitly
addressing the controversial topic of the aromaticity of fullerenes, we show that the 7t-transmitted
components of the FC contribution provide information on factors affecting ring currents in
fullerenes.
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1. INTRODUCTION

High resolution NMR parameters are recognized as invaluable probes to detect
fine details of the electronic molecular structure of different types of compounds
when adequate combinations of theoretical and experimental approaches are
adopted. Pioneer works of Professor Oddershede on the study of high resolution
NMR parameters are very well recognized in the literature [1-6]. For this reason
and for this occasion, the authors thought it pertinent to present a contribution
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where calculated coupling constants are useful to study the behavior of
diamagnetic ring currents in fullerenes.

Since the discovery of the Cgy fullerene [7], the existence of ring current
contributions to the magnetic susceptibility in this compound has been a rather
controversial issue [8]. Smalley and co-workers [7] suggested that Cgy is a
spheroidal aromatic molecule and supported this assumption with 7t-electron and
total energy calculations. On the other hand, the computation [8] of the Tt-electron
ring-current susceptibility of Cgo using the finite-field version of the original
London theory [9] suggested that this is an aromatic molecule with vanishingly
small ring current susceptibility. Fowler et al. [10] performed the first ab initio
calculation on the polarizability and magnetizability of C¢o and they predicted a
Ceo net diamagnetism as well as diamagnetic effects on the NMR chemical shift of
an encapsulated atom. Commenting critically on the Fowler et al. paper, Haddon
and Elser [11] argued that the magnetic susceptibility of Cg( is incompatible with
its description as a normal aromatic molecule. This controversy arose a renewed
interest for quantifying the ‘aromaticity’ of a conjugated aromatic compound and
several new criteria were established to quantify such a property. Among
them, the following are worth mentioning: the ‘nucleus-independent chemical
shift’ [12,13], the ‘harmonic oscillator model of aromaticity’ index [14], the ‘para-
delocalization index’ [15], and the ‘ring-current analysis’ [16]. In a detailed
review, Lazzeretti [17] gives an account of different magnetic criteria for
aromaticity.

Spin—spin coupling constants, when properly analyzed, can provide insight into
the fine details of the electronic molecular structure [18,19]. However, a good
amount of information can frequently be obtained resorting only to some known
features of these spectral parameters. In this work, an approach of this type is
applied to study diamagnetic ring currents in Cgy and in C7o. Our methodology is
based on well-known transmission features of the Fermi contact (FC) contribution
to long-range spin—spin couplings in conjugated systems [20].

When comparing the molecular electronic structures of Cgq and C, one of the
most striking differences is observed when considering the *He chemical shifts
in endohedral *He at Cg and *He at C5,. In fact, *He atoms encapsulated in these
endohedral compounds appear at, respectively, —6.4 and —28.8 ppm, relative to
dissolved *He at 0.0 ppm [21,22]. Such differences in the *He shielding suggest
that even though diamagnetic ring currents are significant in these two fullerene
compounds, they are more important for shielding the encapsulated He atom in
C5o than in Cgq [23]. Saunders et al. [21] consider that C;, should be classified as
aromatic, while the aromaticity of Cg is less well defined.

Several notably different features are observed in the 13C NMR spectra of Cgg
[24] and C;¢ [25,26]. The former consists of only one line, at ca. 143 ppm down
field from TMS, indicating that the 60 C atoms in Cgy are all magnetically
equivalent in agreement with its icosahedral symmetry. Because of its symmetry
and the existence of only one C magnetic isotope, J(**C,'*C) spin—spin couplings
are not amenable to measurement in Cgy. On the other hand, the 13C NMR
spectrum of C;y consists of five lines [25], indicating that there are five
magnetically non-equivalent '*C nuclei, which is compatible with Ds;, symmetry
[27], and therefore there are only four Ly(B3¢e,Be) couplings amenable to
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measurement [25]. To the best of the authors’ knowledge, "J (13C,13C) with n>1
have not been observed yet for C;,. Long-range couplings (n>4) should be
interesting probes to study several features of diamagnetic ring currents since they
are known to be greatly dominated by the FC term, and they are mainly
transmitted through the mobile 7t-bond systems [28-30]. It is well known that
such long-range couplings follow simple rules, like for instance, the alternating
sign rule, [i.e., "J(**C,">C)>0 if n is odd and "J(**C,'>C) <0 if n is even], the
pathway invariance, and the low sensitivity of its absolute value with n. For this
reason, it is expected that such couplings };)rovide valuable information on
diamagnetic ring currents. As experimental "J(**C,'*C) (n> 1) have not yet been
reported on fullerenes, theoretically calculated couplings supply helpful
information, provided they are obtained at a high level of theory. Such a high
level can be achieved with the DFT formalism if both adequate functional and
basis set are used [31]. In a previous paper from our group, excellent agreement
was reported between DFT-B3LYP/cc-pCVDZ-sd calculated [32] and experi-
mental [25] '7(**C,"3C) spin—spin coupling constants for C;,. This suggests that
this level of theory is also adequate for calculating "J(**C,'*C) (n>4) couplings in
Co0, C0, and Cé%_). It is important to stress that calculated 1J(BC,BC) couplings
[32] were not only in excellent agreement with the experimental values, but they
also provided an interesting rationalization of some aspects of the C;( diamagnetic
ring currents along the borders of the belt [32]. This rationalization was found to
be compatible with the experimental trends of its '*C chemical shifts. The
excellent agreement between calculated and measured 'J(**C,"*C) couplings in
C5 supports the idea of relying on Ce calculated J(**C,"*C) couplings to obtain
insight into Cgy diamagnetic currents. Both one-bond as well as long-range
J('*C,*C) couplings are expected to be adequate probes for such study.
Since the London theory predicts that the Cg(’)_) anion is strongly diamagnetic
because diamagnetic ring currents flow around its hexagons as well as its
pentagons [8,33-36], "J(*C,"*C) spin—spin couplings in the anion are also
calculated at the same level of theory in this work.

2. COMPUTATIONAL DETAILS

All calculations carried out in this work were performed with the Gaussian 03 [37]
suite of programs. The geometries of Cgg and Cg%_) were optimized at the B3LYP/
cc-pVDZ level assuming icosahedral symmetry. In both compounds, all four
terms of isotropic "J(**C,*C) coupling constants, namely, FC, spin-dipolar (SD),
paramagnetic spin-orbital (PSO), and diamagnetic spin-orbital (DSO), were
calculated at the B3LYP/cc-pCVDZ-sd level. The cc-pCVDZ-sd basis set is
cc-pCVDZ [38] with all s functions fully decontracted. Isotropic and anisotropic
nuclear magnetic shielding constants in Cgp, Cg%_), and C,, were calculated using
the gauge-included atomic orbitals (GIAO) approach [39,40] at the same level
of theory employed for the spin—spin couplings. For comparison, "J(**C,"*C)
spin—spin couplings and the '*C magnetic shielding tensor in benzene
were also calculated using the cc-pCVDZ-sd basis set for C atoms and the
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totally decontracted cc-pVDZ basis set for H atoms (its geometry was optimized
at the same level).

3. RESULTS AND DISCUSSION

The calculated four isotropic contributions to the two different 'J(*3C,'3C) spin—
spin coupling constants in Cgq are compared in Table 1 with the analogous
contributions to 'J(**C,'*C) couphngs in C and In C70 reported recently [32].
The numbering of carbon nuclei in C60 and C6O and in C; is displayed
in Schemes 1 and 2, respectively. Couplings in all these three compounds
were calculated at the same level of theory. In the same Table 1, isotropic
contributions to the calculated 'J(*3C,'>C) coupling in benzene are also
displayed and its total value is compared with the correspondlng experimental
value [41]. The two different 'J(**C,"3C) couphngs in Cgq correspond to a side
shared by a pentagon ring and an hexagon ring (J,=55.3 Hz, bond length B, =
1.456 A, accordmg to the optimized geometry), and to_a side shared by two
hexagon rings (J,=68.5 Hz, bond length B,=1.397 A), respectively. Each
hexagon ring contains three bonds of type By, alternated with three bonds of
type B,. The FC, SD and PSO contributions to J, and J, are typical of a
conjugating C—C bond sequence [42], and therefore m-electron delocalization
along a sequence of type —B,—By,—B,—By,— can be expected. Such an electron
delocalization corresponds to a diamagnetic current and it represents an efficient
pathway for transmitting the 7t-component of the FC contribution to long-range
couplings. On the other hand, all pentagon rings are equilateral in Cgp, and
therefore, the above rationalization suggests that there are no diamagnetic
currents along a pentagon, in agreement with assumptions commonly found in

Table 1. Different 1s0tr0plc contributions to calculated 'J(**C,'*C) spin—spin couplings

(Hz) in Cgg, C7o and C They are compared with the corresponding values in benzene
Comp. ‘J(c,-,cj) EC SD PSO DSO Total
Cso 13(C,,Cy) 73.6 1.6 —72 0.4 68.5
'1(C1,Ci3) 58.8 0.7 —4.6 0.4 55.3
Cro 17(C,,C) 58.5 0.7 —4.7 0.4 54.9
13(C1.C1) 73.6 1.5 —7.1 0.4 68.4%
'J(C11,Ca6) 58.6 0.7 —4.7 0.4 55.0
1J(C36,C0) 70.9 1.5 -72 0.4 65.7
'3(C36,Cs6) 58.1 0.7 —45 0.4 54.7*
'J(Cs6,Ca1) 64.0 1.1 —59 0.4 59.7
17(Cs6,Ce6) 65.7 1.0 —6.0 0.4 61.1*
'1(Ce6,Ce2) 59.7 0.6 —45 0.4 56.3
e 11(C,,C,) 62.5 0.3 —52 0.4 58.0
(C,C13) 57.1 0.8 —52 0.4 53.1
CeHs 61.5 1.3 —6.7 0.2 56.3°

 Experimental values: 'J(C;,Cy,) =68 Hz; 'J(C}1,C36) =55 Hz; '1(C4,Cs6) =55 Hz; ' J(Cs6,Co06) =
62 Hz (taken from Ref. [25]).
b Experimental value: 55.87 Hz (taken from Ref. [41]).
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Scheme 1.

the literature [33]. The sequence along a Cg, pentagon ring is B,—B,—B,—B,—B.,
and the corresponding total calculated one-bond coupling is 55.3 Hz.

'3C magnetic shielding constants for Ceg, C7o, C(6%_>, and benzene are displayed
in Table 2. The anisotropy of the corresponding magnetic shielding tensors
increases along the fullerene series. It is observed that the calculated anisotropy of
the benzene 3C magnetic shielding tensor is somewhere between those of Cg( and
C;o. The experimental values of the principal components of the Cg, chemical
shift tensor are 220, 186, and 40 ppm [43]. Following Cioslowski [33], the known
values of the '*C chemical shift in Ce and the magnetic shielding constant in
benzene can be used to calculate the ‘experimental’ shielding constant in Cgq at

Scheme 2.
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Table 2. GIAO-DFT-B3LYP/cc-pCVDZ-sd *C magnetic shielding tensors (in ppm) in
CGO’ C70 and C(660_)

Eigenvalues Aniso Iso

Ceo” —30.1 0.1 144.6 163.1 394
Cro’ C, —50.5 —15.6 157.1 190.1 30.3
C —40.7 —14.6 159.8 187.5 34.8

Cy —49.1 —11.7 161.4 191.8 335

Cy —-37.9 —17.3 162.8 190.3 35.8

Ce1 —23.1 —1.7 177.3 190.3 51.0

C(G%_) —59.0 —523 166.9 222.6 18.5
Benzene —50.4 45.4 176.3 178.7 57.1

* Experimental principal values —34; 0 and 146 ppm (see Ref. [33]).
" Assignments made according to Ref. [25]. The numbering of C atoms is shown in Scheme 2.

43 ppm (39.4 ppm, according to Table 2), as well as the ‘experimental’ values
of principal components of the shielding tensor, i.e., —34, 0, and 146 ppm [33]
(—30.1, 0.1, and 144.6 ppm, according to Table 2). A few other calculated
isotropic magnetic shielding constant for Cgo found in the literature are 40.43 ppm
[44] (HF); 51.3 ppm [45] AIGLO-DFTB), and 50.59 ppm [46] (B3LYP/6-31G*//
GIAO-B3LYP/6-31G*).

In Table 3, the calculated chemical shifts in C; are compared with those
calculated by Sun and Kertesz [46] and the experimental values given by Taylor
et al. [26]. Values in Table 3 are referred to Cgg at 143.15 ppm [47]. The important
shielding effect on C, was attributed mainly to the shielding effect of diamagnetic
ring currents circulating through the borders of the belt. Similarly, the important
deshielding effect on C, was attributed to the position of site a outside of the belt
ring currents. The total shielding span of values shown in Table 3 is 20.70 ppm
(this work), 19.17 ppm (Sun and Kertesz) and 19.79 ppm (experimental).

When comparing the magnetic shielding tensors in Cgo and Cg%_), it is observed
that the six extra electrons in the latter yield an important increase in the anisotropy
and a strong shielding effect in the isotropic part of the nuclear shielding.

Table 3. Comparison between calculated and experimental '>C chemical shifts in Cy
(in ppm) referred to Cgq at 143.15 ppm (taken form Ref. [47])

C atom® C atom” This work Ref.¢ Exp.¢
C, C. 152.25 151.24 150.54
Cy C. 149.05 148.23 147.99
Ci Gy 147.75 147.03 147.29
Cyy Cq 146.33 146.75 145.66
Cer C. 131.55 132.07 130.75

# Numbering of C atoms as in Scheme 2.

b Labeling of C atoms as in Ref. [25] (a to e are the distinct sites from cap to belt).
 Ref. [46].

d Experimental values taken from Ref. [26].
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The potential of long-range couplings as probes to study diamagnetic ring
currents is first exemplified considering the "J(**C,'*C) couplings in Cr.
We emphasize that only the m-transmitted component of the FC contribution
can provide insight into diamagnetic ring currents. Therefore, only long-range
"J(*3C,"3C) couplings with n >4 are useful for this analysis since those with n <4
may have substantial contributions transmitted through the o-framework and,
consequently, the 7t-contribution could be masked. For instance, if =4 and the
coupled nuclei are connected by a ‘W’ pathway a positive o-component of a larger
absolute value than the respective 7t-component is expected. Rationalization of
ring currents along the belt borders C4;—Cs—C36—Cy—Cy,... and its specular
sequence, Cs;—C46—Cr6—C3,—Css... in Cyg was based on 1J(13 C,13C) couplings
[32]. These currents indicate that long-range couplings are efficiently transmitted
along such pathways and the corresponding FC contributions are transmitted
mainly by the mobile 7t-electronic system following well-known trends like the
alternating sign rule and the pathway invariance [48]. However, when analyzing
such couplings in C, as well as in other fullerenes, it should be taken into account
that in general, there are several pathways connecting a given pair of C atoms.
Each of these pathways is efficient for transmitting the 7t-component of the FC
contribution only if there is a diamagnetic ring current along this pathway. When
two carbon atoms are connected by more than one pathway, like for instance some
of type n and some of type n+ 1, there should be a near cancellation of the resulting
FC term, unless one of such pathways is not efficient in transmitting a diamagnetic
ring current. The sign of the FC term of such coupling should indicate which one is
the more efficient pathway. The diamagnetic ring currents along the border belt
atoms in Cyq transmit the FC contribution to long-range couplings along each
border. A sequence of FC terms transmitted along the border belt is displayed in
Table 4. This sequence is compared with another one involving pathways
transversal to the borders of the belt. It is important to note that atoms Cs; and Cg;
are connected by several pathways with some nine- and eight-bond pathways.
Therefore, there is a competition between contributions transmitted through
pathways containing odd and even number of bonds (i.e., they are of different
‘parity’). The calculated FC term of 893(Cs3,Ce ) is +0.24 Hz. This suggests that
the nine-bond pathways (e.g., C53—C33—C30—C50—C52—C32—C26—C46—C51—C61) are

Table 4. Comparison between the FC term of several long-range "J(C;,C;) couplings
(in Hz) in C;( transmitted along the belt and transversal to it

n Belt Transversal

9 J(Cs3,Cq1) +0.24 J(C1p,Cy) —0.05
8 J(Cg3,Ce1) —0.20 J(C5,CY) +0.04
7 J(Ce3,C41) +0.21 J(C3,,Cy) —0.02
6 J(Cg3,Cs6) —0.24 J(Cs,,Cy) —0.16
5 J(Ce3,Cs6) +0.41 J(Cg,,Cy) +0.26
4 J(Ce3,C50) +0.12 J(C4,CY) —0.75
3 J(Cg3,Cs0) +3.14 J(C5,,Cy) +3.71
2 J(Ce3,Cs0) +1.19 J(C36,Cy) +1.29
1 J(Ce3,C0) +59.74 J(C11,CY) +73.60
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more efficient for transmitting the FC term than the eight-bond pathways (e.g.,
C5g—C33—C30—C20—C32—C26—C46—C51—C61) It should be noted that, for symmetry
reasons, J(C;O,CZO)— J(CzO,ng) 55.0 Hz (calculated total couplings), and
therefore the C3¢0—Cy¢—C3, fragment of the eight-bond pathway is not efficient for
transmitting the FC term of the 3°J(Cs3,Ce1) coupling. On the other hand, the C3p—
C50—C52—C’;2 fragment of a nrne -bond pathway is efﬁment for transmitting the FC
term of J(C53,C61) since J(Cgo,Cso) 54.7 Hz; J(CSO,C52) 59.7 Hz and
J(C52,C32) 54.7 Hz (calculated total couplings), which correspond to a
conjugating sequence. Both fragment pathways are part of a pentagon, but only
the latter is efficient for transmitting the 7t-component of the FC contribution to
long range couplings. A similar reasoning holds for the FC contribution to the
8.9y (Ce3,C61)= —0.20 Hz coupling. In this case, the nine-bond pathway involves
the C3¢p—C,0—C3, fragment and therefore, this pathway is not efficient for
transmitting the rt-component of the FC term. Other couplings transmitted through
pathways along the belt (n>4) (shown in Table 4) follow nicely the alternating
sign rule. The example shown for n=4, i.e., *J(Ce3,C20) = +0.12 Hz, does not
follow the alternating sign rule since the shortest pathway corresponds to a ‘W’
arrangement of bonds and therefore, such coupling is expected to have a positive
o-transmitted component. It is noted that these two carbon atoms are also
connected by the six-bond Cg3—Cy3—Cr3—Cs0—Ceo—Cao—Css pathway, Wthh is also
formed by an even number of bonds. The main pathway for 31(Cg3,Ca2)
corresponds to a trans- arrangement which should also transmit a positive o-
component. Note that the FC term of 2J (Ce3,Ce0) is +1.19 Hz, while the FC term
of 2J(C C) in benzene as calculated in this work is —1.15 Hz, i.e., they are of
opposite signs. It is known [49-51] that the FC term of two-bond couplings
becomes more positive when there are important hyperconjugative interactions
into the antrbondrng orbitals belonging to the couphng pathway, this result
suggests that %J (Cg3,C60) = +1.19 Hz reflects the strain in the neighbor pentagon
rings, which enhances hyperconjugative interactions like for instance, (Cyo—
Cy2) — (C79—Ceg3)*. At this point it is important to recall [52] that the cage-like
structure of a fullerene consists of 12 pentagon rings with hexagon rings in an
amount that depends on the total number of carbon atoms. The ‘isolated pentagon
rule’ [53,54], which holds true for most synthesized fullerene compounds, states
that pentagon rings should be separated from each other to minimize strain.

In Table 4, a few long-range couplings whose pathways are transversal to the belt
are shown. As expected, pathways crossing the symmetry plane are not efficient for
transmitting the FC term of long-range couplings. For instance, °J(C,C,) is small
and negatlve suggestlng that the ClO_C20_C32_C52_C62_C42 C22—C36—C11—C1
pathway is very inefficient in transmitting the spin information associated with the
T- component of the FC term. Obviously, similar considerations can be applied to

8J(C10,C1) and "J(C,,C;) couplings. In all these three cases the coupling pathway
includes two equivalent bonds that are adj acent e.g., C5o—Cgp and Cgr—Cys. Both
bonds are equivalent for symmetry reasons. ®J(Cs,,C,) satisfies the alternating sign
rule and is larger than the prev1ous three. This shows that its main pathway is Cs,—
Cr—Ces6—Cs56—C36—C1—C;, i.e., it does not involve two adjacent equal bonds.

Similarly, one of the main pathways for °J (C62, 1) 18 Cgr—Cg—Cs56—C36—C;1-C;.
The four-bond pathway for *J(C4,C;) is quite inefficient for transmitting
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a o-component and therefore, it is not surprising that it satisfies the alternating sign
rule. The FC contribution to *J(C,,,C;) is notably smaller than the similar coupling
in benzene, where the FC term calculated in this work is 8.02 Hz (the experimental
value of the *J (C,C)inbenzene was reported by Kaski er al. [41] as 10.111 Hz). The
FC contribution to 2J(Cs,C,) is calculated as positive, which is indicative of the
strain of neighbor pentagon rings (vide supra).

The main features of diamagnetic ring currents in C;y deduced from long-
range J(C,C) couplings are nicely supported observing the different experimental
13C chemical shifts reported by Johnson et al. [25], as discussed above. A similar
analysis based on long-range J(C,C) couplings is carried out for Cgy. A few
examples are shown in Table 5, where several analogous couplings are compared
for Cgo and Cso . The numberlng of C atoms is displayed in Scheme 1. Since it is
accepted that diamagnetic ring currents along a pentagon ring are inhibited, it is
expected that coupling constants transmitted through pathways involving two
adjacent pentagon bonds are inefficient for transmitting the 7t-component of long-
range couplings. This suggests that one of the main '°J(C3,C,) coupling pathways
is C3—C]7—C41—C23—C47—C45—C2]—C37—C]3—C1—C2, being inhibited the Coupling
pathways involving an odd number of bonds like, for instance, C3—C;7;—Cs54—C30—
Co—Cr0-C53-C13-C1-C, and C3-C4—C;9-Cs55-C34—C11-C35-C57-C5-Co.
These last two pathways involve two adjacent pentagon bonds. Therefore, we
expect their ability for transmlttmg the spin information associated with the
T-component of the FC term in the C60 anion, to be enhanced. The result
displayed in Table 5, 10y (C5,C,)=+0.62 Hz, is compatible with such a
rationalization. Similar considerations hold for °J (G5,Cy), where in C60 ) the
eight-bond pathways are operating. Another interesting case is J(Cy1,Co) in Cgo
where the eight-bond as well as the nine-bond pathways involve two-adjacent
pentagon-bond sequence. Upon increasing in 6 the number of electrons, i.e., in

Table 5. Comparlson between the FC contributions (in Hz) to several long-range
couplings, "J(C;,C)), in Cgp and in C60

n J(C,C)) Ceo ce)

10 J(C3,Cy) —0.27 +0.62
9 J(C5,C)) +0.35 —0.11
9 J(C,1.Co) —0.01 —0.10
8 J(C33,Co) —0.00 +0.07
8 J(C7,C)) —0.29 0.07
7 J(C41.C)) +0.34 —0.12
7 J(C46,Co) —0.00 +0.05
7 J(C33,Ca0) +0.34 +0.04
6 J(Cs3,C)) —0.34 +0.18
6 J(Cp,Co) —0.00 —0.07
5 J(C47,C)) +0.51 —0.12
4 J(Cu46,Ca3) —0.98 —0.43
3 J(C5,,C) +3.63 +2.93
2 J(C37,C)) +1.03 +2.51
1 J(C15,C)) +58.8 +57.1
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Cg%f), both types of pathways are enhanced in their abilities for transmitting the
71: -component of the FC term. Since the calculated FC term is negative,
°J (C11,C9)= —0.10 Hz, and its absolute value is smaller than expected, it seems
that there is a strong competltlon between pathways of different parity. Similar
cons1derat10ns hold for J(C33,C9) J(C46,C9) and J(C22,C9) couplmgs The
behavior of J(C17, s J(C41’ s J(C33,C29) J(C23, 1), and J((:47, 1)
couphngs is quite similar to those of 193(C5,C,) and °J(C5,C;). For instance in
Ceo, oy (C53,Cy) 1s mainly transmltted by the six-bond Cy3—C47—Cy5—C,1—C37—-C3—
C; coupling pathway and in C60 it is also transmitted through seven-bond
coupling pathways like Cy3—Cy47—C30-Co—Cr9—Cs53—C13—C;. In the latter com-
pound there seems to be a strong competition between the seven- and six-bond
pathways being more important the transmission through the pathways contain-
ing an odd number of bonds. The comparlson between two different types of
three-bond couplings in Cgy and in C60 ) is also worthy of note. For instance,
3J(C21, C;) corresponds to a trans-pathway, C,—C37;—C13—C;. In the former
compound, pathways involving an even number of bonds like Cy3—Cs—C5,—C39—
C,5—C,—C, are inhibited since they contain adjacent pentagon bonds. In the latter
compound, the transmission through such pathway is enhanced correspondlng
to a negatlve contribution. The resulting FC term of - J(C21, 1) is smaller in
C(660 ) than in Ceo (+2.93 vs. +3.63 Hz). A similar effect is observed for a three-
bond pathway 1nvolv1ng the diagonal of an hexagon ring like the *J(Caq,Co)
coupling. In Ceo) six-bond pathways like C46—C22—C39—C37—C21—C5—C6 are
enhanced, reducing the total FC term from +3 94 to +2.48 Hz. J(C21,C6)
increases from +1.03 Hz in C60 to +2.51 Hz in C ). This effect is originated in
both, an increase in the strain in a pentagon ring and an enhancement of a five-
bond pathway like C,;—C37—C30—C5,—C5—Cg, which should give a positive 7t-
contribution to the FC term. The optimized pentagon bond length is somewhat
shorter in the anion than in the neutral compound, 1.454 and 1.456 A,
respectively. It is important to point out that the 7-transmitted contribution to
the FC term of a two-bond coupling is negative.

4. CONCLUSIONS

Results presented in this work indicate that long-range "J(**C,'*C) are remarkable
probes to gauge diamagnetic ring currents in fullerenes. Without addressing
explicitly the controversial topic about the aromaticity of fullerenes, the -
transmitted components of the FC contributions to such long-range couplings
provide useful information about factors that either inhibit or enhance the
circulation of diamagnetic ring currents. For instance, the equilateral ring
pentagons inhibit diamagnetic ring currents both in Cgg and in Cyq. This behavior
is observed as an inhibition of 7t-coupling pathways involVing two adjacent bonds
belonging to sides of equ11atera1 pentagon rings. It is interesting to note that
this inhibition is not present in the C60 ) anion. In Cry, diamagnetic ring currents
are notably more preferential for pathways along the belt. Transversal
diamagnetic ring currents are greatly hindered by the C;—C,—C;3-C4—Cs
equilateral pentagon ring (and its symmetrical pentagon ring).
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The FC term of 2J(**C,"*C) couplings provides interesting information about
the distribution of strain tension in fullerenes. As reported previously, the main
distinction to be made of geminal couplings is twofold. (a) Those whose coupling
pathway involves two adjacent C—C bonds of pentagon rings. They are positive
(~6 Hz) and correspond to two-pathway couplings, one of them being geminal
and the second one cis-vicinal. They do not provide fundamental information
concerning the molecular structure of fullerenes. (b) Those corresponding to a
pathway involving two adjacent hexagon-ring bonds. Their absolute value is in
general smaller than 2 Hz. They can provide interesting information about
the local strain in this type of compounds, particularly, around a pentagon ring.
A case in point is the following pair of FC contributions to geminal J(C,C)
couplings in Cyo: 2FC(Cse,Ca6)=0.3 Hz; and *FC(Cs,Cg6)= 1.6 Hz [32]. This
suggests that, e.g., the (C41—Cy1) — (Cs56—Cge)™ hyperconjugative interaction is
weaker than the (C;;—C;) — (C36—Cse)* interaction. This indicates that the strain
around the C;—C,—C3—C4—C5 equilateral pentagon ring is stronger than around the
C11—C,1—C41—Cs6—Cs¢ non-equilateral pentagon ring.
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Abstract

The sequential Monte Carlo/quantum mechanics methodology is employed to obtain the dipole
polarizability of the atomic fluorine anion in an aqueous medium. Using Monte Carlo simulation,
the structure of the water around the F~ anion is generated. Statistically relevant configurations
are extracted for subsequent quantum mechanical calculations using the first solvent shell of water
molecules and the density-functional theory, within an extensive basis set. The statistically converged
result for the dipole polarizability of the F~ anion in the presence of the first solvation shell of water
molecules is 10.56 +0.66a3. This value is considerably reduced compared to the free atomic anion
calculated as 20.594; but still very large compared to the free neutral atom calculated as 3.884,
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1. INTRODUCTION

The static dipole polarizability is the linear response of an atomic or molecular
system to the application of a weak static electric field [1]. It relates to a great
variety of physical properties and phenomena [2-5]. Because of its importance,
there have been numerous ab initio calculations of isolated atomic and molecular
polarizabilities [6—14]. Particular theoretical attention has been dedicated to the
polarizability of free atomic anions [15-21] because of its fragility and difficulty
in obtaining direct experimental results. In recent years theoretical studies have
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been initiated to find the effect of surrounding medium on the electronic properties
of atomic or molecular systems. Understanding these solvent effects is important
for rationalizing experimental data in general. Some progress has been achieved
by treating solvent effects using the so-called continuum models [22-26], where
the solvent is described by its macroscopic constants such as the dielectric
constant and index of refraction. Solvent effects in dipole polarizabilities and
hyperpolarizabilities have been studied using continuum theories [27-31].
Although very successful in some contexts, the statistical nature of the liquid
environment is not considered in such models. The proper treatment of liquid
systems has to consider its statistical nature [32,33]. Indeed, for nonzero
temperature there are many possible geometrical arrangements of the molecules
of the liquid with equivalent probability. Thus, liquid properties are best described
by a statistical distribution [34-37], and all properties are obtained from statistical
averaging over an ensemble.

In this paper we use the sequential Monte Carlo/quantum mechanics (S-MC/QM)
methodology [38—41] to obtain the dipole polarizability of the atomic fluorine anion
in an aqueous medium. We first generate the water environment around F— using
Metropolis Monte Carlo. Next, statistically relevant configurations are separated
and submitted to quantum mechanical calculations. Several QM calculations are
necessary to obtain the ensemble average that is necessary to characterize the
statistical nature of the liquid. Statistically converged results are obtained. In the
present study the dipole polarizability of F~ in water is obtained using density-
functional theory (DFT). We compare the dipole polarizability in the condensed
liquid phase with that for the gas phase. Because of the diffuse nature of the ground
state of the anionic system, it is expected that the confinement due to the condensed
medium will decrease the dipole polarizability. Currently, confined states are of great
interest [42,43]. Understanding this confining effect is also of interest in relation to the
absorption spectra leading to excited Rydberg states [44].

2. METHODS
2.1. Monte Carlo simulation

The Monte Carlo (MC) simulation is performed using standard procedures [33]
for the Metropolis sampling technique in the isothermal—isobaric ensemble, where
the number of molecules N, the pressure P and the temperature T are fixed. As
usual, we used the periodic boundary conditions and image method in a cubic box
of size L. In our simulation, we use one F~ embedded in 1000 molecules of water
in normal conditions (7=298 K and P=1 atm). The F~ and the water molecules
interact by the Lennard—Jones plus Coulomb potential with three parameters for
each interacting site i (¢;, 0; and g;).

ona onb 12 6 2

Ojj 0jj qiq;¢
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where i and j are the sites in system a and b, respectively, r; is the interatomic
distance between the sites i and j, e is the elementary charge, &;=(e;¢;)" and
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o= (a,-aj)l/z. For the water molecules we used the SPC [45] parameters and for
the anion F~ the OPLS [46] parameters. In the calculation of the pair-wise
energy, each molecule interacts with all other molecules within a center of mass
separation that is smaller than the cutoff radius r.=L/2. For separations larger
than r., we use the long-range correction of the potential energy [33]. The initial
configuration is generated randomly, considering the position and the orientation
of each molecule. One MC step is concluded after selecting one molecule
randomly and trying to translate it in all the Cartesian directions and also rotate it
around a randomly chosen axis. The maximum allowed displacement of the
molecules is auto-adjusted to give an acceptance rate of new configurations
around 50%. The maximum rotation angle is fixed during the simulation in % 15°.
The simulation was performed with the DICE program [47].

The full simulation involves a thermalization stage of about 15X 10° MC step
followed by an averaging stage of 60X 10° MC steps. During the averaging stage, the
density was calculated as 0.989 40.007 g/cm” in agreement with the result for liquid
water. Radial distribution functions (RDFs) and liquid configurations are also
generated during the averaging stage in the simulation. After completing the cycle
over all 1000 molecules, a configuration of the liquid is generated and separated.
Thus, the total number of configurations generated by the MC simulation is 60,000.

As quantum mechanical calculations will be performed on the configurations
generated by the MC simulation, it is important to optimize the statistics.
Configurations that are statistically very correlated will not give important
additional information. Therefore, we calculate the auto-correlation function
of the energy, C(i) [38], to obtain the interval of correlation 7, where the
configurations are statistically uncorrelated, i.e., have less than 13% of statistical
correlation [38,39,48,49]. For Markovian processes, C(i) follows an exponen-
tially decaying function [50,51], that after integration gives the interval of
correlation, 7. Figure 1 shows the calculated auto-correlation function of the

N ! ——C(i)=044 """ +0.54 "™ i
09}y 200 ]
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0.7
0.6

0.5

0.4

Auto-correlation function, C(i)
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Interval of configurations, i

Fig. 1. Auto-correlation function of the energy and the best fit for a double exponential
decay used to obtain the interval of statistical correlation.
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energy calculated for the configurations generated by the anion F in water and
the best fit of a doubly exponential decay function. From this exponential
function, we obtain the interval of correlation 7~200. Therefore, from the
60,000 successive configurations generated by the MC simulation, we select 300
statistically uncorrelated configurations separated by an interval of 200 that
represent the entire simulation [48]. As it will be seen (below) statistically
converged result for the dipole polarizability of F~ is obtained using only 60
configurations.

2.2. Quantum mechanical calculations

The major interest of this paper is the calculation of the polarizability, «, of the
anion F~ in an aqueous solution. Using the supermolecular approach, we
calculated for several configurations obtained from the simulation, the polariz-
ability of F~ surrounded by the first solvation shell (n water molecules) and
subtracted the polarizability of these n water molecules without the F, i.e

a«(F " in solution) = a(F + nH,0) — a(nH,0) 2)

Assuming this separability is an approximation that has been successfully used
before [30,52].

As the appropriate Boltzmann weights are included in the Metropolis Monte
Carlo sampling technique, the average value of the polarizability, or any other
property calculated from the MC data, is given as a simple average over all the
values calculated for each configuration.

The quantum mechanical polarizability is calculated using the DFT, with
B3P86 (Becke’s three-parameter functional [53] with the non-local correla-
tion provided by Perdew [54]). The basis set used for the water molecules is
6-311+ +G. Because of the very diffuse nature of the anion F, the basis set
used is the specially designed, and very extensive, fully uncontracted 14s 9p 6d
2f Gaussian-type orbitals [55]. All the QM calculations were made with the
Gaussian98 program [56].

3. RESULTS
3.1. Solvation shells and the hydrogen bonds

The molecular structure of liquids is best analyzed using the concept of RDF.
This is of particular importance in solute—solvent structures as it defines the
solvation shells around the solute molecule. Therefore, we analyzed the solvation
of the anion F~ using the RDF between the anion and the oxygen of the water
molecules, as shown in Fig. 2. At least three solvation shells are well defined.
The integration of these peaks defines the coordination number, or the number of
water molecules in each solvation shell. The first shell that ends at 3.15 A with a
maximum at 2.65 A has, on average, 6.6 molecules of water. The second shell,
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Fig. 2. The radial distribution function between F~ and the oxygen atom of water.

ending on 5.50 A with a maximum at 4.45 A, has 25 molecules of water and the
third, which goes to 7.60 A with a maximum at 6.75 A, has 64 molecules of water.

More detailed analysis of the first solvation shell of the F~ can be obtained
by the identification of the hydrogen bonds (HBs) formed between the water
molecules and the anion. A very efficient procedure to identify the HBs in liquids
is obtained using a geometric and energetic criteria [49,57-59]. We consider
here a hydrogen-bonded structure when the distance Rg...0<3.15 A, the angle
O(FOH) <35° and the binding energy is larger than 14.5 kcal/mol. This geometric
criterion was obtained from the radial and angular distribution functions. The
energetic criterion was obtained from the distribution of the pair-wise energy
shown in Fig. 3. In this figure, there is a clear peak in the region of higher energy
that characterizes the HBs for interacting energies larger than — 14.5 kcal/mol.
Thus, using the geometric and energetic criteria, in the 300 MC configurations we
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Fig. 3. Histogram of the pair-wise interaction energy between the F~ and water
molecules.
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Fig. 4. Illustration of one structure of the F~ and 6 hydrogen-bonded water molecules
obtained from the simulation of the aqueous solution.

find that in 7% of the configurations the F~ forms HB with 5 water molecules, in
52% forms 6 HBs, in 39% forms 7 HBs and in only 2% it forms 8 HBs. This gives
an average of 6.3 HBs. Therefore, we used all the 156 most probable structures,
one F~ +6H,0 hydrogen bonded, for the subsequent quantum mechanical
calculations. Recent simulation of F~ in water suggested instead a number of 5
water molecules in the first shell [60]. Figure 4 shows, as an illustration, one of the
structures obtained here for the first solvation shell. The calculated average of the
distance F---H is 1.68+0.13 A, F---O is 2.66+0.12 A and the binding energy is
20.1+£2.6 kcal/mol.

3.2. Polarizability in solution

The dipole polarizability of the free F~ anion has been of substantial 1nterest
in the past [61-64] and the accurate result is estimated between 18 and 21a0, after
inclusion of the very important electron correlation effects. The use of pre-
fabricated basis is not recommended in this case. The Hartree—Fock (HF) and
second-order MP2 results for the dipole polarlzabﬂlty of the free F~ anion, using
the aug-cc-pVTZ basis [65], are only 7.09 and 8.8943, respectively. All calcula-
tions described next Were made with the 14s 9p 6d 2f basis set [55]. The HF result
with this basis is 10.94, in good agreement with the estimated numerlcal HF
result of 10. 7a0 [66]. The MP2 result using the same basis is 17. 2a0 [61]. The
use of density-functional methods in this basis gave a better performance. Hybrid
functionals, such as the popular B3LYP, B3PW91 and B3P86, gave results of
21.95, 21.20 and 20.5943, respectively. For the calculations of the polarizability in
solution we selected the B3P86 functional. Using the configurations extracted
from the MC simulation, composed of the F~ anion and the six surrounding water
molecules, corresponding to the first solvation shell, we calculated the dipole
polarizability. Figure 5 shows the calculated results for the polarizability in
solutlon The converged result in water is 10.56+0.66a;. The uncertainty of
0. 66a0 is the standard deviation As the result indicates, there is a considerable
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Fig. 5. Convergence of the average value of the polarizability of F~ in aqueous solution
with respect to the number of MC structures included in the quantum calculation.
Statistical error is also shown.

reduction of the dipole polarizability compared to the free atomic anion. For
reference, the calculated dipole polarizability of free neutral F, using the same
theoretical method, is 3.8843, in good agreement with the experimental value of
3.8a} [5]. The polarizability change from 20.59a3 to 10.5640.66a3 corresponds
to a very large reduction (~49%). This reduction is similar to the case of Cl
studied by Morita and Kato [52] who obtained a reduction of 37%. Our theoretical
estimate uses only the interaction with the first solvation shell. Inclusion of the
outer shells may still affect the result. The standard deviation for the dipole
polarizability in solution reflects the large variation seen in the liquid case.
Figure 6 shows the statistical distribution of such values.
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Fig. 6. Distribution of calculated polarizability of F~ in aqueous solution and the normal
distribution with average o= 10.56a8 and standard deviation s=0.66a(3).
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The changes in the dipole polarizabilities in solution using continuum theories
have been questioned by van Duijnen et al. [67,68]. While most continuum
theories yield an increase in the dipole polarizability, their studies suggest a
reduction, compared to the isolated gas phase result. The present F anion case is
interesting in this aspect because of the diffuse nature of this reference solute
system. A considerable decrease is obtained here and the trend shows similarity
with the results for the diffuse anionic atomic system CI— [52].

4. CONCLUDING REMARKS

The sequential Monte Carlo/quantum mechanics methodology has been
employed to obtain the dipole polarizability of the atomic fluorine anion in
liquid water. Using Monte Carlo simulation, the structure of the water around the
F~ anion is generated. The auto-correlation function of the energy derived from
the simulation is calculated and analyzed. From this, statistically relevant
configurations are extracted for subsequent quantum mechanical calculations.
Using the RDF we separate the first solvation shell of water molecules around
the anion. Density-functional calculations within the hybrid B3P86 exchange
correlation functional have been performed using an extensive basis set.
Statistically converged result for the dipole polarizability of the F~ anion in the
presence of the first solvation shell of water molecules is 10.56+0.66a3. This
value is considerably reduced compared to the calculated free atomic anion
calculated as 20.59a; but still very large compared to the free neutral F
calculated as 3.884;. This reduction can be understood in terms of liquid
confinement, which in general reduces the diffuseness of the electronic charge
cloud of the solute molecule.
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Abstract
The electric polarizability of the EF ! E; state of the hydrogen molecule is computed by means of the
variation—perturbation method. The wave functions are expanded in exponentially correlated
Gaussian (ECG) basis. The most accurate to date, 600-term ECG functions are employed to represent
the unperturbed state and functions of similar quality are used as the first-order perturbation correction
functions for parallel and perpendicular components of the dipole polarizability. In the lowest
rovibrational state the computed components are 27 for the parallel and —9.6X 10% a.u. for the
perpendicular polarizability; consequently, the predicted total polarizability has large negative value.
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1. INTRODUCTION

Recently, Romero and Andrews [1], and Lipinski [2] have shown that the
calculated sum over states of a one-electron nonlinear optical property of a
molecular system must vanish provided that the wave function employed satisfies
the Hellmann—Feynman theorem. This statement applies, in particular, to the
electric dipole polarizability and, as a consequence, there must exist systems
which exhibit, most probably in excited states, a negative polarizability. Several
examples of atomic and molecular systems with negative polarizability can
be found in Refs. [3—8]. In search for such systems we study the EF' 2; state of
the hydrogen molecule. An analysis of the Born—Oppenheimer (BO) curves of the
closest states dipole-connected to the EF state leads to a presumption that this
state might have a negative value of a polarizability component.

The EF 12}; is the lowest excited state of the same symmetry as the ground
state. Its potential energy curve has two deep and well-separated minima
(at R=191 and 4.40 bohr), resulting from the avoided crossing of two
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ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)48011-9 All rights reserved



152 J. Komasa

diabatic states, E and F [9]. In the united atom limit it has the 'S (1s2s) symmetry.
In the inner part of the potent1a1 the wave function is of (1sg,2s0,) type, whereas in
the outer part the (2pau) configuration dominates, although admixtures of the
(Iso42s0,) and (lsag) configurations are also present. With R— o, the EF state
dissociates onto neutral 1s and 2s hydrogen atoms. The EF state has drawn
significant interest and a number of variational calculations of increasing accuracy
have been reported over the last 45 years [10-17]. The most accurate BO energy
curves reported in literature were calculated using two different approaches. The
first approach was presented by Wolniewicz and coworkers [13,14,16], who used
the Kotos—Wolniewicz-type (KW) wave function [11]. The second, a bit more
accurate curve was computed using the exponentially correlated Gaussian (ECG)
wave function [17,18]. Historically, the most successful ansatz used in the studies
of the hydrogen molecule was the KW function, which contains the terms linear in
electron—nucleus and electron—electron distances and, in contrast to the ECGs,
fulfills the necessary cusp conditions. Only in the last 15 years it was discovered
that the ECG functions can surpass the accuracy provided by the KW functions
[18-20] and these wave functions are employed in the present study to represent
the unperturbed EF state.

2. METHOD OF CALCULATION

The time-dependent perturbation operator corresponding to the interaction of
a molecule with an external oscillating electric field of an angular frequency
w is [21]

FIV — ﬂy(eiwt + e—ia)l)FV’ (1)

where u, and F, represent components of the dipole moment and the electric
field operators, respectively. We shall assume that the molecular axis either
coincides with or is perpendicular to the external field direction and » will
be assigned || or L for a parallel or perpendicular component, respectively.
Let us further assume that the solution of the time-dependent Schrodinger
equation

0P ~ A
i =EY +A,)0, @)

can be represented as a power series in variable F,
o, =09 +F o)+ ... (3)
This leads to the following time-dependent perturbation equations

000
i = A%, )
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ia%p = A0 + (" +e )P0, )
The first one has a solution
O = g0 (6)
where
I:I(O)II’(O) _ E(O)lp(O)’ (7)

NQ . I
and II/(O), H( ), and E© are the known wave function, Hamiltonian, and
energy, respectively, of the unperturbed system. The stationary solutions of
the second equation can be expressed by

(p(l) _ q,(1+) e—i(E“‘)—m)z + lp(l) e—i(E(0)+w)z (8)
14 v ]
where 'Pf,ﬂ_r) are solutions of the first-order perturbation equations
NG
H” —EO+ o)) = —u,w®. )

Equation (9) can be solved variationally by minimizing the Hylleraas
functionals [22,23]

~ (0
o1 = @PIAY — EO + wlw) + 20O, 1w (10)

with respect to the parameters of the first-order function. The functions llfi_l)
determined in this way enter the expression for «,:

o = W, W), (1n

The final frequency-dependent polarizability is given by the sum of the plus
and minus components

a,(w) = a4 () + a,_(). (12)

The variation—perturbation procedure is capable of yielding a lower bound to the
exact polarizability provided that the exact ¥? is known.
All the wave functions employed in this work were represented in the form
of linear combinations of properly symmetrized two-electron basis functions
(K) — .
¥, (k=0 or 1):

K®
v =1+ Pp) (Z ,E“)w,i“kr)), (13)
k=1
where, in general, the linear coefficients, c,(cl), of the expansion of the first-
order function depend on the field frequency; r=(r;,r,) is a vector of electron
position coordinates and 7, is the electron exchange operator.
The EF state of H, has the E;“ symmetry. The first-order wave functions
coupled to it by u; and u | operators are of the ¥ and IT, symmetry, respectively.
The required symmetry of the wave function (13) was generated by an appropriate
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choice of the spatial two-electron basis functions, ¥,(r). In the present work the
following ECG functions of Singer [24,25] were used:

+

o A+ expl—(r —spAir —s)], (14)
g

+

> (=) expl—(r —spAyr — )], (15)
g

Oy (1= 18) ypexpl—(r = s)Ar —s)"]. (16)

The inversion operator 7 acts on the electronic coordinates (ir=—r). It is
employed to generate gerade and ungerade states. The pre-exponential factor, y;,
is the Cartesian component of the i-th electron position vector (m;=1 or 2). Its
presence enables obtaining II symmetry of the wave function. The nonlinear
parameters, collected in positive definite symmetric 2X2 matrices A, and 2-
element vectors s;, were determined variationally. The unperturbed wave function
was optimized with respect to the second eigenvalue of the Hamiltonian using
Powell’s conjugate directions method [26]. The parameters of W' were
determined by minimization of the Hylleraas functional (10) at properly selected
frequency w also by means of the Powell algorithm. More details on the
optimization of this type of the wave function can be found in Refs. [18,27,28].

3. RESULTS AND DISCUSSION

The 600-term wave functions of the form of equations (13) and (14) were
generated for over 60 internuclear distances ranging from 0.0 to 20.0 bohr [17].
The extensive nonlinear optimization process was carried out separately at each
distance. Table 1 presents the energies E”’(R) for selected distances only. In
Ref. [18] we analyzed the convergence of our ECG expansions for various two-
electron systems, including the EF state of H, at R=1.5 bohr. We estimated the
error of the present BO energies as about 0.01 cm ™' (0.05 p hartree) in the
vicinity of R=1.5 bohr. Since our wave functions were fully optimized at each
value of R, the error should not change dramatically along the potential energy
curve, although we expect some gradual lowering of accuracy when moving from
larger towards smaller internuclear distances. It is also worth noting that the
variational optimization of all the linear and nonlinear parameters makes the ECG
wave function satisfy the Hellmann—Feynman theorem.

There is a ladder of the excited states interacting with the EF 12; state through
the dipole moment og)erator. Among them the energetically nearest to the EF’ state
are the B ' 3} and C 'II,, states. Their BO energy curves are known with very high
accuracy from calculations based on KW [29-31] and ECG [32] wave functions.
The energy spacings AE(B—EF) and AE(C— EF) as functions of R are displayed
in Fig. 1. When, for a fixed R, the external field frequency w corresponds to AE,
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Table 1. The Born—Oppenheimer energy and the parallel and perpendicular components

of the polarizability for the EF IE; state of H, at selected distances R

R (bohr) EY/E, a/e?a3Ey! a, lealE;!
0.000 - +800.317% +800.317%
0.010 97.854294759 +800.636 +800.605
0.250 1.958420900 +951.949 +928.513
0.500 0.127042176 +1416.83 +1235.39
0.750 —0.381959097 +2979.38 +1743.94
1.000 —0.580085574 —13382.3 +2601.31
1.250 —0.666021558 —1614.39 +4218.63
1.600 —0.710336960 —414.682 +11624.0
1.800 —0.717335853 —125.379 143285.0
1.910 —0.718154650 —3.96026 —192512.
2.000 —0.717715240 +82.5321 —39741.6
2.500 —0.705475032 +418.183 —12454.5
3.000 —0.690747014 +334.458 +14809.2
3.500 —0.699079636 —221.937 +306.718
4.000 —0.711884469 —721.363 +94.3393
5.000 —0.710203357 —6949.14 +67.3944
6.000 —0.694267005 —71064.1 +76.6692
7.000 —0.677165620 —441306. +97.0209
8.000 —0.662220979 —330595. +131.137
10.000 —0.640254736 —198117. +327.412
12.000 —0.628742051 —88288.2 +1818.09
15.000 —0.625202952 +17897.8 +16210.9

* This value can be compared with the ‘exact’” atomic value +800.31633(7) computed by Yan and
Babb [33].

the energy is absorbed and the polarizability component «,(w) has a pole. If two
interacting states cross each other at some internuclear distance, then the
polarizability has a singularity at zero frequency. In other words, the static
polarizability considered as a function of R exhibits poles at those internuclear
distances at which the EF state crosses one of the coupled states. From the known

0.01 T T T T T T T 0.08
0.00 \ 0.07
-0.01F} - 0.06 1
o 002 | |l 0.05 |
™ i 004
W -0.03 b 1 &
@ © 003
w 4 4 w
< 00 < 002
-0.05 | R 001k \\
-0.06 b 0.00
~0.07 . . . . . . . ~0.01 . . . . . . .
00 10 20 30 40 50 60 7.0 80 00 10 20 30 40 50 60 7.0 80
R/bohr R/bohr

Fig. 1. Energy difference of B and EF and of C and EF states as a function of R.
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BO energy curves of pertinent states we can expect the parallel component « to
have singularities at R=0.9873 and 15.4482 bohr whereas the perpendicular « | at
R=1.8886 and 2.9055 bohr. Because all three interacting states have the same
dissociation limit, AE tends to zero when R— o and we can also expect that both
polarizability components will escape to infinity with growing R.

In the present variation—perturbation calculations the first order corrections 'lf,(rlﬁ
were expanded in 600-term ECG basis defined in equations (15) and (16). The
components of the polarizability were computed from equation (11) using the
optimized llff,ﬂr) The optimization was performed separately for each component
and internuclear distance. The values of o, (w) are arithmetic sums of the plus and
minus components (equation (12)) computed from two separate first-order
corrections. For a given component v (either || or 1), 'I’,(,Q and ¥V are expanded
in the same basis but, because they are solutions to two different equations
(equation (9)) they differ in the linear expansion coefficients. The computed
components of the static polarizability «(R) and « | (R) are drawn in Fig. 2 and
their numerical values at selected internuclear distances are listed in Table 1.

As far as the polarizability of the ground state is concerned, the o, (w)
functions vary slowly with « and exhibit no poles. The «,_(w) components are
responsible for large variations in the polarizability value and for the presence of
the poles. The non-static optimization can then be performed with respect to the
latter component at a frequency slightly smaller than the first resonance energy.
If we are interested just in the static polarizability it is sufficient to perform
optimization at w =0. For an excited state, however, the interacting states can lie
below a given state (see Fig. 1) and the poles are generated by the plus component
as well. In such a case the optimization has to be performed at frequency larger
than the value of the energy gap AE at given R.

In order to compute the polarizability for the lowest rovibrational level of the
EF state we have to solve the radial nuclear Schrédinger equation.

2
1 d%x,(R)
v/ —
R + Vi (R)xo/(R) = Eyyxu(R), (17)
8000
40000 1
6000 - 30000 | g
4000 | 20000 1
e T e 10000 F 1
w w
~ 2000 | N o
K K
5 0 3 g S 10000 F 4
-20000 | 1
—2000
~30000 - 1
_4000 [ 1 1 1 1 1 1 1 1 ] _40000 L 1 1 1 1 1 1 1 1 i
0.0 05 1.0 1.5 2.0 25 30 3.5 4.0 45 50 0.0 05 1.0 1.5 20 25 3.0 35 40 45 50
R/bohr R/bohr

Fig. 2. o and o | as functions of R. The vibrational wave function x((R) (dashed line) is
drawn not in scale.
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where u is the reduced mass of the system, V,(R) is a sum of E(O)(R) and a
centrifugal term J(J+ 1)/(2,U,R ), and where the eigenvalues, E,;, and the
eigenfunctions, x,,(R), are labeled by the vibrational and rotational quantum
numbers v and J, respectively. The solution was found numerically by means of
Numerov—Cooley—Cashion [34] integration method as implemented in LeRoy’s
Level program [35]. The potential V(R) was interpolated using 4-point piecewise
polynomials and the integration step was 0.0189 bohr. The lowest rovibrational
level Eyo was found 19208.8522 cm ™ ' below the dissociation energy. The nuclear
wave function Xoo(R) has a maximum at R=1.96 bohr. It Vamshes quickly on both
sides of the maximum so that |xo(R)|* drops below 10~ outside the (0.9,5.0)
range of R /(bohr). A plot of xyy(R) is shown as a dashed line in Fig. 2. This wave
function was employed to compute the vibrationally averaged values of both
polarizability components

= [X30(R)a,(R)xo0(R) dR. (18)

The integration was performed numerically in the range (0.9,5.0) with an
assumption that the |Xoo| vanishes sufficiently fast to dump the whole integrand
and the contribution to the integral from the outside of this range is negligible. The
main dlfﬁculty in the integration origins from the poles located at the distances at
which |X00| has meaningful values. In order to deal with the singularities
appearing inside the integration domain, it was assumed that in the proximity of a
pole R, the polarizability curves can be modeled by

B C
FR) = A+ —% R o (19)

with the parameters A, B, and C determined by fitting to the known «,(R) points.
For A=0 and R, =0 the function f(R) is antisymmetric i.e., it was assumed that the
polarizability varies equally fast but with opposite signs on both sides of the pole.
Within this model the polarizability growing to infinity on one side of the pole is
compensated on the other side. The integration in equation (18) leads to

o’ =27¢%aE, " and oY) = —9.6 X 10°’ GGy !, (20)

and to the total polarizability a® defined as one third of the trace of the
polarizability tensor

a® = —6.4 X 10%’@E; " (21)

4. CONCLUSIONS

Although the wave functions employed to compute polarizability at separate
internuclear distances are of very high accuracy the presence of the singularities in
the integration domain lowers significantly the precision of the final results.
Nevertheless, the present computation reveals that the total polarizability of the
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EF IE}bf in the lowest vibrational state is negative. For this reason it would be
interesting to study an interaction of the hydrogen molecule in the EF state with an
external atomic or molecular system.
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Abstract

Locally dense basis sets (<KDBSs) were developed for correlated ab initio calculations of vicinal
fluorine—fluorine indirect nuclear spin—spin couplings in several saturated and unsaturated
fluorinated hydrocarbons. We find that the choice of the basis set for each atom belonging to our
studied model compounds depends on its location with respect to the coupled fluorine atoms and on
the cis/trans or synperiplanar/antiperiplanar conformation of the molecule. Carbon atoms in the
bonding path connecting the coupled fluorine atoms have to be described with better basis sets than
the carbon atoms outside this path. For the hydrogen atoms directly connected to the coupling
pathway in molecules with trans or antiperiplanar conformations and for all hydrogen atoms not
directly connected to the coupling pathway one can employ a minimal basis set with only one s-
function. Employing these type of LDBSs we can reduce the number of necessary basis functions by
about 30% without losing more than about 1 Hz in accuracy. The analysis of the four contributions
to the vicinal fluorine—fluorine coupling constants shows that the non-contact orbital paramagnetic
term is the most important contribution followed by the also non-contact spin-dipolar term.
The Fermi contact term is the largest contribution only in the synperiplanar conformations of
1,2-difluoroethane and -propane.

Contents

1. Introduction 162

2. Theory 163

3. Computational details and nomenclature 164

4. Results 168
4.1. Difluoroethyne 168
4.2. trans-1,2-difluoroethene and trans-1,2-difluoropropene 169
4.3. cis-1,2-difluoroethene and cis-1,2-difluoropropene 171
4.4. app-1,2-difluoroethane and app-1,2-difluoropropane 173
4.5. spp-1,2-difluoroethane and spp-1,2-difluoropropane 175
4.6. Physical implications 178

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 48 © 2005 Elsevier Inc.

ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)48012-0 All rights reserved



162 M. Sanchez et al.

5. Conclusions 179
Acknowledgements 181
References 181

1. INTRODUCTION

The parameters of nuclear magnetic resonance (NMR) spectroscopy, i.e.,
chemical shift and indirect nuclear spin—spin coupling constant J, are useful
tools in the analysis of chemical structures. As an example, important progress
was recently made in the determination of three-dimensional structures of proteins
and nucleic acids in solution by NMR spectroscopy [1]. Vicinal spin—spin
coupling constants hereby play an important role in the determination of torsional
angles. Theoretical predictions of chemical shifts and coupling constants can give
the necessary insight into the physical mechanism involved.

However, accurate calculations of indirect nuclear spin—spin coupling constants
are computationally very demanding. Jens Oddershede has contributed substan-
tially to this field over the years [2-22]. One of the questions he addressed so far
was the selection of an optimal basis set of Gaussian-type functions [10,20] which
plays an important role in obtaining converged results within reasonable
computational cost. The search for optimized basis sets which allow for the
quantitative reproduction of experimental results has recently attracted much
attention again [20,23-27]. The optimized basis sets turn out to be rather large, too
large for accurate calculations on anything but small molecules. Provasi ef al. [25]
therefore proposed recently to make use of the old idea of locally dense basis sets
(LDBSs) [28,29] also in the calculation of spin—spin couplings. This approach has
in the meantime been used in several theoretical studies [30-40]. The evident
advantages of this approach are: (i) the reduction of the computational cost without
significant loss in the accuracy; (ii) the possibility of increasing the level of
approximation, mainly of electronic correlation, in the calculations; and (iii) to
obtain information about the way the coupling constants are transmitted in the
molecule. Apart from the first LDBS study by Provasi et al. on the vicinal proton—
proton couplings in monohalogen substituted ethane [25] no systematic
investigation of couplings between other nuclei has been reported so far. The
purpose of the present work is therefore to study the performance of LDBSs in
the calculation of vicinal fluorine—fluorine coupling constants, 3Jep, in saturated
and unsaturated hydrocarbons. As model systems we have chosen difluoroethyne
(1), trans-1,2-difluoroethene (2), trans-1,2-difluoropropene (3), cis-1,2-difluor-
oethene (4), cis-1,2-difluoropropene (5), antiperiplanar-1,2-difluoroethane )",
antiperiplanar-1,2-difluoropropane (7), synperiplanar-1,2-difluoroethane (8) and
synperiplanar-1,2-difluoropropane (9). The study is focused on two
main purposes:

(a) To analyze the sensitivity of this coupling on the basis set employed.
(b) To design optimized LDBSs for the calculation of vicinal F-F couplings

! The prefixes synperiplanar and antiperiplanar will often be abbreviated as spp and app in the following.
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which maximize the ratio between the accuracy of the results and the size of
the basis set.

Fluorinated organic compounds and their NMR spectra have recently attracted
much attention due to their important biological activity and as promising
candidates for quantum computers [41]. Fluorine has been incorporated into
alpha-helices [42,43], proteins [44,45] and bioactive small molecules [46—49]
as NMR probes for aggregation, microenvironmental structure and binding site
interactions. Several classes of medicines contain fluorine atoms, which allow to
monitor their transport in vivo in the human body by magnetic resonance imaging
techniques [50]. Furthermore, unusually large F-F coupling constants have been
predicted for conjugated systems [39].

We have employed the second-order polarization propagator approxima-
tion (SOPPA) in this study, a method which was mainly developed by Jens
Oddershede and his co-workers [3,4,20,51-56]. Barone et al. [32] have recently
shown that SOPPA reproduces the vicinal F-F couplings reasonably well in 1,2-
difluoroethene.

The remaining chapter is divided into four sections. The following two sections
review briefly the theory of spin—spin coupling constant calculations, report the
computational details of the calculations and describe the nomenclature used in
this work. In Section 4, the results of the LDBS study are discussed. It starts with a
subsection on the converged results for the model systems studied here. Finally,
the last section summarizes the conclusions of the present work.

2. THEORY

The non-relativistic theory of the indirect spin—spin coupling constant between
two nuclei M and N was formulated by Ramsey, who proposed four contributions
for it [57]. These four contributions arise from two different mechanisms by which
a nuclear magnetic moment perturbs the surrounding electrons and the induced
electronic current or spin polarization generates a magnetic field in the region
close to the other nucleus that interacts with its nuclear magnetic moment. The
interaction of the nuclear spin with the spin of the electrons is accounted for by the
Fermi contact (FC) and spin dipolar (SD) contributions, while their interaction
with the orbital angular momentum of the electrons is given by the orbital
paramagnetic (OP) and orbital diamagnetic (OD) contributions.

The first three contributions, which depend on the first-order wave function, can
be expressed as sum over states:
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The magnetogyric ratio of the nucleus M is vy, Fiq = 73 — Iy 18 the difference
between the position vectors of the electron i and the nucleus M, ; is the spin
angular momentum operator and /; the orbital angular momentum operator of the
ith electron, d6(x) is the Dirac delta function and all the other symbols have their
usual meaning [58].

The OD term is an average value of the ground state:

1
R =5 IS 01Ol )
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although it can also be formulated as a sum over states [59].

Excited triplet states |n) with energy E,, are included in the sum for the FC and
SD terms, while excited singlet states contribute to the OP term. Recalling the
spectral representation of the polarization propagator for zero frequency w [60]

oy — 25~ OPI G0l
«P; ONw=0 2; Ey—E, (7

it can be seen that those three contributions can be calculated without knowing
explicitly the excited states. Within the random phase approximation (RPA)
[61] or time-dependent Hartree—Fock theory [62] the polarization propagator
is evaluated consistently through first order in the fluctuation potential, i.e.,
the difference between the instantaneous interelectron interaction and the average
interaction of the Hartree—Fock approximation. In the SOPPA [52] the single
excitation contributions to the polarization propagator are evaluated through
second order in Mgller—Plesset perturbation theory [63,64]. Explicit expressions
for SOPPA have been given elsewhere [4,20,53-56].

3. COMPUTATIONAL DETAILS AND NOMENCLATURE

The geometry for all the studied model compounds was optimized with the
Gaussian98 program [65] at the MP2/cc-pVTZ level using the very tight option.
The internal coordinates of the optimized geometries are given in Table 1. The
total Jr_g coupling constants and their four contributions were calculated with
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Table 1. Geometries (in A and degrees) calculated at MP2/cc-pVTZ level

Compound

Salient geometric parameters

n(FF)=3.7673, r(CF)=1.2864,
H(CC)=1.1945

H(FF)=3.5372, r(CF)=1.3400,
H(CC)=1.3258, (CH)=1.0778,
/ (FCC)=120.1701,
/ (FCH)=115.1236

(FF)=3.5338, r(1C3F)=1.3505,
r(2C4F)=1.3443, r(1C2C) =1.3293,
r(1C6C)=1.4790, r(2CSH)=1.0772,
/ (3F1C20)=117.1972,

/ (4F2C1C)=120.6879,
/ (2C1C6C)=128.1424,
/ (4F2C5H)=114.9643

r(FF)=2.7740, t(FC)=1.3350,
r(CC)=1.3264, r(CH) = 1.0773,
£ (FCC)=122.8302,
/ (FCH)=115.2188

r(FF)=3.5338, r(1C3F)=1.3443,
r(2C4F) =1.3386, r(1C2C)=1.3299,
r(1C6C)=1.4813, r(2CSH)=1.0768,
/ (3F1C2C)=119.9497,
/ (4F2C1C)=122.3318,
£(2C1C6C) = 125.5068,
/ (4F2C5H)=114.9868

(continued)
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Table 1. (continued)

Compound Salient geometric parameters

H(FF)=3.5419, r(CF)=1.3838,
HCC)=1.5107, (CH)=1.0878,
/ (FCC)=108.1414,

/ (FCH)=108.8924,
/ (HCH)=109.5053

r(FF)=3.5404, r(1C3F)=1.3936,
H(2C4F)=1.3846, r(1C2C)=1.5143,
r(1CSH) = 1.0900, (1C8C) =1.5056,
7(2C6H) = 1.0894, {(2CTH)=1.0877,
£ (3F1C2C)=105.8568,
/ (4F2C1C)=109.1488,
£(2C1C8C)=112.9819,
£ (2C1C5H) = 109.7840,
/ (4F2C6H) = 108.6942,
£ (4F2C7H) = 108.7976

(FF) =2.5163, (CF)=1.3754,
7(CC)=1.5425, (CH)=1.0880,
£ (FCC)=110.7310,

/ (FCH)=108.0009,
/ (HCH) = 108.8507

#(FF)=2.5022, r(1C3F)=1.3832,

r(2CAF) = 13754, r(1C2C) = 1.5453,
r(1CSH)=1.0901, r(1C8C)=1.5079,
7(2C6H)=1.0887, r(2C7H)=1.0897,
/ (3F1C2C)=109.3907,
/ (4F2C1C)=111.2098,
/ (2C1C8C)=112.0529,
£ (2C1C5H)=109.4548,
/ (4F2C6H)=108.1834,
/ (4F2C7TH) =107.6864

(€]
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the Dalton program package [66]. Electronic correlation was included in all
calculations by the SOPPA method [4,20,52].

In the calculations of the F—F spin—spin couplings we employed the following
basis sets:

(i) standard basis sets, cc-pVXZ (with X=D or T) and their augmented
versions, aug-cc-pVXZ (which include diffuse functions) [67-69],

(i1) optimized NMR-J basis sets, aug-cc-pVTZ-J [26,70], which permit an
adequate treatment of the cusp of the wave function at the nucleus and give
therefore a very good description of the FC term (Ref. [26] and references
cited therein),

(iii)) a minimal basis set, containing only one s-type Gaussian function with
coefficient 1.159 for hydrogen and two s-type Gaussian functions with co-
efficients 3.319 and 0.9059 and one p-type Gaussian function with coefficient
0.3827 for carbon.

We have investigated several series of LDBSs which were generated as
different combinations of these basis sets for the non-coupled atoms and the
aug-cc-pVTZ-J basis set for the coupled fluorine atoms. The results are presented
graphically in Figs 1-10.

In order to simplify the discussion of the different LDBSs we use the following
acronyms for the basis sets:

apTJ : for aug-cc-pVTZ-J

apT: for aug-cc-pVTZ

pT: for cc-pVTZ

apD: for aug-cc-pVDZ

pD: for cc-pVDZ

m:  for the minimal basis set of only one s-type function with coefficient 1.159
for hydrogen and two s-type Gaussian functions with coefficients 3.319
and 0.9059 and one p-type Gaussian function with coefficient 0.3827 for
carbon

A LDBS is then identified by listing the labels for the basis sets separated by /.
The first label is for the coupled fluorine atoms, the second is for the atoms in the
structure of interest, i.e., in this work the coupling path (here always carbon), the
third labels are for atoms directly bond to the atoms in the coupling path and
the last is for atoms not directly bond to the coupling path. When more than one
type of atoms belong to a group, e.g., ‘6C’ and ‘SH’ in (3), the basis set labels
will then appear in order of decreasing atomic number. The label LDBS apTJ/
apTJ/[pT/pD])/m for 1,2-difluoropropen (3) or (5), e.g., stands therefore for a
LDBS with the aug-cc-pVTZ-J basis set on the fluorine atoms and on the doubly
bonded carbon atoms, the cc-pVTZ basis set on the carbon atom in the methyl
group, the cc-pVDZ basis set on the vinyl hydrogen and the minimal basis set on
the hydrogen atoms in the methyl group. In the figures the first label representing
the basis set for the coupled fluorine atoms was dropped for the sake of readability.
In Table 2 the best basis set for each molecule is given.
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Table 2. The best basis sets for the molecules included in this study

Molecule Basis® Number
(1) Difluoroethyne apTJ/apTJ 184
(2) trans-1,2-difluoroethene apTJ/apTJ/apT] 224
(3) trans-1,2-difluoropropene apTJ/apTJ/[apTJ/pD]/m 238
(4) cis-1,2-difluoroethene apTJ/apTJ/apT] 224
(5) cis-1,2-difluoropropene apTJ/pT/[pT/m]/m 186
(6) antiperiplanar-1,2-difluoroethane apTJ/apTJ/pT 240
(7) antiperiplanar-1,2-difluoropropane apTJ/apTJ/[apTJ/pD]/m 248
(8) synperiplanar-1,2-difluoroethane apTJ/apTJ/pT 240
(9) synperiplanar-1,2-difluoropropane apTJ/apTJ/[apTJ/pD]/m 248

#See Section 3 for nomenclature used.

4. RESULTS

The results of the LDBS study are presented graphically in Figs 1-10. The figures
show the deviation of the results for the total vicinal F-F couplings as well
as the OP, SD and FC contributions obtained with the given LDBS from
the corresponding result obtained with the largest basis set as given in Table 2.
The OD contribution is not included in the figures, because the changes in OD
term are for most basis sets smaller than 0.01 Hz and the largest change is only
0.02 Hz. The label representing the basis set for the coupled fluorine atoms is not
included in the figures.

The whole set of values for * Jr_p in the studied compounds are available on
request.

4.1. Difluoroethyne
From Table 3 we can see that the negative OP contribution is the most important
term in the vicinal F-F coupling in difluoroethyne (1). The SD and FC terms are

Table 3. 3/ 1 coupling constants and their four contributions (in Hz) calculated with
the best set (see Table 2) at the SOPPA level at MP2/cc-pVTZ geometry

Jeop JoP J5P JEe J Exp.

6 —1.82 —54.64 28.39 6.55 —21.52 2.12
) —-1.77 —143.27 22.69 —11.28 —133.62 —132.7°
3) —1.70 —134.90 18.44 —12.02 —130.18

4 —0.42 —38.44 24.21 0.58 —14.06 —18.7¢
5) —0.21 —29.50 22.31 0.96 —6.43

(6) —1.55 —39.18 14.34 —10.54 —36.93 —30.0¢
@) —1.50 —29.23 15.13 —12.22 —27.82

8) 0.19 —12.60 8.94 35.80 32.32

9) 0.35 —18.73 7.37 40.25 29.24

aRef. [71].

> Ref. [72].

°Ref. [73].

4 Estimated [74].
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Fig. 1. Dependence of the vicinal F-F coupling constant in difluoroethyne on the basis set
used for the carbon atoms: Deviation (in Hz) of the locally dense basis set result from the
calculation with the apTJ/apTJ basis set. Only the basis sets on the non-coupled atoms are
used as labels on the basis set axis. The apTJ basis set was used for fluorine in all
calculations.

positive in this molecule and amount to only about 50 and 10% of the OP term,
respectively.

In Fig. 1, the results of the LDBS study are shown. Usage of standard basis sets
of valence triple and double { quality on the carbon atoms changes the vicinal F-F
couplings by at most 3 Hz while the basis set can be reduced by 64 functions or
35%. The changes are a lot more important for the OP term than for the FC and SD
terms. It is interesting to note that employing the apT or pT basis sets on carbon
increases the OP term by ~ 1 Hz whereas the apD and pD basis sets reduce it by
~3 Hz. The additional diffuse functions in the apT and apD basis sets on the
carbon atoms seem to be of no importance for the vicinal F-F couplings in
difluoroethyne. The LDBS apTJ/pT (aug-cc-pVTZ-J on fluorine and cc-pVTZ on
carbon) reproduces each term quite well with respect to the calculation with the
most complete basis set. As pointed out in our previous paper on long-range F-F
couplings [39] there is a large difference between our SOPPA result and the
only available experimental result. Earlier semi-empirical calculations [75] predict
—85.4 Hz, which is further away from the experimental value. The reason for this
disagreement should be investigated further.

4.2. trans-1,2-difluoroethene and trans-1,2-difluoropropene

Analyzing the four contributions to the vicinal F-F couplings in trans-1,2-
difluoroalkanes, (2) and (3), in Table 3 one sees that the large and negative OP
term is the all dominating contribution, whereas the SD and FC term amount to
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only about 16 and 8% of the OP term. The FC term is negative as for all trans or
app vicinal couplings.

Despite the dominance of the OP term it is primarily the FC term which is
influenced by the choice of the basis set on the non-coupled atoms in trans-
1,2-difluoroethene (2). Only when we reduce the basis set on the carbon
atoms to the cc-pVDZ level (LDBS apTJ/pD/pD), the change in the OP term
(1.9 Hz) becomes larger than the change in the FC term (1.8 Hz) and the error
in the total coupling exceeds 4 Hz. Similarly we observe larger changes in the
OP and SD term when the basis set on the hydrogen atoms is reduced to the
minimal basis set (LDBS apTJ/pT/m). However, the errors in the OP and SD
term cancel nearly, so that the change in the total coupling is almost identical
in the apTJ/pT/pD and apTJ/pT/m basis sets and is still <1 Hz.

Using the aug-cc-pVTZ-J basis set for fluorine, cc-pVTZ for carbon and
cc-pVDZ for hydrogen (LDBS apTJ/pT/pD) it is possible to reproduce each
contribution to the vicinal F-F coupling from the most complete basis set
apTJ/apTJ/apTJ without considerable loss of accuracy (<1 Hz) while reducing
the size of the basis set by 62 functions or 28%.

Turning our attention now to trans-1,2-difluoropropene (3) we can see that
the methyl group induces only minor changes in the vicinal trans-F-F coupling
constant. The absolute values of the OP and SD terms are reduced while the FC
becomes numerically larger. Comparing the individual terms we can set that the
changes increase in the order FC <total <SD < OP.

With the LDBS study on frans-1,2-difluoropropene, Fig. 3, we wanted to
investigate primarily the effect of the basis sets for the carbon atom in the methyl
group. Therefore, we used the minimal basis set for the methyl hydrogens in all
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Fig. 2. Dependence of the vicinal trans F-F coupling constant in trans-1,2-difluoroethene
on the basis set used for the carbon atoms and hydrogen atoms: Deviation (in Hz) of the
locally dense basis set result from the calculation with the apTJ/apTJ/apTJ basis set. Only
the basis sets on the non-coupled atoms are used as labels on the basis set axis. The apTJ
basis set was used for fluorine in all calculations.
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Fig. 3. Dependence of the vicinal trans F-F coupling constant in trans-1,2-
difluoropropene calculated at the SOPPA level on the basis set used for the carbon
atoms and hydrogen atoms: Deviation (in Hz) of the locally dense basis set result from the
calculation with the apTJ/apTJ/[apTJ/pD]/m basis set. Only the basis sets on the non-
coupled atoms are used as labels on the basis set axis. The apTJ basis set was used for
fluorine in all calculations.

calculations shown in Fig. 3. Reducing the basis set for the vinyl hydrogen from
cc-pVDZ to the minimal basis set introduces only insignificant changes in the
order of 0.1 Hz and this basis set was thus used in all the other calculations for
this molecule. Similarly the changes in the total coupling constant introduced by
reducing the basis set for the two doubly bonded carbon atoms to the cc-pVTZ
level are small. However, using the minimal basis for the carbon of the methyl
group produces important changes in the OP, SD and FC contributions (LDBS
apTJ/pT/[m/m]/m) and a total error of ~4 Hz, whereas the basis set cc-pVDZ
(LDBS apTJ/pT/[pD/m]/m) gives good results for each term and a total error of
only 1.3 Hz while reducing the size of the basis set by 68 functions or 29% with
respect to the apTJ/apTJ/[apTJ/pD]/m basis set.

4.3. cis-1,2-difluoroethene and cis-1,2-difluoropropene

The OD and OP contributions and the total value of the vicinal F-F coupling
constants in cis-1,2-difluoroethene (4) and cis-1,2-difluoropropene (5) are all
negative, whereas the SD and FC terms are positive, as can be seen from Table 3.
The OP and SD terms are of the same order of magnitude whereas the FC terms
are close to zero.

The basis set study for cis-1,2-difluoroethene (4), Fig. 4, shows that the
hydrogens are well described with the cc-pVDZ basis set (e.g., LDBS apTJ/apTJ/
pD, apTJ/apT/pD or apTJ/pT/pD), whereas with the minimal basis set the changes
in the OP term and thus the total vicinal F-F coupling become about —3 Hz
(e.g., LDBS apTJ/apTJ/m, apTJ/apT/m or apTJ/pT/m). It is interesting to note that
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Fig. 4. Dependence of the vicinal cis F-F coupling constant in cis-1,2-difluoroethene
calculated at the SOPPA level on the basis set used for the carbon atoms and hydrogen
atoms: Deviation (in Hz) of the locally dense basis set result from the calculation with the
apTJ/apTJ/apTJ basis set. Only the basis sets on the non-coupled atoms are used as labels
on the basis set axis. The apTJ basis set was used for fluorine in all calculations.

all the calculations with the minimal basis for hydrogen give larger errors in the
total F-F couplings in the cis-isomers than it was the case for the trans-isomers.
Comparing the LDBS calculations with the cc-pVTZ and aug-cc-pVDZ basis set
on the carbon atoms shows that in the former case the changes are mainly in the SD
and FC term, whereas in the latter case there are large changes in the OP term, which
are partially reduced by a now negative change in the SD term. The errors in the FC
term are actually slightly smaller in the aug-cc-pVDZ basis set. The changes in the
total vicinal F—F coupling constants are comparable in both basis sets (~1 Hz).
Nevertheless, the cc-pVTZ basis should be preferred for carbon (LDBS
apTJ/pT/pD) due to the smaller changes in the individual contributions.
Calculations of the vicinal F-F coupling constant for cis-1,2-difluoropropene
(5) suffer from triplet instabilities, when the aug-cc-pVTZ-J basis set is used
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Fig. 5. Dependence of the vicinal cis F-F coupling constant in cis-1,2-difluoropropene on
the basis set used for the carbon and hydrogen atoms: Deviation (in Hz) of the locally
dense basis set result from the calculation with the apTJ/pT/[pT/m]/m basis set. Only the
basis sets on the non-coupled atoms are used as labels on the basis set axis. The apTJ basis
set was used for fluorine in all calculations.

for the doubly bonded carbon atoms (LDBS apTJ/apTJ/[apTJ/pD]/m, apTJ/apTJ/
[apTJ/m]/m, apTJ/apTJ/[pT/m]/m). We choose therefore the apTJ/pT/[pT/m]/m
basis set as reference. From Table 3 one can see that the methyl group induces
only minor changes in the vicinal cis F-F coupling constant. The absolute values
of the OP and SD terms are reduced while the FC becomes larger. However,
the changes in the FC and SD are rather small and of opposite sign such that the
change in the total coupling is dominated by the OP term.

Figure 5 shows that the best overall description of the coupling constants is
obtained with the combination of cc-pVTZ on the doubly bonded carbon atoms,
cc-pVDZ on the methyl carbon atom and the minimal basis set on all hydrogens
(LDBS apTJ/pT/[pD/m]/m) — the same basis set as for the trans-isomer.

4.4. app-1,2-difluoroethane and app-1,2-difluoropropane

There are several similarities between the vicinal F-F coupling constants in
antiperiplanar conformers of 1,2-difluoroalkanes, (6) and (7), and the corres-
ponding trans-1,2-difluoroalkenes, (2) and (3). The sign of the four contributions
is the same, the SD is positive and all other contributions as well as the total
coupling constant are negative. Furthermore, the FC terms are almost identical
and thus do not depend on the character of the C—C bond in the coupling pathway.
The SD and OP contributions on the other hand are smaller in the app-1,2-
difluoroalkanes, the SD term is only about 2/3 and the OP roughly 1/4 of the
values in the trans-1,2-difluoroalkenes. Furthermore, the FC and SD contributions
are very similar but of different sign and the total coupling constant becomes
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Fig. 6. Dependence of the vicinal app F-F coupling constant in antiperiplanar-1,2-
difluoroethane on the basis set used for the carbon and hydrogen atoms: Deviation (in Hz)
of the locally dense basis set result from the calculation with the apTJ/apTJ/pT basis set.
Only the basis sets on the non-coupled atoms are used as labels on the basis set axis.
The apTJ basis set was used for fluorine in all calculations.

therefore very close in value to the OP contribution. The introduction of the
methyl group in app-1,2-difluoropropane (7) leads again to a reduction of the
absolute value of the OP and a much smaller increase in the absolute value of
the FC and SD term.

From Fig. 6 for app-1,2-difluoroethane (6) it can be seen that it is enough to
describe each hydrogen with the cc-pVDZ basis set (LDBS apTJ/pT/pD), whereas
with the minimal basis set on the hydrogen atoms the FC term change by more
than 1 Hz (LDBS apTJ/pT/m). Nevertheless, the changes in the total coupling
constant is still much less than 1 Hz due to a cancellation of errors. The carbon
atoms are also well described by the cc-pVTZ basis set (LDBS apTJ/pT/pD).
With this LDBS it is possible to reduce the size of the basis set by 68 functions
(28%) without considerable loss of accuracy (<1 Hz). Using a smaller carbon
basis sets, (LDBS apTJ/pD/pD) leads to larger errors in the FC term and the total
coupling constant (~2 Hz). The extra diffuse functions in the augmented basis
sets are again not necessary for describing the electronic densities around the
carbon atoms in this molecule.

In the case of the antiperiplanar conformer of 1,2-difluoropropane (7) we
studied again the influence of the basis for the carbon atom in the methyl group.
For all hydrogen atoms we used the minimal basis set apart from the reference
calculation where the cc-pVDZ basis set was employed on hydrogens ‘SH’, ‘6H’
and ‘7H’. The result, shown in Fig. 7, is the same as for trans-1,2-
difluoropropene (3). The electron density around the methyl carbon, although
it is out of the F-F bonding path, is not properly described with the minimal basis
set. The OP, SD and FC terms are all not well reproduced by this calculation
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Fig. 7. Dependence of the vicinal app F-F coupling constant in antiperiplanar-1,2-
difluoropropane on the basis set used for the carbon and hydrogen atoms: Deviation
(in Hz) of the locally dense basis set result from the calculation with the apTJ/apTJ/[apTJ/
pD]/m basis set. Only the basis sets on the non-coupled atoms are used as labels on the
basis set axis. The apTJ basis set was used for fluorine in all calculations.

(LDBS apTJ/pT/[m/m]/m). Nevertheless, due to a cancellation of the errors, the
change in the total coupling constant is only — 1.3 Hz. With the cc-pVDZ basis
set on the carbon in the methyl group, on the other hand, all terms are correctly
reproduced (LDBS apTJ/pT/[pD/m]/m), which allows to reduce the basis set by
76 functions (31%) with respect to the more complete calculation.

A comparison of Figs 2 and 6 or 3 and 7 shows that the changes in the FC and
often also in the OP term due to the smaller basis sets are generally smaller in the
alkanes than in the alkenes.

4.5. spp-1,2-difluoroethane and spp-1,2-difluoropropane

Contrary to all the other molecules studied here, the FC term is the largest
contribution to the vicinal F-F coupling constants in the synperiplanar con-
formers of the 1,2-difluoroalkanes (8) and (9). This is quite remarkable, because
it is a factor of 40-50 larger than in the corresponding difluoroalkenes, (4) and (5),
and because there is no significant difference between the trans-difluoroalkenes,
(2) and (3), and the app-difluoroalkanes, (6) and (7). The second largest contri-
bution is the negative OP term. However, the total F-F coupling constants are
quite similar to the FC term, because the OP and SD terms are of the same order of
magnitude but have opposite signs.

It can be seen from Fig. 8 that the minimal basis set on the hydrogen atoms
produces larger errors in the OP term and FC term of 1,2-difluoroethane in
the synperiplanar conformation (8) than in the antiperiplanar conformation (6).
The same difference was also observed between the trans and cis couplings in the
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The apTJ basis set was used for fluorine in all calculations.

difluoroalkanes, (2) and (4), and indicates a difference in the coupling pathway.
But with the cc-pVDZ basis set for the hydrogen atoms one obtains good results
(LDBS apTJ/apTJ/pD, apT)/pT/pD, apTJ/apD/pD).

The carbon atoms are well described by the cc-pVTZ basis set. The F-F
coupling is almost identical to the large basis set value. However, the size of the
basis set can further be reduced by using the aug-ccpVDZ basis sets for the carbon
atoms. Although the error in the OP term increases in this case, the change in the
total coupling constants is still about 1 Hz only (LDBS apTJ/apD/pD).

Reducing the basis set for the non-methyl hydrogens to the minimal basis set
gives also in spp-1,2-difluoropropane (9) a larger error as shown in Fig. 9. We
have therefore carried out two series of basis set studies — one with the cc-pVDZ
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basis set on these hydrogen atoms (remaining columns in Fig. 9) and the second
with only the minimal basis set. In the latter case, 10, we choose then LDBS
apTJ/apTJ/[apTJ/m]/m as the reference basis set. In this way, we can study the
influence of the carbon basis sets. The conclusion is that the cc-pVDZ basis set is
good enough to describe the carbon atoms of the methyl group, whereas the
minimal basis set gives again larger changes in the OP and FC term, which
however partly cancel out (Fig. 10). Secondly, reducing the basis set for the
methyl hydrogens to the minimal basis set has not significant effect (see Fig. 9).

4.6. Physical implications

From an analysis of the LDBSs developed in the previous sections one can also
gain insight on which parts of the electronic structure of the molecules are relevant
or irrelevant for the transmission of the indirect nuclear spin coupling through the
molecule.

For trans-1,2-difluoroethene, (2), and the antiperiplanar conformation of 1,2-
difluoroethane, (6), a good LDBS consists of the aug-cc-pVTZ-J basis set for
fluorine, cc-pVTZ for carbon and cc-pVDZ or a minimal basis set for the hydrogen
atoms (LDBS apTJ/pT/pD or apTJ/pT/m). These basis sets lead to an error
smaller than 1 Hz (see Table 4). They ensure an adequate treatment of the cusp
of the wavefunction at the site of F nuclei [26] as well as a good description of
the valence orbitals of the coupled fluorine atoms, even far away from the nuclei,
due to the presence of four very tight s-functions and large number of diffuse and
polarization functions in the aug-cc-pVTZ-J basis set. A good description of the
valence orbitals of the carbon atoms is also ensured by the use of the cc-pVTZ basis
set; however, this basis set does not contain tight or extra diffuse functions. The
hydrogens can be described adequately by the cc-pVDZ basis set or even by a
single s-function.

This analysis shows that in order to get a quantitative reproduction of the
trans-vicinal F-F coupling it is necessary to describe properly the core orbitals
of the coupled fluorine atoms as well as the valence orbitals of the whole system

Table 4. Errors in the vicinal F-F coupling constants and reduction in the number of basis
functions for various locally dense basis sets in comparison with the apTJ/apTJ/apTJ basis
set for difluoroethyne (1) and the 1,2-difluoroalkanes, (2) and (4), and the apTJ/apTJ/pT
basis set for the 1,2-difluoroalkanes, (6) and (8). All calculations were carried out using
SOPPA

apTJ/pT/pD apTJ/pT/m apTJ/pD/pD apTJ/pD/m
Hz % Hz % Hz % Hz %
1) 2.0 17 2.2 35
2) 0.9 28 0.9 31 4.1 42 4.1 46
©) 1.2 28 —3.2 31 4.0 42 —2.9 46
(6) 0.7 28 0.4 35 2.0 42 3.2 48

¢)) —0.1 28 4.2 35 0.2 42 5.7 48
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Table 5. Errors in the vicinal F-F coupling constants and reduction in the
number of basis functions for various locally dense basis sets in comparison
with the apTJ/apTJ/[apTJ/pD]/m basis set for trans-1,2-difluoropropene
(3) and app-1,2-difluoropropane (7). All calculations were carried out using

SOPPA
apTJ/pT/[pD/m]/m apTJ/pT[m/m]/m
Hz % Hz %
3 1.3 29 4.4 32
™ 0.1 31 —1.3 34

F-C—C-F of F-C=C-F. This suggest that the J coupling is transmitted, in
both systems, mainly via the core and valence electrons of coupled fluorine atoms
and the valence electrons of intermediate atoms. The orbitals of the hydrogen
atoms, which are located in the region of the backloops of the C-F single bonds,
on the other hand, play a minor role in the quantitative reproduction of the trans-
vicinal F-F coupling. These results are in accord with previous findings based on
different grounds (Ref. [32]).

By a similar analysis of the results for the trans-1,2-difluoropropene, (3), and
the antiperiplanar conformation of 1,2-difluoropropane, (7), (see also Table 5)
one can see that the previous findings are still valid when the LDBS scheme is
apTJ/pT/[pD/m]/m. However, it can be seen in Figs 3 and 7 that for quantitative
reproduction of the vicinal F-F coupling it is necessary to describe the carbon
atom of the CHj3 substituent with a larger than a minimal basis set. In both cases,
the cc-pVDZ basis set was used.

On the other hand, a quantitative reproduction of the vicinal F-F couplings in cis-
1,2-difluoroethene (4) and the synperiplanar conformation of 1,2-difluoroethane
(8) is only obtained when the basis set on the hydrogens is at least of valence double
¢ quality (see Table 4 and Figs 4 and 8). This LDBS scheme shows the necessity to
describe properly not only both the core and valence orbitals of the coupled fluorine
atoms with the aug-cc-pVTZ-J basis and the valence orbitals of the carbon atoms
with a cc-pVTZ basis set, but also the hydrogenic orbitals which are in the region of
the backloops of the fluorine—carbon single bonds. This suggest that the main
transmission mechanism of the coupling is slightly shifted to a side, closer to the
hydrogens and away from the main F~C-C-F and F—~C=C-F structure.

5. CONCLUSIONS

In this work, results of high level ab initio SOPPA calculations of vicinal fluorine—
fluorine indirect nuclear spin couplings are presented for 1,2-difluoroethene,
-propene, -ethane and -propane. The four contributions (OD, OP, SD, FC) and the
total value of the coupling constant are analyzed.

We find that the OP is the most important term and the absolute values of the
four contributions follow the order |OP|>|SD|>|FC|>|OD| for all the molecules
studied here with the exception of the symperiplanar conformations of 1,2-
difluoroethane and 1,2-difluoropropane, where the FC term is the most important
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one. In all multiply bonded systems, the FC term amounts to only 16% or less of
the OP term. The SD term is generally of the same order of magnitude than the OP
term with the exception of the trans couplings in the difluoroalkenes. The smallest
non-contact terms are found for the spp F-F couplings in 1,2-difluoroalkanes.
For the same molecules we find also the largest FC terms. Furthermore, we found
that the OP terms are generally larger by a factor between 1.5 and 4.5 in the trans
or app couplings than in the corresponding cis or spp couplings. The OP terms
are also larger in the difluoroalkenes than in the difluoroalkanes and particularly
large values of the OP term are found for the trans F-F couplings in the difluoro-
alkenes. The SD term is smaller in the trans than in the cis couplings, but larger in
the app couplings than in the spp couplings. On the other hand, it is always larger
across the C—C double bond than across the single bond.

With respect to the sign of the four contributions or the total coupling constants
we can see that the FC term is positive in difluoroethyne and for all cis or
spp couplings and negative for the frans or app couplings. An earlier natural
J-coupling analysis at the DFT level showed that the latter is mainly due to
the fluorine lone pairs [76]. The SD term, on the other hand, is positive for all
the molecules, whereas the OP term is negative. The total F-F coupling is con-
sequently negative with the exception of the synperiplanar conformations of the
1,2-difluoroalkanes.

The main purpose of this study, however, was the development of LDBSs
which will closely reproduce the results of large basis set for spin—spin coupling
constant calculations with a much reduced number of basis functions. We find
that the best choice of basis set for each atom belonging to the studied model
compounds depends on its location with respect to those nuclei whose coupling
are being calculated and depends also on the conformation of the latter atoms. The
carbon atoms located out of the bonding path which connects the coupled nuclei
may be described with smaller basis sets (cc-pVDZ) than those located in the
coupling pathway (cc-pVTZ), although a good basis set on the latter atoms is
more important for the structures in trans F-F conformation than for those in
cis F-F conformation. A decent basis on the hydrogen atoms directly bound to
the coupling pathway is more important for molecules with cis or spp F-F
conformation (cc-pVDZ) than for molecules with trans or app F—F conformation.
Hydrogen atoms not directly connected to the coupling pathway can safely be
described by a minimal basis set.

We recommend therefore the following LDBS scheme for compounds and
couplings equivalent to the ones studied in this paper:

e aug-cc-pVTZ-J for the coupled atoms, here fluorine

e cc-pVTZ for all atoms in the coupling pathway, here carbon

e cc-pVDZ for carbon and hydrogen atoms (only for cis- or spp-couplings)
directly bonded to the coupling pathway

e a minimal basis set for hydrogens not directly connect to the coupling path and
for the directly connected hydrogens in the case of trans- or app-couplings.

Our recommendation should not be applied without further tests to a phenyl
group attached to the coupling pathway.
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Abstract

Multiconfigurational self-consistent field (MCSCF) calculations of dipole and quadrupole
polarizability tensors of LiH and HF are reported for a wide range of internuclear distance up
to the dissociation limit. From the polarizability radial functions we have calculated state-specific
polarizabilities for all the vibrational states of the electronic ground state. Furthermore, we
compare the MCSCF polarizability radial functions around the equilibrium geometry with
corresponding functions obtained by coupled cluster linear response calculations and calculations
at the level of the second-order polarization propagator approximation (SOPPA) and the second-
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1. INTRODUCTION

The calculation of polarizabilities is one of the research topics Jens Oddershede is
working on since the beginning of his career [1-21]. Already in one of his first
papers he discussed the dipole polarizability of HF [1] and returned to it several
times later [3,6,13,14,18]. Therefore, we decided to contribute to this special issue
with a study of static dipole and quadrupole polarizabilities which are still one of
the most studied electromagnetic properties.

New experiments increase constantly the requirements on the quality and range
of calculated electromagnetic properties. State-of-the-art quantum chemical
methods can meet the experimental demands and there are numerous articles
treating the electric polarizability at the highest level of accuracy. Nevertheless,
also only a few of them treat the dependence of the tensor components of the
polarizability on the internuclear distance far from the molecular equilibrium
geometry. However, there are several good reasons for such studies.

e Molecular electric properties exhibit an appreciable dependence on nuclear
geometry and knowledge of corresponding property radial functions is
essential for the understanding of the role of vibrational and rotational
contributions to these properties (see Ref. [22] and references therein).

e Using property radial functions calculated over the appropriate range of
internuclear distances one can determine the dependence of the respective
properties on the vibrational and rotational quantum numbers. Although most
molecules are in their ground vibrational states at room temperature, the
excited vibrational states become interesting, when dealing, e.g., with laser-
induced fluorescence experiments or the spectra of cosmic objects [22].
Calculations of molecular properties in excited vibrational states, however,
require knowledge of the property radial function also for distances far from the
equilibrium geometry.

e Molecular dynamic studies used in the interpretation of experiments, such as
collision processes, require reliable potential energy surfaces (PES) of
polyatomic molecules. Ab initio calculations are often not able to provide
such PES, at least not for the whole range of nuclear configurations. On the
other hand, these surfaces can be constructed to sufficiently good accuracy with
semi-empirical models built from carefully chosen diatomic quantities. The
electric dipole polarizability tensor is one of the crucial parameters for
the construction of such potential energy curves (PEC) or surfaces [23-25].
The dependence of static dipole properties on the internuclear distance in
diatomic molecules can be predicted from semi-empirical models [25,26].
However, the results of ab initio calculations for selected values of the
internuclear distance are still needed in order to test and justify the reliability of
the models. Actually, this work was initiated by F. Pirani, who pointed out the
need for ab initio curves of the static dipole polarizability of diatomic
molecules for a wide range of internuclear distances.

Studies of the internuclear distance dependence of multipole polarizabilities are
not new. They appeared, e.g., in the papers by Maroulis et al. [27] and references
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therein. However, in the majority of these studies the polarizabilities were
investigated in the vicinity of the equilibrium internuclear distance, where
correlation method based on a single reference wavefunction, such as Mgller—
Plesset second-order perturbation theory (MP2) [28,29] or the coupled cluster
singles and doubles with perturbative triples model (CCSD(T)) [30], normally give
reliable results [31]. For calculations at larger distances, a multireference method
has to be used.

In this study we examine, therefore, the possibility to use linear response
theory for a multiconfigurational self-consistent field wavefunction (MCSCF)
[32] in calculations of polarizabilities at large internuclear distances.
The application of MCSCF linear response theory is not as straightforward
as the use of single configuration linear response methods such as the
second-order polarization propagator approximation (SOPPA) [5,33-35], the
second-order polarization propagator approximation with coupled cluster singles
and doubles amplitudes — SOPPA(CCSD) [36] or coupled cluster linear response
theory (CCSD) [37] due to the difficulties in choosing a proper set of
configuration state functions. We employ the complete active space (CAS) [38]
and restricted active space (RAS) [39] versions of MCSCF as implemented in
the Dalton program package [40] for this purpose. The selection of the active
spaces for calculations over a wide range of internuclear distances is a
demanding task and needs careful verification. In this comparative study we aim
to investigate, whether and how, the static electric polarizabilities of diatomic
molecules can be calculated as functions of the internuclear distance using
MCSCEF linear response theory. The MCSCF results will be compared with
results from the above-mentioned ‘black box’ methods [41].

The role of quadrupole polarizabilities is less pronounced. Jens Oddershede,
e.g., has studied the quadrupole polarizability of N, [10]. Furthermore, there are
studies which point out the need for calculations of quadrupole polarizabilities,
e.g., for the interpretation of spectra obtained by surface-enhanced Raman
spectroscopy [42,43]. Generally the interest in multipole polarizabilities increases
due to new experimental data. We decided, therefore, to also study how different
linear response theory methods perform in the calculation of quadrupole
polarizabilities.

The article is organized as follows. The main features of the linear response
theory methods at different levels of correlation are presented in Section 2.
Section 3 describes the calculation of the dipole and quadrupole polarizabilities
of two small diatomic molecules LiH and HF. Different computational aspects
are discussed for each of them. The LiH molecule permits very accurate MCSCF
studies employing large basis sets and CASs. This gives us the opportunity to
benchmark the results from the other linear response methods with respect to
both the shape of the polarizability radial functions and their values in the
vibrational ground states. The second molecule, HF, is undoubtedly one of the
most studied molecules. We use it here in order to examine the dependence of
the dipole and quadrupole polarizabilities on the size of the active space in the
CAS and RASSCEF approaches. The conclusions of this study will be important
for our future studies of dipole and quadrupole polarizabilities of heavier
diatomic molecules.
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2. THEORY

All the methods used in this study are response methods. They describe the
response of an observable such as an electric dipole moment i or quadrupole
moment ® to an external or internal perturbation, e.g., an electric field or field
gradient. Response functions originated in various disciplines in physics. In
statistical physics, they were used as time-correlation functions in the form of
Green'’s functions [44,45]. Linderberg and Ohrn first showed the usefulness of this
idea for quantum chemistry [46]. Since then response functions have been derived
for many types of electronic wavefunctions. Four of these methods are employed
here.

In the response function terminology [47] the i, j component of the frequency-
dependent dipole polarizability tensor «;;(—w; w) (or the ij, kI component of
the traceless quadrupole polarizability tensor Cjj(—w; w)) is defined through
an expansion of a Cartesian component of the time-dependent electronic
dipole moment, u (#) (or quadrupole moment ®;(f)), in the presence of an
periodic electric field of strength E}’ (or a periodic electric field gradient of
strength VE}))

(e}

#l(t) = #1(0) + J dw (XU(_CL), Q))Ew e(iiuH»S)t + .. (1)

J

0

0,(t) = ©;(0) + [ dw Cju(—w; 0)VEG e 7 4. )

where u;(0) and ©;(0) are Cartesian components of the permanent electronic
dipole and the traceless quadrupole moments. The static polarizabilities, which
are concerned within this study, are the values of the frequency-dependent
polarizabilities for zero frequency, w=0.

In order to obtain computational expressions for the polarizabilities, the time-
dependent moments are evaluated as time-dependent expectation values of the

dipole 4; and quadrupole operators O

wi() = @O0 o) 3)
0,1 =W 101w 1) 4)

An ansatz is then made for the time-dependent wavefunction I'Ifgo)(t))
depending on time-dependent coefficients which are expanded in the orders
of the perturbations E;’ or VEy). The wavefunction coefficients in each order of
the perturbation have to be determined from the time-dependent Schrodinger
equation or an equivalent time-dependent variation principle. Expressions
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for the polarizabilities are finally found by comparison with equations (1)
and (2).

In MCSCEF linear response theory [32] and the SOPPA and SOPPA(CCSD)
[5,33,36] this leads to the following expression for the static dipole polarizability,

e.g.,
= @O, DY@ (A @ P, g 1w ) )

where A is the unperturbed Hamiltonian of the system and {4,} denotes a
complete set of excitation and de-excitation operators, arranged as column vector
h or as row vector h. Completeness of the set of operators {/,} means that all
poss1ble excited states |[@'?) of the system must be generated by operating on
|1p(0)> ie. h, |1p(0)> |1p(0))

In SOPPA [5] a Mgller—Plesset perturbation theory expansion of the wave
function [28,48] is employed:

W5y = N(Pcp) + 100) +107) 4+

1
:N<|QDSCF)Z§:(1)KZb|¢Zb>+Z(2>Kia|qjlq>+m) (6)
ai ai
bj

where |®¢) and |d5“b) are Slater determinants obtained by replacing the
occupied orbitals i and J in the Hartree-Fock determinant |®@gcg) by the virtual
orbitals a and b; (l)KZb, @ k¢, are the so-called Mgller—Plesset correlation
coefficients and N is a normalization constant. The set of operators {#,}
consists of single and double excitation and de-excitation operators. All matrix
elements involving single (de-)excitation operators in equation (5) are then
evaluated to second order in the fluctuation potential, which is the difference
between the instantaneous interaction of the electrons and the averaged
interaction as used in the Hartree-Fock approximation. Matrix elements with
single and double (de-)excitation operators are evaluated to first order and pure
double (de-)excitation matrix elements only to zeroth order. With this definition
of SOPPA only the single excited terms in the second-order correction to the
wavefunction are needed. The SOPPA method gives excitation energies and
transition moments correct to second order [49-51], whereas response functions
like the frequency-dependent polarizability are correct through second order
[5], meaning that in addition to all second-order terms also some higher order
terms are included. The SOPPA response function, however, is not the response
of a second-order wavefunction [13].

In the SOPPA(CCSD) method [36] the Mgller—Plesset correlation coefficients
My “b and Pk¢ are replaced in all SOPPA matrix elements by the corresponding
coupled cluster singles and doubles amplitudes 7 b and 7¢, whereas in the earlier
CCSDPPA method [52,53] only some of the Msgller—Plesset correlation
coefficients were replaced. Although SOPPA(CCSD) is based on a CCSD
wavefunction, it is still only correct through second order and not the linear
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response of a CCSD wavefunction [37]. Since the MP2 correlation coefficients are
the result of the first iteration for the CCSD amplitudes, the CCSD amplitudes
give a more accurate description of the connected doubles contribution to electron
correlation. Thus it may be expected that SOPPA(CCSD) gives a better
description of electron correlation than SOPPA.

In MCSCF response theory [32] the reference state is approximated by a
MCSCF wavefunction

W) = [Pycser) = Y 19)Cio @)

where {|®;)} are configuration state functions. The set of operators {A,} contains
in addition to the non-redundant single excitation and de-excitation operators, i.e.,
the so-called orbital rotation operators [54], state transfer operators {RT, R}, which
are defined as

R} = |® M Pyicscrl 8)

where |®@,)=>",|®,)C;, are the orthogonal complement states of the MCSCF
state. In this study we have used CAS [38] as well as RAS [39] wavefunctions in
the MCSCEF linear response calculations. Throughout the paper we use for the
description of an active space the notation [55] (1141, g2, 1B1, NA2), Where nr is
the number of orbitals in the irreducible representation I' of the C,v point group.
Furthermore, we will denote a CASSCF calculation by ™“"V*CAS*"*® and a
RASSCF calculation by lagiveR ASRASS .

The last method used in this study is CCSD linear response theory [37]. The
frequency-dependent polarizabilities are again identified from the time evolution
of the corresponding moments. However, in CCSD response theory the moments
are calculated as transition expectation values between the coupled cluster state
|68(1)) and a dual state (@9 (1)

i) = (@D ;] B (0)) )
0,(1) = (V1O B (1)) (10)

Again, the coefficients describing the time dependence of the approximate
coupled cluster wavefunctions |(Dg)():(t)) and (d)(/?)(t)l are expanded in the
perturbation and are determined from the coupled cluster time-dependent
Schrédinger equation. The frequency-dependent polarizability is then obtained
from the linear term in the perturbation in the expansion of equation (10).

The isotropic dipole polarizability «, the dipole polarizability anisotropy A«
and the isotropic traceless quadrupole polarizability C are defined as

1
o =§(axx + ay, + ) (11D
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1
Aa = E \/(axx - ayy)Q + (ayy - azz)2 + (azz - axx)z (12)

1
C= E(8Cxx,xx +8Cyx, +Cp ) (13)

The methods described above are all based on the Born—Oppenheimer
approximation. Therefore, they can be used to calculate polarizabilities of
diatomic molecules for a given internuclear distance R. However, if one is
interested in values of the polarizability tensors, «” and C", for a particular
vibrational state |®, ;(R)), one has to average the polarizability radial functions
a(R) and C(R) with the vibrational wavefunction |®,,(R)), i.e., one has to
calculate the following expectation value [56]

oy = (O, |a;(R)|O,,) (14)

For the vibrational ground state with quantum number v=0 the averaged
polarizabilities are often expressed as the sum of the polarizability at an
equilibrium geometry, R., and a zero-point-vibrational correction (ZPVC)

a0 = ay(R) + A VC (15)

For diatomic molecules the vibrational wavefunctions can be obtained
numerically as solution of the one-dimensional Schrodinger equation

S +J(J+l) N e’ ZyZ;
2u \ dR? R? 4dmtey, R

+ EO(R)} |@v,1> = Eu,1|@u,1> (16)

where J is the rotational quantum number and E((R) is the electronic energy. The
vibrational averaging in equation (14) can then be carried out numerically, if one
calculates the polarizability pointwise as a function of the internuclear distance R.

3. RESULTS AND DISCUSSION
3.1. LiH

3.1.1. MCSCF radial functions

The dipole and quadrupole polarizability tensor components of LiH were
calculated by MCSCEF linear response theory with the basis set of Roos and
Sadlej [57] which consists of 13s-, 8p-, 6d-, and 2f-type sets of uncontracted
Gaussian functions on Li and 12s-, 8p-, and 5d-type sets of uncontracted
Gaussians on H. Due to the small size of the molecule we could perform
MCSCEF calculations over the whole range of internuclear distances with a very
large CAS %%0CAS?:10104 In Fig. 1, we present the tensor components,
isotropic, and anisotropic values of the dipole polarizability tensor « as function
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Fig. 1. LiH: dipole and quadrupole golarizability tensor radial function (in atomic
units) calculated with a "°CAS?*19104 wavefunction.

of the internuclear distance R. The components and the isotropic value of
quadrupole polarizibility tensor C are also shown in Fig. 1. The corresponding
numerical data are available on request from the authors.

The dipole polarizability curves are in excellent agreement with recently
published values of Mérawa et al. [58] which were obtained with the
time-dependent gauge invariant method and at the CCSDI[T] level. Our values
at the equilibrium internuclear distance R.=3.014 a.u., o,,=28.94 a.u. and o, =
24.52 a.u. are also in good agreement with R12-CCSD(T) results by Tunega and
Noga [59] at R.=3.015 a.u.: o, =29.57 a.u. and «,,=25.79 a.u. The results for
the traceless quadrupole polarizability tensor calculated at the equilibrium
internuclear distance, C,, ,=105.6 a.u., C,, ,=118.3 a.u. and C,, .,,=212.6 a.u.,
are similarly in good agreement with the earlier values of Bishop and Lam [60]
obtained by a point charge technique at the MCSCF level using a smaller basis set:
Coxx=9%au., C,,,,=118 a.u., and C,, ;=222 a.u.
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Table 1. LiH: calculated values of the dipole and quadrupole polarizability (in atomic
units) in the vibrational state v

v oy o, o Ao’ C;x,xx C;z,xz ng,zz o

0 30.240 27.212 29.231 3.029 110.12 123.07 22470 209.02
1 31.391 29.867 30.883 1.524 119.38 132.70 250.08 226.67
2 32.628 32.906 32.721 —0.278 129.62 143.01 278.52 24596
3 33.962 36.418 34.781 —2.456 141.04 154.09 310.54 267.15
4 35.407 40.512 37.109 —5.105 153.82 165.99 346.68 290.51
5 36.975 45.285 39.745 —8.310 168.07 178.68 387.47 316.14
6 38.687 50.897 42.757 —12.210 184.04 192.25 433.70 344.40
7 40.572 57.576 46.240 —17.004 202.08 206.77 486.40 375.72
8 42.652 65.542 50.282 —22.890 22246 222.24 546.50 410.41
9 44,966 75.116 55.016 —30.149 245.61 238.72 615.31 449.00

10 47.558 86.666 60.594  —39.109 271.96 256.26 694.26 492.01
11 50484 100.632 67.200 —50.149 302.02 27490 784.82 540.02
12 53.818 117.454 75.030 —63.636 336.16 294.69  888.12 593.49
13 57.643 137.586  84.291 —79.944 37477 315.62 1004.96 652.81
14 62.084 161.545  95.238 —99.461 41842 33790 1136.24 718.68
15 67285 189312 107.961 —122.027 466.84 361.65 1279.62 790.75
16 73.449 220.069 122322 —146.620 518.75 387.21 1429.17 867.69
17 80.814 252.139 137922 —171.324 57240 415.24 1575.66 947.67
18 89.731 281911 153.791 —192.180 624.03 446.89 1701.28 1026.87
19 100.436 302.831 167901 —202.395 66736 483.75 1779.98 1098.89
20 113.437 308.296 178390 —194.859 697.95 530.54 1790.18 1161.81
21 129479 289.805 182921 —160.326 711.16 598.61 1708.54 1218.67
22 147.875 241.192 178.981 —93.317 713.52 720.00 1569.54 1303.77

OOOOCASZO,IO,IOA OOOOCASZO,IO,IOA

Calculated from the
energy curve.

polarizability radial functions and the potential

3.1.2. MCSCF vibrational averaging

In Table 1 the predicted dipole and quadrupole polarizability tensor components
aj; and Cj; , for the vibrational states with quantum number v are given. They were
calculated for all vibrational states supported by the potential energy function as
expectation values of the polarizability radial functions «(R) and C(R) over the
vibrational wavefunction |®, ,(R)) (equation (14)). The latter were obtained from
the one-dimensional Schrédinger equation for nuclear motion, equation (16) using
the Cooley-Numeral technique [61]. The dependence of the vibrationally
averaged polarizability tensors, @’ and C", on the vibrational quantum number v
is illustrated in Fig. 2. It is interesting to note that the parallel components of the
polarizabilities exhibit a maximum in the vibrational state v=20 which reflects
the maximum in the radial functions in Fig. 1.

3.1.3. Comparison of linear response methods

The results of our very large MCSCF calculations can be used to benchmark the
performance of other methods in the calculation of ZPVCs. Single configuration
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Fig. 2. LiH: dependence of the dipole and quadrupole polarizability tensor (in atomic
units) on the vibrational quantum number v. Calculated from the 0°CAS20:10.104
polarizability radial function and the “*°CAS2%19194 potential energy curve.

based methods as SOPPA, SOPPA(CCSD) and CCSD although not suitable for
calculations at large internuclear distances, should perform well in the vicinity of
the equilibrium internuclear distance. Furthermore, we can investigate the
dependence of the ZPVCs on the methods employed for the calculation of
the polarizability radial functions and for the PEC used in the solution of the
nuclear Schrodinger equation (16). We have, therefore, performed two sets of
vibrational averaging calculations where we used

(a) the vibrational wavefunction obtained from the ?°°CAS?%:10:104 pgC together
with polarizability radial functions obtained not only in “?°CAS?*10:194 Jinear
response, but also SOPPA, SOPPA(CCSD) and CCSD calculations. The
results of these calculations are denoted with a superscript ‘MCSCF’ or as
MCSCF/SOPPA, MCSCF/SOPPA(CCSD) and MCSCF/CCSD in the
following.

(b) vibrational wavefunctions obtained from PEC calculated with the same (or
associated) methods as the polarizability radial functions. For SOPPA, we
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used thus the MP2 PEC and for SOPPA(CCSD) and CCSD the CCSD PEC.
In the following these results are identified with the superscript ‘own’.

In Table 2 we have collected values for the different equilibrium geometries, for
the vibrational ground state and the corresponding ZPVCs obtained in this way.
Several important conclusions can be drawn from these results.

There is almost no difference between the ZPVCs obtained with the CCSD
and with the “°CAS?*1%194 PEC, nor between P(RS*™) and P(RMCSCY) for the
SOPPA(CCSD) and CCSD polarizabilities. This shows that the CCSD and
0000Cc A 2010104 PEC are very similar in the vicinity of the equilibrium
geometry and that the respective equilibrium internuclear distances are almost

Table 2. LiH: dipole and quadrupole polarizability (in atomic units) for the vibrational
ground state v=0 calculated with different response theory methods. P(R.) is the value at
the minimum of the potential energy curve, Py is the value in the vibrational ground state
and ZPVC = Py, — P(R,) is the corresponding zero-point-vibrational correction

P(RS™)  P(RMCSCE) P pYSSCE zpveewr zpveMeSr

SOPPA

Oy 27.263 27.351 27.697 27.804 0.434 0.453
o, 23.513 23.685 24.463 24.678 0.950 0.993
Crxxx 98.928 99.619 102.854 103.728 3.926 4.109
Cizxz 113.510 114.340 117.997 119.026 4.487 4.686
C.z 203.330 205.210 214.453 216.862 11.123 11.652
SOPPA(CCSD)

Oy 27.484 27.483 27.955 27.955 0471 0.472
o, 23.968 23.966 24.994 24.994 1.026 1.028
Crxxx 100.790 100.790 104.871 104.870 4.081 4.080
Cizxz 114.160 114.150 118.705 118.704 4.545 4.554
Cozz 204.190 204.180 215422 215418 11.232 11.238
CCSD

Oy 29.642 29.641 30.190 30.190 0.548 0.549
o, 25.941 25.940 27.155 27.155 1.214 1.215
Crxx 105.680 105.680 110.026 110.025 4.346 4.345
Cizxz 118.380 118.380 122.987 122.985 4.607 4.605
C.... 212.820 212.810 224.628 224.624 11.808 11.814
0000CA520,10,10,4

Qe 29.690 30.240 0.550

o 25.991 27212 1.221

Crxxx 105.770 110.118 4.348

Cizxz 118.460 123.067 4.607

C.... 212.900 224.000 11.100

P(R™™), Pgy', and ZPVC™ = P — P(R™) were obtained from the polarizability radial
functions and PEC calculated with the same method, whereas for P(RQ/ICSCF), POM’OCSCF, and
ZPVCMESCE — pHESCE _ p(RMCSCF) the 9000CAS2010104 potential energy curve was used.
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identical. On the other hand, there are larger differences between ZPVC™*? and
ZPVCMSCF and between P(Rgm) and P(RlevICSCF ) obtained at the SOPPA level.
Furthermore, the MP2/SOPPA results deviate from the “°CAS**!%104 7pyC
by about 3-22% with the exception of C, .. The agreement is
slightly improved in the MCSCF/SOPPA averaging calculation with a deviation
of 2-19%. Altogether this indicates that the MP2 PEC is not good enough even
in the vicinity of the equilibrium geometry.

The ZPVC obtained from the CCSD and “°CAS?*1%:104 polarizability radial
functions are almost identical with the exception of the ZPVC for C,, ... This
shows that not only the CCSD PEC around the equilibrium geometry, but also the
CCSD polarizability curves are very similar to the ©°°CAS?*10:104 cyryes,

The SOPPA(CCSD) results, obtained with the CCSD or the “°CAS*-10104
PEC, are in general in better agreement with the ©°°°CAS?*1%:194 requits than the
pure SOPPA results. This applies to the equilibrium geometry results as well as to
the vibrational averaged results. This shows that SOPPA(CCSD) performs better
in the calculation of polarizabilities for LiH than SOPPA as might have been
expected [36,41].

3.2. HF

3.2.1. Choice of one-electron basis set

An extensive study of the basis set effects on static dipole polarizabilities of the
diatomic molecules N,, CO, HF, HCI, and Cl,, at the equilibrium nuclear
geometry was recently published by Pecul and Rizzo [62]. They employed the
CCSD linear response method. Basis set effects were previously also discussed
by Christiansen et al. [63] and Dalskov [41]. We have extended the previous
analysis of the basis set effects on the dipole and quadrupole polarizabilities to
cover also larger internuclear distances 2R. and 4R. in addition to the
equilibrium internuclear distance R.. The dipole and quadrupole polarizabilities
were calculated at these three internuclear distances using MCSCF linear
response theory with different active spaces (see the next paragraph) and the
series of correlation consistent basis sets [64—66] increasing from the daug-cc-
PVDZ to the aug-cc-pV5Z basis set. Representative results obtained with the
00CAS3*#! wave function are summarized in Table 3. We can see that in
general the doubly augmented basis sets give larger values of the polarizabilities
and that the gap between the augmented and doubly augmented basis sets
decreases going from triple { to quadruple {. Furthermore, there are only small
differences between the daug-cc-pVTZ and daug-cc-pVQZ results. We conclude
thus that the daug-cc-pVQZ basis set is well converged and we use it, therefore,
in all the following calculations.

3.2.2. Choice of active space

The choice of the active spaces for the MCSCF calculations on HF was
based on the natural orbital occupancy numbers obtained in MP2 calculations
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Table 3. HF: dependence of the polarizability tensors (in atomic units) on the basis sets
used in the '°°CAS®**! calculations for three internuclear distances

R Basis set oy o, Cix Cy, C,.
1.7328 a.u. aug-cc-pVTZ 4.928 6.292 24.228 35.697 58.960
(Re) aug-cc-pVQZ 5.123 6.332 26.860 38.735 62.435
aug-cc-pV5Z 5.186 6.340 28.338 39.704 63.616

daug-cc-pVDZ 5.479 6.157 13.332 10.493 22.396
daug-cc-pVTZ 5.269 6.336 28.861 40.227 64.110
daug-cc-pvVQZ 5.237 6.345 30.440 40.571 64.556

3.5au. aug-cc-pVTZ 7.229 25.194 109.65 133.21 386.91
(2R.) aug-cc-pvVQZ 7.446 25.533 142.67 116.78 405.03
aug-cc-pV5Z 7.500 25.658 119.93 146.12 409.63

daug-cc-pVDZ 7.626 25.774 109.62 146.67 402.06
daug-cc-pVTZ 7.620 25.332 120.38 150.53 406.23
daug-cc-pvVQZ 7.575 25.584 123.74 150.31 413.80

7.0 a.u. aug-cc-pVTZ 8.139 8.063 173.55 5065.6 645.27
(4R.) aug-cc-pVQZ 8.286 8.278 188.05 5227.8 690.57
aug-cc-pV5Z 8.307 8.264 190.74 5124.6 691.63

daug-cc-pVDZ 8.266 8.260 174.65 5546.9 676.44
daug-cc-pVTZ 8.423 8.337 196.13 5248.3 703.55
daug-cc-pvVQZ 8.336 8.299 196.26 5331.6 700.62

[67,68] at the experimental equilibrium internuclear distance R,=1.7328 a.u.
and at 2R.. Calculations were performed with the daug-cc-pVTZ, aug-cc-pVQZ,
and daug-cc-pVQZ basis sets in order to check the above conclusions with
other MCSCF wavefunctions. The 1o orbital was kept frozen in all calculations.
The MP2 occupancy numbers suggested for all the basis sets considered that the
active space should contain the (7,3,3,1), (8,4,4,1) or (9,5,5,2) orbitals. Static
polarizabilities calculated with these active spaces, '"CCAS73!, 1000CAg844!
and '"YCAS%2 and the daug-cc-pVQZ basis set at three internuclear
distances are compared in Table 4. We can see that there are much larger
differences between the '°°CAS’*! and '°0CAS®***! results than between the
1000C A 3441 and 1%9CAS?352 polarizabilities, where the largest difference is only
1.4%. Therefore, we consider the '°°CAS®>? to cover most of the correlation
effects and estimate the remaining correlation error to be not larger than about 1.5%.

Our best results for the dipole and quadrupole polarizability tensor radial
functions of HF, obtained with the daug-cc-pVQZ and the '°CAS*>
wavefunction, are presented in Fig. 3.

Although large CAS calculations are possible for HF, they will not be feasible
for the heavier molecules which we want to study in the future. For these
molecules one has to resort to the RAS method [39]. One possible approach is to
divide the active space of the '°°CAS%3? calculation into the orbitals doubly
occupied in the Hartree-Fock wavefunction (2,1,1,0) and the remaining
unoccupied orbitals (7,4,4,1). The doubly occupied orbitals will then span the
RAS2 space whereas the unoccupied orbitals are included in a RAS3 space.
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Table 4. HF: dependence of the polarizability tensors (in atomic units) on the number of
active orbitals employed in the '°°CAS*%*-MCSCF calculations using the daug-cc-
pVQZ basis set at three internuclear distances

CAS R ax aZ CXX,ZZ CXZ,XZ CZZ,ZZ
1000~ A §7331 1.733 5.0310 6.155 29.685 39.689 21.127
1000 A §3441 5.2371 6.345 10.147 13.524 21.519
1000~ p §9552 5.2320 6.285 10.088 13.546 21.372
1000~ A 7331 3.000 6.8278 21.809 31.230 37.326 99.742
1000 A g8441 7.0577 20.167 30.506 38.542 95.945
1000~ p §9552 7.0062 19.977 30.229 38.026 95.139
1000~ A §7331 7.000 8.2296 8.380 66.780 1789.108  239.345
1000 A g8441 8.3362 8.299 65.419 1777.327  233.541
1000~ p §9552 8.3127 8.320 65.732 1777306  234.928
o
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Fig. 3. HF: dipole and quadrupole polarizability tensors (in atomic units) calculated at the
1000CAS552 Jevel with the daug-cc-pVQZ basis set.
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The issue to be investigated is now how many electrons should be allowed to be
excited from RAS2 to RAS3 in order to reproduce the results of the 1°°CAS%52
calculation with the '"°RAS2119 wavefunction. The results of such a study using
the daug-cc-pVQZ basis set are shown in Table 5 and Fig. 4. The calculations with
single and double excitations from RAS2 to RAS3 differ substantially from the
CAS results, especially for the C tensor, however, the calculations with singles,
doubles, and triples excitations to RAS3 give radial functions which are already
very close to the '""CAS%5? results. Finally, the calculations with up to four
electrons distributed over the orbitals in RAS3 give gjolarizability curves which
are practically identical to the results of the '"’CAS®>? calculations.

From the results presented in Figs 3 and 4 and unpublished results we can
conclude, that for sufficiently large one-electron basis set, i.e., at least of aug-
cc-pVQZ quality, and active spaces such as '"°CAS¥4! or 100RASZIO—SDT
the general shape of the polarizability curves is reproduced. The different
radial functions for the o components and for C,,,, and C, .. are very close to
each other over the whole interval of internuclear instances, whereas for C,_ .,
this is only the case for distances up to R=6 a.u., after which the results
obtained with the various models differ substantially. We expect that the
findings of this comparative study will be useful for the calculation of property
curves for heavier diatomic molecules, where the RAS approach is the only
feasible one.

At this point we should mention that we encountered instability problems in
the linear response calculations for some of the MCSCF wavefunctions at
internuclear distances larger than R=28 a.u. We believe those instabilities to be
artifacts of the calculations because their existence or position depends on the
choice of basis set, active space or number of electrons allowed in the RAS3
space. This implies that even though it might not be possible to generate

Table 5. HF: dependence of the '"’RAS?1}9 results (in atomic units) on the number of
electrons allowed in RAS3

RAS3
electrons R o o, Crxxx Cizxz C....
2 1.733 5.0484 6.138 9.779 13.150 20.874
3 5.1929 6.255 10.022 13.447 21.262
4 5.2240 6.278 10.074 13.527 21.349
8, i.e., CAS®>2 5.2320 6.285 10.088 13.546 21.372
2 3.50 7.3386 26.274 44.182 48952  150.230
3 7.4404 25.663 40.526 48721  135.730
4 7.5185 25.353 40.696 49507  136.035
8, i.e., CAS?>>? 7.5358 25.369 40.671 49.664  135.887
2 6.00 8.3289 27390  105.040  391.009  151.387
3 8.1559 9.062 51421 366.882  178.045
4 8.2163 9.128 52.041 356.483  180.282

8, i.e., CAS®>2 8.2444 9.141 52276  370.040  181.129

Comparison is made at three internuclear distances using the daug-cc-pVQZ basis set.
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Fig. 4. HF: dipole and quadrupole polarizability tensors (in atomic units) calculated
with a '"YRASZ}!) wavefunction with 0-2, 0-3, and 0-4 electrons in RAS3 in
comparison with the 1°°CAS°32 results (solid line). The daug-cc-pVQP basis set is used.

a smooth polarizability radial function for large internuclear distances from
a single combination of basis set and active space, it is possible to do it
piecewise. Despite this problem, we believe that the goal of our calculations at
very large distances — to justify the results of semi-empirical models [69] — can
be achieved.

3.2.3. Radial function and vibrational averaging

We have vibrationally averaged the '°“°CAS*?/daug-cc-pVQZ dipole and
quadrupole polarizability tensor radial functions (equation (14)) with two
different sets of vibrational wavefunctions |®, s(R)). One was obtained by
solving the one-dimensional Schrodinger equation for nuclear motion
(equation (16)) with the '°°CAS*3*?*/daug-cc-pVQZ PEC and the other with
an experimental RKR curve [70]. Both potentials provide identical vibrational
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Fig. 5. HF: dependence of the dipole and quadrupole polarizability tensor (in atomic
units) on the vibrational quantum number v. Calculated from the '*°CAS%>?
polarizability radial function and the '“°CAS®>>? potential energy curve.

wavefunctions for v=0-15. The components of the vibrationally averaged
dipole and quadrupole polarizability tensors, o’ and C", are shown in Fig. 5 and
in Table 6 as functions of the vibrational quantum number v. Similarly to LiH
the zz component of the dipole polarizability goes through a maximum, whereas
the xx component of the dipole polarizability and the three components of the
quadrupole polarizability monotonically increase with the vibrational quantum
number v.

3.2.4. Comparison of linear response methods

Very accurate values of the dipole and quadrupole polarizability for the
equilibrium internuclear distance of HF can be found in a review article by
Maroulis [71], calculated with finite-field Mgller—Plesset perturbation theory at
various orders and coupled cluster theory using a carefully selected basis set.
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Table 6. HF: calculated values of the dipole and quadrupole polarizability (in atomic
units) in the vibrational state v

v Oy o, o Ao’ C)lc)x,xx Ciz,xz ng,zz c’

0 5.283 6.517 5.694 —1.234 10.433 14.085 22.541 21.869
1 5.376 7.002 5.918 —1.626 11.140 15.148 24.967 23.527
2 5.463 7.550 6.159 —2.087 11.910 16.233 27.667 25.281
3 5.552 8.157 6.420 —2.605 12.768 17.388 30.714 27.196
4 5.645 8.824 6.705 —3.179 13.731 18.640 34.173 29.314
5 5.745 9.581 7.024 —3.835 14.839 20.011 38.201 31.700
6 5.850 10.432 7.378 —4.582 16.097 21.493 42.823 34.354
7 5.961 11.377 7.766 —5.417 17.492 23.099 48.004 37.273
8 6.079 12.442 8.200 —6.363 19.069 24.888 53.902 40.555
9 6.208 13.646 8.687 —7.438 20.888 26913 60.751 44.316
10 6.343 14.940 9.209 —8.597 22917 29.146 68.447 48.495
11 6.476 16.210 9.720 —9.735 25.015 31.493 76.462 52.853

12 6.615 17.418 10.216 —10.803 27.242 34.150 84994  57.613
13 6774 18.496 10.682 —11.722 29.697 37.456 94401 63.162
14 6948 19.177 11.025 —12.229 32.147 41.634 103.769  69.402
15 7.144 19.204 11.164 —12.060 34.450 47.481 112.493  76.794
16 7366 18332 11.021 —10.967 36.578 56931 120.446  86.852
17  7.621 16.312  10.518 —8.691 38.897 76.926 129.079 105.566
18 7925 12.856 9.569 —4.931 43.808 176.524 147.990 191.065

Calculated from the '"°CAS%? polarizability radial functions and the '°°CAS%5? potential energy
curve.

He also investigated the dependence of the properties on the internuclear
distance in the vicinity of the equilibrium internuclear separation R.. However,
our goal was not to look for the most accurate values or to compare with them,
but to study the performance of various linear response methods. In particular
we wanted to find out which level of correlation is necessary in order to
reproduce the correct dependence on the internuclear distance for a wider
range of R. In Fig. 6, it can be seen that the CCSD dipole polarizability curve
is sufficiently close to the results of the '“°CAS®>>? calculations. The SOPPA
dipole polarizability curves, on the other hand, are in general too high, whereas
the SOPPA(CCSD) curves are between the pure SOPPA and the CCSD curves,
as one would hope for. The same can be said about the quadrupole
polarizability tensor in Fig. 7.

In Table 7 we compare the ZPVCs for the dipole and quadrupole
polarizabilities of HF. In the same way as for LiH, we have calculated the
vibrational averages for each method with two different wavefunctions — one
obtained from the PEC of the same or related method as used in the calculation
of the property curve and the other obtained from the '°°CAS®*? PEC.
Compared with the equivalent results for LiH we observe significant differences
between the calculations on the two molecules. First of all the vibrational
corrections are smaller than in LiH but roughly in the same ratio as
the polarizabilities. The influence of the PEC is larger than in LiH.
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Fig. 6. HF: dipole polarizability tensors (in atomic units) calculated by different linear
response methods in comparison with MCSCF method.

The MCSCF/CCSD ZPVC results, e.g., are in very close agreement with the
MCSCEF results. The maximum deviation in the ZPVC is about 4%, whereas,
already the results of the pure CCSD calculations differ by more than 15%.
Similar changes due to the change of the PEC are also observed for the
SOPPA(CCSD) and SOPPA calculations. We can see the same effect also in the
CCSD and SOPPA(CCSD) polarizability values for the minimum of the CCSD
and MCSCF PEC. This indicates that the MCSCF and CCSD PEC are more
different in the vicinity of the equilibrium geometry than it was the case for
LiH. In general we note that the differences in the polarizability ZPVCs
obtained with the same linear response method but with a different PEC are
larger than the differences between two linear response methods but using
the same PES. Furthermore, we find that the SOPPA(CCSD) results for
the equilibrium geometry as well as vibrational state specific polarizabilities are
again in better agreement with the MCSCF or CCSD values than the pure
SOPPA results, as it was found for LiH.
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Fig. 7. HF: quadrupole polarizability tensor (in atomic units) calculated by different
linear response methods in comparison with MCSCF method.

4. CONCLUSIONS

We report MCSCEF calculations of the dipole and quadrupole polarizability tensor
radial functions of LiH and HF for internuclear distance reaching from almost the
unified atom to the dissociation limit. Large one-electron basis sets and MCSCF
wavefunctions of the CAS type with large active spaces were employed in the
calculations.

We have investigated the dependence of the polarizability radial functions on
the one-electron basis set and the size of the CAS. We find that it is necessary to
use basis sets of at least daug-cc-pVQZ quality for these properties. With respect
to the size of the active space we observe very large differences between the
results obtained with a (7331) and (8441) active space, but only small changes on
increasing the active space to (9552). We conclude, therefore, that we recover the
important correlation contributions with a '"°CAS®>3? wavefunction. Further-
more, we found that the results of the '°°CAS%3? calculations can be reproduced
with the much smaller '°?RAS3119 if one allows up to four electrons in RAS3.
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Table 7. HF: dipole and quadrupole polarizability (in atomic units) for the vibrational
ground state v=0 calculated with different response theory methods

P(ngn) P(RE/ICSCF) ng)\én PB{I(S:SCF ZPVv(Cowvn ZPVCMCSCF

SOPPA
Oy 5.489 5.561 5.488 5.548 0.072 0.060
o, 6.688 6.978 6.686 6.935 0.290 0.250
Cowe 10717 10.713 11145 11.079 0.428 0.366
Cizxz 14.240 14.234 14.879 14.774 0.639 0.540
C... 22881 22869 24296  24.086 1.415 1.217
SOPPA(CCSD)
Oy 5.279 5.344 5.290 5.343 0.065 0.053
o, 6.430 6.707 6.470 6.708 0.277 0.237
Crxxx 10.209 10.269 10.611 10.612 0.402 0.343
Cizxz 13.662 13.758 14.269 14.266 0.607 0.508

o 21.963 22.158 23.316 23.320 1.353 1.162
CCSD
Oy 5.193 5.250 5.203 5.249 0.056 0.046
o, 6.340 6.602 6.378 6.602 0.262 0.225
Crxox 10.156 10.212 10.548 10.548 0.392 0.336
Crons 13.516 13.607 14115 14.113 0.599 0.506
C...  21.625 21.807 22946  22.950 1.321 1.143
1000CAs9552
Qe 5232 5.280 0.048
a, 6.285 6.507 0.222
Crxxx 10.097 10.433 0.336
Cizxz 13.561 14.085 0.524
C 21.401 22.541 1.140

22,22

P(R.) is the value at the minimum of the potential energy curve, Py is the value in the vibrational
ground state and ZPVC= Py, — P(R.) is the corresponding zero-point-vibrational correction.
P(R™), Pgy', and ZPVCo'" = Pgy" — P(R™) were obtained from the polarizability radial
functions and potential energy curves calculated with the same method, whereas for P(RYCSCF),
P%CSCF , and ZPVCMESCF = PB?OCSCF — P(RMCSCFy the 1000CAS%552 potential energy curve was used.

The calculated polarizability radial functions and corresponding MCSCF PEC
were used to predict vibrational state specific dipole and quadrupole polarizability
tensors for all vibrational states supported by the calculated PEC.

We have compared our MCSCEF results for the vibrational ground state with
CCSD, SOPPA, and SOPPA(CCSD) calculations. In particular we have
investigated the importance of the PEC on the ZPVCs and find that there are
significant differences between LiH and HF. In LiH the CCSD results for the
ZPVC are very close to the MCSCEF results independent on whether the CCSD or
MCSCF PEC was employed. Similarly, the differences between SOPPA(CCSD)
calculations with either the CCSD or the MCSCF energy surface are very small.
In HF, on the other hand somewhat larger differences are found if the CCSD
polarizabilities are averaged over the CCSD PEC and the difference between



206 |. Paidarova and S. P. A. Sauer

SOPPA(CCSD) calculations with the CCSD or MCSCF PEC are also larger. In
general the differences in the ZPVC are larger between the different PEC than
between the different linear response methods. The SOPPA(CCSD) results for the
equilibrium geometry as well as the vibrationally averaged polarizabilities are in
both molecules in better agreement with the MCSCEF results than the pure SOPPA
values.

The polarizability radial functions obtained in this work can be used for
the construction of semi-empirical PES necessary for molecular dynamics studies.
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Abstract

We present a theoretical model, with accompanying computer program, for simulating rotation—
vibration absorption spectra of XY; pyramidal molecules in isolated electronic states. The
theoretical approach is based on a recent computational scheme for solving the rotation—vibration
Schrodinger equation of such molecules variationally [S. N. Yurchenko, M. Carvajal, P. Jensen,
H. Lin, J. Zheng, and W. Thiel, Mol. Phys., 2005, 103, 359], and it makes use of dipole moment
surfaces calculated ab initio. We apply the theory to "*NH; and demonstrate that the theoretical
results show good agreement with experimental findings.
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1. INTRODUCTION

In a very recent publication [1], we have presented a new model for the rotation—
vibration motion of pyramidal XY; molecules, based on the Hougen—Bunker—
Johns (henceforth: HBJ) approach [2] (see also Chapter 15, in particular Section
15.2, of Ref. [3]). In this model, inversion is treated as a large-amplitude motion in
the HBJ sense, while the other vibrations are assumed to be of small amplitude;
they are described by linearized stretching and bending coordinates. The rotation—
vibration Schrodinger equation is solved variationally to determine rotation—
vibration energies. The reader is referred to Ref. [1] for a complete description of
the theoretical and computational details.

We have already made several applications of the new model. Prior to
Yurchenko et al. [1], we reported high-level ab initio potential energy surfaces for
the NH; electronic ground state together with variational calculations of the
associated vibrational energies [4]. Analogous nuclear-motion calculations for
PH; [5] were based on the ab initio potential energy surface of Wang et al. [6],
which was refined [5] in a simultaneous least-squares fitting to ab initio data and
experimentally derived vibrational term values. In Ref. [1] we extended the
theoretical treatment of Refs. [4,5] to include rotation and described some
technical improvements to the original model for the vibrational motion.
The resultlng model for rotation and vibration was tested in calculations for

"'NH; using an analytical potential function derived from high-level ab initio
calculations [1]. These test calculations produced the /=0 vibrational energies up
to 6100 cm ™!, the J<2 energies for the vibrational ground state and the v,, vy,
and 2v, excited vibrational states, and the J<7 energies for the 4v3 vibrational
state. The computed energies were found to be in very satisfactory agreement with
the corresponding experimentally derived values, and superior in this regard to the
results of other recent theoretical calculations [7,8].

The new model has also been applied to the calculation of thermally averaged
probablhty density functions for the out-of-plane inversion motion of the CH3 and
H;0™ ions [9]. Such probability densities can be obtained experlmentally by
means of Coulomb Explosion Imaging (CEI) techniques (see, for example, Refs.
[10,11]), and the results in Ref. [9] will be useful in the interpretation of the
resulting images, just as analogous calculations of the bending probability
distribution for the CHJ ion were instrumental in the interpretation of its CEI
images (see Refs. [9,12] and references therein).

Another application is concerned with highly excited rotational levels of the
PH; molecule [13,14]. The calculations show that these rotational levels form
near-degenerate six-fold energy clusters analogous to the four-fold clusters
formed in triatomic dihydrides H,X (see, for example, Refs. [3,15,16] and
references therein).

One of the most important aims of our theoretical work is to assist in the
interpretation and understanding of high-resolution molecular spectroscopy
experlments We have already been able [1] to prov1de assistance of this kind
in that, w1th our calculated values for the rotational energies in the 4v3 vibrational
state of ! NH;, we could verify (and, for a few transitions, refute) the tentative
assignment to the 41/2 band [17] of 55 weak transitions observed in an
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experimental study of the v, v3, and 2y, bands of 14NH3. To provide theoretical
support for high-resolution molecular spectroscopy experiments it is not
sufficient, however, to calculate only molecular rotation—vibration energies. It is
highly desirable to predict also theoretical intensities so that spectra can be
simulated. As discussed in Ref. [1], our approach to the computation of molecular
rotation—vibration energies and wavefunctions can be applied to rotation—
vibration states with high J values (e.g., up to J<80 for PH; [14]) where
alternative variational treatments (see, for example, Refs. [7,8]), which make use
of a nuclear kinetic energy operator exact within the Born—Oppenheimer
approximation, are no longer feasible. This advantage arises from the maximum
separation of rotation and vibration inherently built into the HBJ theory that we
employ. We can calculate the energies and wavefunctions for states with J values
sufficiently high that realistic spectra can be simulated. In the present work, we
describe the extension of our model to the computation of the line strengths that
determine the intensities of electric dipole transitions within the electronic state
under consideration. The derivation is guided by Jensen and Spirko [18,19] and by
Chapter 14 of Ref. [3]. The line strengths are obtained from the rovibronic
wavefunctions that we generate as described in Ref. [1], and from ab initio
molecular dipole moment surfaces. With the computed line strengths we can
simulate absorption spectra of XY3; molecules if we assume that the absorbing
molecules are in thermal equilibrium at a known absolute temperature. We can
also simulate emission spectra if we know the non-thermal population distribution
of the emitting molecules.

2. THEORETICAL INTENSITIES AND SELECTION RULES
2.1. Line strengths

The intensity of an electric dipole transition in absorption or emission depends, on
one hand, on factors particular to the experiment measuring the intensity, e.g., the
number density of molecules in the initial state of the transition and, for absorption
experiments, the absorption path length and the intensity of the incident light. On
the other hand, the intensity involves a factor independent of the experimental
parameters. This factor, the line strength S(f < 1), determines the probability that a
molecule in the initial state i of the transition f<«—1i will end up in the final state f
within unit time.

If we assume that the initial state i and the final state f are both non-degenerate,
then the line strength of the electric dipole transition between them [3] is given by

S(Fe=i) =Y Kbrlual®). @)

A=XYZ

As in Ref. [1], we describe the molecule in a space-fixed (or laboratory-fixed) axis
system XYZ, and u, is the component of the molecular dipole moment along the
axis A=X, Y, or Z. The complete internal wavefunctions of the initial and final
states are written as |®;) and | ®y), respectively. In the present work, we take the
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complete internal wavefunctions to be given as

|y} = | D) @) ), 2)

elec

where w=i or f. We can separate out the nuclear spin wavefunction |®{") [3]
because we assume the molecular energies to be independent of nuclear spin (i.e.,
we neglect hyperfine structure; The remaining factorization into a product of an
electronic wavefunction |d5 ) and a rotation—vibration wavefunction | W)
follows from the Born—Oppenheimer approximation (see, for example, Ref. [3])
which we assume to be valid.

Inserting the wavefunction from equation (2) in the matrix element square of
equation (1), we obtain

Kelual @I = KR IPDUDED B, s | DS DD 3)
where we have made use of the fact that the dipole moment component u4 does not
depend on the nuclear spin. The nuclear spin functions are orthogonal and
normalized. Consequently, the integral on the left hand side of equation (3)

vanishes unless | @) = |@D) so that (@D | P> =

As mentioned above, we assume that the molecular energy does not depend on
the nuclear spin state |€D(W)) For the initial rovibronic state IQDeleC)Id)(l)) we have
gns Nuclear spin functions |®{)) available, for which the product function |®;) in
equation (2) is an allowed complete internal state for the molecule in question,
because it obeys Fermi—Dirac statistics by permutations of identical fermion
nuclei, and Bose—Einstein statistics by permutations of identical boson nuclei (see
Chapter 8 in Ref. [3]). By necessity [3], the same g, nuclear spin functions can be
combined with the final rovibronic state |<15elec)|€D(f)) to form allowed complete
internal states |®@;). The quantity g, is referred to as the nuclear spin statistical
weight factor.

In our approximation, the upper and lower states of the transition f«i are both
gns-fold degenerate owing to the availability of the g, ‘allowed’ nuclear spin
functions. Furthermore, they have m-degeneracy since for a molecule in field-free
space, the energy does not depend on m, the projection of the total angular
momentum on the Z axis. We denote the m value of the initial state as m; and that
of the final state as my. In the calculation of the line strength, we account for the
nuclear spin degeneracy and the m-degeneracy by generalizing equation (1) to

SE—i) =gu > Y KWL |ual @ &) @)

memy A=X,Y,Z

where we have made use of equation (3) with KdD)1o)? =1

2.2. Intensities

If, in an absorption experiment, a parallel beam of light at wavenumber 7 with
intensity /,(7) passes through a length / of gas at a concentration of c,, the intensity
of the transmitted light /,.(¥) is given by the Lambert—Beer law
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1,(7) = Iy(7) exp[—lcye(9)] &)

where &(¥) is the absorption coefficient. By integrating the absorption coefficient

over an absorption line one obtains the expression
87T3NA ﬁif C_Ei/kT
(4meg)3he Q

If—i) = J e(i) dif = [1 — exp(—hcig/kT)IS(E —1)  (6)

Line

for the intensity of the absorption line for the transition from the state i with
energy E;, in thermal equilibrium at the temperature 7, to the state f with energy
Ef, where heiyy = E; — E;, N4 is the Avogadro constant, £ is Planck’s constant, ¢ is
the speed of light in vacuum, £ is the Boltzmann constant, &, is the permittivity of
free space, S(f < 1) is the line strength defined in equation (4), and, finally, Q is the
partition function defined as

0= Zg/ e BT %
7

where g; is the total degeneracy of the state with energy E; and the sum runs over
all energy levels of the molecule.

The ‘molecule-intrinsic’ factor in the intensities of emission spectra can be
obtained from the well-known Einstein coefficients (see, for example, Refs. [20,
21]). For the two states i and f considered above, whose energies are E; and E,
respectively, with E; <E;, we define B;; as the Einstein coefficient for absorption,
By as the Einstein coefficient for stimulated emission, and Ay as the Einstein
coefficient for spontaneous emission. We denote by N; and N; the number of
molecules with energies E; and Ey, respectively, and the Einstein coefficients are
defined such that, for example, the change in N; caused by electric dipole
transitions to and from i is given by

dN,

—, = PWIN:Bi — NeBr] — Neds. (8)
The energy density function p(v) is defined so that dE=p(v)dv is the amount of
available radiation energy per unit volume originating in radiation with frequency
in the infinitesimal interval [v,y+dv]. Thus, p(v) is expressed in the SI units
J/(m3 Hz)=1] s/m>, so that Bj and Bg have the SI units rn3/(J s2). Ag is expressed in
s~ !. The Einstein coefficients defined in this manner are related to the line
strength by

3

T
Br=90Bs =——— S(f«i 9
8ibif 8tDfi 3h2(477'€0) (f<1) )

and

A oA’ . S(f < ) (10)
~ . =7V.~ .
8t 3]’!(471'60) if

where g; and gy are the total degeneracies of the states i and f, respectively.
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Sometimes an alternative definition of the Einstein coefficients is employed.
With this definition, equation (8) is replaced by

dn, ~ - ~
—, = POIN:Bi — NeBr] — Neds. (11)
where p(7) is defined so that dE = p(#)d7 is the amount of available radiation
energy per unit volume originating in radiation with wavenumber in the
infinitesimal interval [7, 7+ d?]. We have p(¥) = cp(¥ic) = cp(v) together w1th
By = Bylc, Bn = By/c, and Aﬁ = Ag. The SI units for 5(7) are J/(m> m ™~ ")=J/m?,
and those of B; and By, are m%/(J s).

2.3. A detailed expression for the line strength

In the present section, we obtain an expression for the line strength in equation (4)
in a form suitable for numerical calculation. This derivation closely follows the
theory developed in Refs. [18,19] and in Chapter 14 of Ref. [3], and so we give
only an outline here.

As discussed in Ref. [1], we describe the rotation of the molecule by means of a
molecule-fixed axis system xyz defined in terms of Eckart and Sayvetz conditions
(see Ref. [1] and references therein). The orientation of the xyz axis system
relative to the XYZ system is defined by the three standard Euler angles (6, ¢, x)
[1]. To simplify equation (4), we must first express the space-fixed dipole moment
components (ux, Ly, uz) in this equation in terms of the components (u., iy, 4;)
along the molecule-fixed axes. This transformation is most easily done by
rewriting the dipole moment components in terms of so-called irreducible
spherical tensor operators. In the notation in Ref. [3], the space-fixed irreducible
tensor operators are

I _ .
plE = E('HLX_INY) and " =y, (12)

with analogous expressions for the molecule-fixed operators

(E

" V2
It can be shown that the space-fixed components are given in terms of the
molecule-fixed components by equations (14) and (15) of Ref. [3]:

(Fue — i) and  pi” = .. (13)

1
u =" D0 (¢, 6,501 uiy” (14)

o'=—1

where Dﬁj{j,((p, 0,%) is an element of the standard rotation matrices given, for
example, by Zare [22].

By inverting equation (12) to obtain (uy, 1y, 4z) and inserting the result in
equation (4), we find that
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(i) =gu > Z Ko Bl |7 100 N (15)

me,m; o=—1

and we can now insert equation (14) in this expression. Simultaneously, we insert
the expressions for the initial and final rotation—vibration wavefunctions IQD(W))
from equation (67) of Ref. [1]:

[D0) = > Cyugrgr IVW'K'mirlody K'20 (16)
V//K// 1/'101

|pDy = § Cyigrr [VW'K'mriy;  K'20 (17)
‘//kfl !

rol

where Cy» K and Cy, -are the expansion coefficients obtained as eigenvector
components 1n the diagonalization of the Hamiltonian matrix [1], and the
vibrational basis functions |V) are

|V) = [nnodlns)ng, by, Toendd 1155 I K Tiny s (18)

Vis used as a shorthand notation for all the quantum numbers and symmetry labels
ny, No, N3, My, by, Teends Mi> and 7;,, that label the vibrational basis functions. All the
functions |JKmT,o), |n1), |no), |n3), |, by, Toena)» and |ny, J, K, 7in,) occurring
in equations (16)—(18), and the quantum numbers labelling them, are defined in
detail in Ref. [1]: [JKm7) is a symmetrized rotational wavefunction defined in
equations (68) and (69) of Ref. [1], |n;), |n,), and |n3) are one-dimensional Morse
oscillator eigenfunctions describing the stretching motion of the XY5; molecule,
|76, Ip, Toena) is @ symmetrized eigenfunction of the two-dimensional harmonic
oscillator modelling the small-amplitude bending motion, and |n;, J, K, 7i,,) is a
symmetrized inversion basis function obtained by numerical solution of a zero-
order inversion Schrodinger equation. Concerning the quantum numbers, it
suffices to say here that each of the three quantum numbers T,o, Tpeng> and Tiny
assumes the values 0 or 1 in such a way that the parity (see below) of [JKm7,q,) is
(—1)™, the parity of |ny, Ly, Tpena) is (—1)™, and the parity of |n;, J, K, Tin,) is
(—1)7in.
Insertion of equations (14), (16), and (17) in equation (15) produces

1
SEei=gud, D | D, > Cukm, Comkrmy,

ml me o=—1|V'K'7! V'K'7!

Trot

X Z (VDL 1BV

elec elec
o'=—1

XA K merio |[DS) (. 0,501 1K "miioy)| (19)

We have factorized the matrix element in equation (19) by making use of the fact
that the v1brat10na1 basis functions |V”) and |V’), the electronic wavefunctions
[®© Y and | ), and the molecule-fixed dipole moment operator u'l ) depend

elec elec/?
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on the vibrational and electronic coordinates only (these coordinates are defined i in
Ref. [1]), whereas the functions |J'K'm7l), |J"K"m7ll,), and D(l) (¢,0,0]1
depend solely on the Euler angles (6, ¢, ).

In the present work, we are only concerned with transitions within one
electronic state so we have |®") )= @) ). We define the electronically averaged
dipole moment operators

'a(l,a’) (@(l)

elec

|10 ® y,; (20)

elec

the subscript ‘el” signifies that in the matrix element, integration is over the
electronic coordinates only so that alle " is a function of the vibrational coordinates.
We intend to obtain the all? ) functions from ab initio calculations as described in
Section 3. By inserting equation (20) in equation (19); using equations (68) and (69)
from Ref. [1] in conjunction with equation (14-23) from Ref. [3] to obtain
anal?ltlcal expressions for the integral involving |J'K'm;7i), |J"K"miro), and

-9, 0, ¥)]"; and carrying out a significant amount of tedious al gebra (using the
results in Chapter 14 of Ref. [3]), we obtain the following expression for the line
strength:

S i) = gu@' + D"+ D] > D" Cyigry Cyrgryr (™™
VKT V'K T
1 ! " ! ! "
X { 6K,K,/ 5 (_ 1 )a'rol+a'rol+K (1 + (_ 1 )Trol+7rol+1)

VA B i
X ( " ,><V |Z0PIV"y + [(V2 — Dogog + 1]
K 0 —K

1 J1
X 01 gy = (— 1) oo tK
2 K/I 1 _K/

X (V' @Dy 4 (— 1)Trol+Trot(V/|,u(1 “Dlyy
+ [(\/E - 1)6[(/0 + 1]5K',K”—] E(—l)arm"_o’m"’[{

VA -
x( , (Vg =" 1v"
K —1 —-K

2

+ (=)= ey gl +1)IV”)]} Q1)

J// 1 J/
<K” ~1 —K’)

are standard 3j-symbols [3,22] and 7, is defined as

where quantities such as
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Kmod3 for 7, =1
Orot = (22)

0 for 7., = 0.

With the phase choices made for the basis functions in the present work, we obtain
the real, positive line strength in equation (21) in the form [is|*, where s is real, that
is, as the module square of a purely imaginary number.

The ab initio calculations provide us with the Cartesian components of the
dipole moment in the molecule-fixed axis system:

fig = (D |ual®® Y, a=xy, or z (23)

elec elec
and we obtain the vibrational matrix elements required in equation (21) from

(VNag v’y = (Vg v") (24)
together with

(V |M(1 +1)|VI/) + (—1)7;“‘+T£/‘"(V/|ﬂg’_l)|V”)

1 T /N - i . Trot 1] = I
= —ﬁ([l — (=D V@ V") + i1 + (= DAV g, VT, (25)

where AT, = Tho — Thy, and
(Vll,a l)lVll> 4 ( 1)T101+Tr01(V |‘u(1 +l)|Vll>
1 ATrm I = /) 1 ATml "= /
:E([l — (=D KV @, [V = i[1 + (=D KV, [V, (26)

We note that on the right-hand side of equations (25) and (26), the terms involving
(V'|a,[v") and (V'| &, | V") are never simultaneously non-vanishing.

2.4. Symmetry and selection rules

For the XY3; molecules considered here, we employ the Molecular Symmetry
Group (MS group) D5,(M) [3], given as the direct product [3],

D3,(M) = C3,(M)®{E,E'} 27)

where E is the identity operation, E" is the inversion operation which inverts all
particles in the molecular centre of mass [3], and the group

C;,(M) = {E, (123),(132),(12)",(13)",(23)'}. (28)

Here, (123) and (132) are cyclic permutatlons of the three Y nuc1e1 (1abe11ed 1, 2
3) in XY 3 and each of the permutation-inversion operations (12) (13) and (23)
involves the interchange of two of the Y nuclei and the inversion operation E" [3].
The character table of D;,(M) is given in Table 1. The Complete Nuclear
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Table 1. The character table of the MS group D5,(M) [3]

E (123) (23) E° (123)° (23)

1 2 3 1 2 3
Ay 1 1 1 1 1 1 (r1 + ry 4+ )3,
1/\/—(011 + a, + a3), sin p, T
A"y 1 1 1 -1 -1 —1 I, Ty
Ay 1 1 —1 1 1 —1 Jz, If
A, 1 1 -1 -1 -1 1 cos p, J,, iy, I'e
E' 2~ 0 2 -1 0 ([2r,—r—nlWe,
ry = r31V2),
([ 20 — @y — a3 ]/V6,
[0[2 - 0(3]/\/5),(/1)(’ :ay)
E" 2 -1 0 -2 1 0 Jdy)

Permutation Inversion (CNPI) Group [3], which contains all possible permu-
tation-inversion operations [3] for a given molecule, has 24 elements for the XY;
molecule, and the 12-member group D;,(M) is obtained by deleting from the
CNPI group the 12 unfeasible [3] symmetry operations that, when applied to an
initial molecular geometry, take the molecule into a new geometry that can only
be reached from the initial one by the breaking and reformation of bonds. We
assume that the breaking and reformation of bonds are associated with energy
barriers so large that this type of motion does not take place on the typical
timescale of the spectroscopy experiments whose results we simulate.

The MS group D5,(M) is obviously appropriate for planar XY 3 molecules such
as CHY and for ‘floppy’ molecules like NH; with a pyramidal, non-planar
equilibrium configuration but a barrier to planarity so low that tunnelling through
the barrier is facile already at room temperature. For pyramidal molecules with a
high barrier to planarity, such as PH3, the appropriate MS group is C3,(M) in
equation (28).

In Table 1, we give for each class of D3,(M) a representative element and the
number of elements in the class. Also, we indicate the D3,(M) symmetries of some
quantltles of interest: p is the HBJ inversion coordinate [1] (see also Fig. 1) and J
is its conjugate momentum, (J,, ),J ) are the components of the total angular
momentum along the molecule-fixed xyz axes, (i, iy, f1;) are the electronically
averaged dipole moment components along the molecule-fixed axes (see below),
(ry, r, r3) are the instantaneous values of the bond lengths of the XY3 molecule,
while o; = £ (Y,XY3), an= Z(YXY3), and as= £ (Y XY,) are the three bond
angles (Y; is the Y nucleus labelled i=1,2,3). The irreducible representation
I'" = A is the so-called electric dipole representation; it has character + 1 under
each of the permutation operations in D;,(M) and character —1 under each of
the permutation-inversion operations. It is required for determining the symmetry
selection rules for electric dipole transitions. Finally, the two irreducible
representations I'f = A} and I'y = A} are the Pauli-allowed symmetries for NH;
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Fig. 1. The geometrically defined coordinates and the labelling of the nuclei chosen
for NH°.

(or for a general XY3; molecule whose Y nuclei are fermions): Owing to
Fermi-Dirac statistics, the complete internal wavefunctions of NH; must
transform as A} or A} in D3,(M). Complete internal wavefunctions of NH;3 with
Al symmetry have —|— parity in that they have a character of +1 under the
inversion operatlon E"; those with Al symmetry have — parity, i.e., a character of
—1 under E". The 1rredu01b1e representations I'; =A} and I'y =A/ are the
symmetries with + and — parity, respectively, that are allowed by Bose—Einstein
statistics for an XY3 molecule, ND5 say, whose Y nuclel are bosons.

The nuclear spin statistical weight factors g, for '*NHj; are determined in
Section 8.4.1 of Ref. [3] and we do not repeat the derivation here. The results are
summarlzed in Table 2. The 24 nuclear spin functions (see Chapter 8 in Ref. [3])
of "*NHj span the representation

TtOI

nspin

= 124 ®6E’ (29)
of D;;(M). In Table 2, I'.,. is the MS group symmetry of the rovibronic
wavefunction I@gve)c)lé(w)) and for each possible I',,. we give under the heading
‘I',s’ the number of spin functions available for forming complete internal

wavefunctions of symmetry I';y = =Tf =A) and I';,, = I'y = A}, respectively, the
total number of such spin functions equals the nuclear spin statistical weight

Table 2. Determination of statistical weight of the rovibronic
states of '*NH; in the MS group D5,(M) [3]

Frve Fns Fint 8ns
A,l - A’,A” 0
A,l, - A’,A” 0
Ab 124}; — Ab; Al 12
Al —: 124 Ab; Al 12
E 6E'; — Ab; A 6

E" —: 6E' Af; Al 6
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factor g,,. We note that for I',, = A} or A}, g,s=0, so that the corresponding
energy levels are missing. They do not exist because their rovibronic
wavefunctions cannot be combined with nuclear spin functions in such a way
as to obey Fermi—Dirac statistics.
We have [3]

rrve = Felec ® Frv’ (30)
where T is the symmetry of |®).) and T,y is the symmetry of |#). We are
concerned with the electronic ground state of NH; for which I'y.. = A] so that for
the rovibronic states of interest I'ne = I'yy. If |@W)|DD)) has the MS group
symmetry I'/,(I'l,) then the line strength S(f «1) can only be non-vanishing [3] if

"I o1 =Al. (31)

In consequence, the symmetry selection rules on I, (with the corresponding g,
values) are

Ay AN gy =12 (32)

E'-E"; g,=6. (33)
These selection rules, in conjunction with the general rotational selection rules
A =] —=J"=041 " +T>1) (34)

determine the allowed electric dipole transitions of '“NHj.

3. THE DIPOLE MOMENT FUNCTIONS
3.1. The ab initio calculation of the dipole moment

The NH; dipole moment surface used in the present study is obtained from two
sets of ab initio data. As reported previously [4], the ab initio calculations were
done at the CCSD(T)/aug-cc-pVTZ level of theory (i.e., coupled cluster theory
with all single and double substitutions [23] and a perturbative treatment of
connected triple excitations [24,25] with the augmented correlation-consistent
triple-zeta basis [26,27]). The frozen-core approximation was applied.
Dipole moments were computed by using a numerical finite-difference
procedure with an added external dipole field of 0.005 a.u. The calculations
employed the MOLPRO2000 [28,29] package. The convergence thresholds were
10~ ' for density and 10~ a.u. for energy in Hartree—Fock (HF) calculations,
and 10~ '% a.u. for energy and 10~ '° for coefficients in CCSD(T) computations.

The first set of data was obtained on a two-dimensional grid (the 2D grid in
Ref. [4]) consisting of 420 geometries of C;, or Dz, symmetry, with bond
distances Ryy between 0.60 and 1.65 A, and angles agny between 70 and 120°.
The data points were more dense in the vicinity of the equilibrium geometry and
the saddle point. The second set of data was determined on a six-dimensional
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grid (the 6D-1 grid in Ref. [4]) consisting of 14,400 unique geometries that
form a regular grid in the range 0.85 A<r<rn<r;<120A and
80°< o < (0% < 03 <120°.

The ab initio calculations give the components of the molecular dipole moment
in a right-handed Cartesian axis system x'y’z’ with origin in the nitrogen nucleus.
The H; nucleus lies on the 7’ axis with a positive value of the 7z’ coordinate, and the
plane defined by the nitrogen nucleus and the protons H; and H, is the y'z’ plane.
Thus, in the x'y'7’ axis system, N has the coordinates (0,0,0), H; has the
coordinates (0,0,z;) with z; >0, H, has the coordinates (0,y5,75), and Hj has
the coordinates (x}, y4, z3). In general, all the coordinates y}, z5, x5, y4, and 7} are
different from zero.

3.2. The analytical representation of the dipole moment

The ab initio calculations produce values of (fi,, fi,/, ii), i.e., the components
of the electronically averaged dipole moment along the x'y’z’ axes defined above.
In order to calculate molecular line strengths, however, we must determine,
as functions of the vibrational coordinates, the dipole moment components
(fys i1y, @;) along the molecule-fixed axes xyz (see equation (23)) defined by
Eckart and Sayvetz conditions [1].

An ab initio calculation generally gives the components of the electronically
averaged dipole moment in a body-fixed axis system such as the x'y'z’ system.
For a body-fixed axis system, the orientation of the axes is determined directly
from the instantaneous positions of the nuclei. So, for the x'y’z’ axis system, the 7’
axis lies along the NH; bond, and the y'z’ plane is the NH;H, plane. The definition
of the molecule-fixed axis system xyz is more complicated since it rests on
the Eckart—Sayvetz conditions. The values of the Euler angles 6, ¢, x, which
determine the orientation of the xyz axis system in space, are determined, together
with the inversion coordinate p and the three centre-of-mass coordinates, by the
solution of a system of seven coupled equations [1]. Consequently, in line strength
calculations, we are required to transform the dipole moment from the body-fixed
axis system x'y'z/, as used in the ab initio calculation, to the xyz axis system. In
the present section, we discuss strategies for carrying out this transformation,
and we discuss suitable analytical functions for representing the molecule-fixed
components of the dipole moment.

In the papers on intensity calculations for triatomic molecules [18,19], which
guide the present work, the body-fixed dipole moment components (i, fy, iL;)
are represented by parameterized analytical functions of geometrically defined
coordinates (i.e., bond lengths and bond angles). The values of the parameters
in these functions are determined by least-squares fittings to the ab initio points.
The analytical functions (,ux - y 1, fi) are then subjected to two transformations:
One transforms from the x'y’z’ body-fixed system (called the xpg axis system in
Ref. [19]) to the xyz molecule-fixed system, and the other transforms the dipole
moment components from depending on the geometrically defined coordinates
to depending on the coordinates that we have chosen to describe the vibrational
motion. In our HBJ-inspired models for molecular rotation and vibration, these



222 S. N. Yurchenko et al.

coordinates are not geometrically defined. In Refs. [18,19] these two transfor-
mations are made, by a combination of analytical and numerical techniques, as
part of the intensity calculation.

In the present work, we must carry out transformations of the dipole moment
functions analogous to those described for triatomic molecules in Refs. [18,19].
Our approach to this problem is completely different from that made in
Refs. [18,19]. We do not transform analytical expressions for the body-fixed
dipole moment components (i, iy, ii7). Instead we obtain, at each calculated ab
initio point, discrete values of the dipole moment components (i, i, i) in the
xyz axis system, and we fit parameterized, analytical functions of our chosen
vibrational coordinates (see below) through these values. This approach has the
disadvantage that we must carry out a separate fitting for each isotopomer of a
molecule: Different isotopomers with the same geometrical structure have
different xyz axis systems (because the Eckart and Sayvetz conditions depend
on the nuclear masses) and therefore different dipole moment components
(s, 1y, i1;). We resort to the approach of transforming the dipole moment at each
ab initio point because the direct transformation of analytical expressions for the
body-fixed dipole moment components (fi,, iy, ii,/) is not practicable for a four-
atomic molecule. The fact that the four-atomic molecule has six vibrational
coordinates causes a huge increase in the complexity of the transformations
relative to that encountered for the triatomic molecules (with three vibrational
coordinates) treated in Refs. [18,19].

By carrying out the transformation (&, iy, i) = (fy, iy, i) at each ab initio
point separately and then fitting the resulting values of (g, 4y, i,), we obtain a
representation of the dipole moment tailor-made for computing the matrix
elements (V'|g}?|V") (¢=0,41) entering into equation (21) in terms of the
vibrational wavefunctions |V) employed in our model for the rotation and
vibration of XY3 molecules [1]. We would like, however, to make our NH3 dipole
moment surfaces generally available in a form independent of our particular
choice of the molecule-fixed axis system xyz. We describe such a ‘universal’
representation of the electronically averaged dipole moment vector f, the so-
called Molecular Bond (MB) representation, in Section 3.2.1. From the MB
expression for the dipole moment vector [equation (35)], the dipole moment
components for any choice of the molecule-fixed axis system can be determined in
terms of general, geometrically defined coordinates. In the sections following
Section 3.2.1, we then return to the problem of calculating line strengths from
equation (21), i.e., with our Eckart-Sayvetz choice of the molecule-fixed axis
system xyz.

3.2.1. The molecular bond (MB) representation
We write fi in the form given in Refs. [30,31]:

= ey + 3" ey + i3 e (35)
where the three functions ﬂ?ond, i=1, 2, 3, depend on the vibrational coordinates,

and e; is the unit vector along the N-H; bond,
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r,— Iy

€ = (36)

Ir; — 1yl
with r; as the position vector of nucleus i (the protons are labelled 1, 2, 3, and
the nitrogen nucleus is labelled 4, see Fig. 1) in the xyz axis system. We see that
the representation of the dipole moment in equation (35) is universal in the sense
discussed above: The unit vectors e; are defined in terms of the instantaneous
positions of the nuclei and do not depend on a particular choice of the molecule-
fixed axis system.

We have found that we can obtain a particularly accurate representation of the
ab initio dipole moment values by introducing the projections

/"_Li = ﬁ'ei, i = 1,2,3. (37)

Inserting equation (35) in equation (37), we derive

Z Bond(e e) ZAU —JBond’ (38)

w

where A;;=e;-¢; is an element of the non-orthogonal 3 X3 matrix

1 COS 3  COS 0y
A = | cos oy 1 cosa; |. (39)
COS 0y COS 1

When the determinant |A|#0 we can invert A analytically and compute

=Bond

! o
gt | =AT & | (40)
'L—Ll33ond s

When the molecule is planar, i.e., when o + a, + a3 =2, the determinant |A| =
and A cannot be inverted. This is because in this particular situation, e, e, and e;3
are linearly dependent and there are infinitely many possible values of
(aBend, gBond gBondy In this case, we can express f in terms of e, and e, only
[in that we set ,uBO“d 0 in equation (35)], and we can determine @>°"¢ and g5°™
in terms of fiy and fi,.

The inversion operation E' [3] in D3,(M) has the effect of reversing the
directions of i and each of the e;; E'fi=—fiand E” e;= —e;, i=1, 2, 3. Therefore,

E'f=(—)(—e) =@ =123, 41)

from equation (37). That is, fi; is invariant under E" and we can write it in terms of
the geometrically deﬁned coordinates ry, 15, 13, &1, &z, and «s; these coordinates
are all invariant under E*. We define a new function [ so that

f1 = Ro(ry, ra, 13, 04, 0, 013). (42)
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By making use of the fact that the permutation operations (123), (132), (12), (13),
and (23) in D;,(M) leave j1 unchanged [3], we derive the symmetry relations

@y = fo(ry, 2, 13, &y, 0, 3) = fo(ry, 13, 12, 0, A3, A), (43)
o = fo(ra, 13, 115 g, 03, 1) = fig(ra, 11,73, O, 0, 03), (44)
la?) = lao(r3a ry, rp, as, 0[1,0(2) = ﬂo(r3,r2,r1,a3,(x2,a1). (45)

Obviously all three functions fi;, fi,, and i3 are given in terms of [, and we
express this function as an expansion

P 0 0 0 0
Mo = ,U,E)) + Z,u;c )Ek + Z ,U]((J)gkgl + Z,ugg,]),mgkglgm
k k,l

k,l,m
+ > w0 b+ (46)
k,l,m,;n
where
£ =reexp(—6°r7), k=1,2,3, (47)
2 1
£, = cos(ay_3) — cos <§> = +oos(@). [ =45.6. (48)

The expansion function is chosen such that iy =0 for (r;=r,=r;=0, ¢; =, =
a3 =27/3). The factor exp(—B>r?) is required to keep the expansion in equation
(46) from attaining unreasonably large values at large r; [31].

In the axis system x'y’z’ employed in the ab initio calculations, the N nucleus
has the coordinates (0,0,0), and H; has the coordinates (0,0,7}) with zj > 0. It
follows from equation (36) that the unit vector e; has the coordinates (0,0,1) in the
x'y'7 axis system and so

fy = flg = € = fiy (49)

where i, is obtained directly from the ab initio calculation. Therefore, in
principle, it should be possible to obtain the values of the parameters defining
the function fo(ry, r, 13, @1, o, a3) by fitting equation (46) through the
computed values of i, only. However, we have made ab initio calculations at
geometries for which ri<r,<r; always. If we simply fit the available,
computed values of fi,, we are always fitting the projection of the dipole
moment onto the shortest bond. This introduces an asymmetry which degrades
the accuracy of our fitting. We could circumvent this problem by generating,
for each ab initio point, the fi, values at the 11 symmetrically equivalent
points, to which the initial point is connected by operations R#E in D5,(M),
and then fit all the resulting @, values. Another, equivalent way of
circumventing the problem is to fit simultaneously the calculated values of
1, flo, and fiz at the original set of ab initio geometries with ri <r,<r;.
We have chosen the latter approach.
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We fit equation (46) through the computed values of f,, fi,, and {3 given
by equations (43)—(45). It should be noted that the parameters in equation (46)
are subject to constraints resulting from the fact that gy(ry, 12, 73, a1, 0, 3)
is invariant to the simultaneous interchange of r, and r; and of a, and a3
[equation (43)].

The expansion in equation (46), taken to fourth order, was fitted through the
3X 14,440 ab initio dipole moment projections calculated for NHj3 at the
CCSD(T)/aug-cc-pVTZ level of theory. In the fitting, we could usefully vary 91
parameters, and the root-mean-square (rms) deviation attained was 0.0006 D.'
This is a remarkable fitting accuracy, compared to the 0.084 D attained in
Ref. [31], where a much larger range of geometries was used. At the ATZfc
ab initio equilibrium geometry [4] of ri=r,=r;=r.=1.0149 A and G =0r=
a3 =a.=106.40°, we calculate the ‘equilibrium’ dipole moment u.=1.5198 D.
The experimental value is (1.561+0.005) D [32].

We have also checked the effect on the rms deviation of including higher order
terms in equation (46). Extending the expansion in equation (46) to sixth order, we
obtain an rms deviation of 0.00006 D in the fitting to the 3X 14,440 ab initio
dipole moment values. However, the number of parameters required is about 400,
substantially more than with the fourth-order expansion. These results
demonstrate the very high internal consistency (i.e., smoothness) of the ab initio
dipole moment surface.

In spite of the fact that we have introduced the factor of exp(—Gr?) in equation
(47), our analytical expression for the dipole moment does not have a qualitatively
correct asymptotic behaviour for the bond lengths r;— . The function does not
converge to the dipole moment of the NH, fragment if we ‘remove’ a hydrogen
atom. However, neither does it diverge: The calculated dipole moment values
at large r; are around 2-3 D depending on which dissociation path we use.
Obviously, the asymptotic behaviour of the dipole moment is of no importance for
the simulations carried out in the present work; we are only concerned with
molecular states well below dissociation.

3.2.2. The representation in the xyz axis system

In order that we can compute the matrix elements (V'|a{l?|V") (¢=0, +1), that
enter into the expression for the line strength in equation (21), in terms of the
vibrational basis functions |V) employed in our model for the rotation and
vibration of XY; molecules [1], we must necessarily represent the electronically
averaged dipole moment vector as

n= e +ae, + e, (50)

where e,, e,, e, are unit vectors defining the orientations of the x, y, and z axes,
respectively. These unit vectors are defined by the Eckart and Sayvetz conditions
[1,3]. In the present section, we discuss how to obtain parameterized, analytical

! The fitted parameter values are available from the authors on request.
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expressions for (i, iy, ii;), given in terms of the vibrational coordinates that the
vibrational wavefunctions |V) depend on.

3.2.2.1. The transformation of the ab initio dipole moment

values to the xyz axis system
If we know the components of the electronically averaged dipole moment (jiy,
fy, fiz) in the space-fixed axis system XYZ, and we know the values of the Euler
angles (0, ¢, x) that define the orientation of the xyz axes relative to the XYZ axes
(see, for example, Ref. [3]), we can compute the xyz components (ji,, fi,, it,) of the
dipole moment from the relations V

ﬂa = Z Sa,A(07 (P’ X):aA’ @ =Xy, (51)

A=XY,Z

where the S, 4(0,¢,x) are the elements of an orthogonal, 3X3 transformation
matrix S (see, for example, Refs. [3,33]). We determine the values of (8, ¢, x)
from the equation expressing the coordinate transformation from the xyz to the
XYZ axis system [1]:

Ria =RM+ Y a0, 0 [aap) + Y Awa®@Si|,  (52)

oa=x,y,2 A=1,2,3,4a,4b

In equation (52), R; 4 (A=X, Y, Z) is the A-coordinate of the position vector for
nucleus i, and RSM is the A-coordinate of the nuclear centre of mass. (S~ ") 4.0, @,
X) is an element of S~ ! the elements of the p-dependent matrix A;, (p) are
defined in Ref. [1], whereas the a-coordinate a,,(p) (¢ =x, y, z) of nucleus i in the
HBIJ reference configuration [1] is given in Ref. [34]. The HBIJ inversion
coordinate p is defined in Ref. [1]. When the molecule is in the reference
configuration, which has Cs, or D5, geometrical symmetry (i.e., it has r{=r,=
r3=r. and a;=a,=uw3), p is the angle between the C; rotational symmetry axis
and any one of the N—H bonds. That is, 0 < p <7 (see Ref. [1] and Fig. 1). Finally,
in equation (52), the S% are the linearized coordinates defined in Ref. [1]; these
coordinates measure the displacement of the molecule from the reference configu-
ration. For A=1, 2, 3 we have S} =r} — r,, where i = r, when the molecule is
near the reference configuration. Further,

1
NG

1
Sip =75 (02 — o). (54)
where o} = a; when the molecule is near the reference configuration.

At each calculated ab initio point we set the space-fixed XYZ axis system
equal to the x'y'7’ axis system employed in the ab initio calculations. That is, we
set (Rix, Riy, Rip)=(x/, y/, z/) for i=1, 2, 3, 4. We then use least-squares
methods to determine from equation (52) a set of 12 coordinates p, RM, RSM,
R%M, 0,0, x, s 8% 82, Sﬁ Sﬁb (to any desired accuracy). These coordinate values

Sta = —= (20} — a5 — af), (53)

a’
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will, by necessity, satisfy the Eckart and Sayvetz conditions [1]; this is ensured by
the form of the matrix elements A;, (p) [1]. With the computed values of 0, ¢, x,
and the known ab initio values of (fix,dy,z)= (fy, @y, i), we can then
compute (i, iy, it,) from equation (51).

3.2.2.2. The analytical representations of (fiy, i, i)

We fit analytical functions of p, S%, %, S%, Si,, and S, through the values of
(fy» i1y, @) resulting from the transformation described above. The analytical
representation of i, («¢=x, y, z) is chosen as

Ba(E1. 65,65, 8l Eips ) = 3 (p) + > i (0EL + > uii(p)EiE]
k

k<I
O Wi OEEEn Y i (DEE e
k<I<m k<I<m<n
(55)

by analogy with the Type B representation of the potential energy surface defined
in Ref. [1]. In equation (55) we have introduced the linearized variables

B =1—exp(—a$}), k=123, (56)

g2,=58, £,=55, and the range parameter a occurring in the analytical
representation for the potential energy function [1]. The quantities £}, £2, &3, €5, and
Eﬁb are discussed further in Ref. [1].

The p-dependent functions up; (p) (¢=x or y) in equation (55) are chosen as

wi. (p) =Y P (sin pg —sin p)’, 0<p<, (57)
s=>0

where we take po=/2, corresponding to the planar configuration. The dipole
moment components (i, i) have E' symmetry in D3;,(M) and therefore (o= x or y)

E'uy (p) =u (p) (58)

or, equivalently,

pi.. (™ — p) = wy.. (p) (59)

since E p=m—p. The function u, (p) given in equation (57) satisfies this
requirement.
The dipole moment component i, has A} symmetry in D3,(M) so that

uig.. (m —p) = —uy. (p). (60)

We choose (pg=1/2)

: s ™
Hir.. () = Y _wip” (cos pg —cos p)' for S <p<m, (61)
s>0
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and
Z Z ™
Mg (p) = —uyy. (m —p) for 0£p<5- (62)

Since, with the definition in equation (61), uj, (7/2) =0, no inconsistency arises
because of equation (62). If we allowed only odd powers s in the sum of equation
(61), we could let this equation define uj; (p) in the entire interval 0<p <.
However, we have found that a better fit to the ab initio dipole moment values can
be obtained when we include both odd and even s in equation (61) and extend the
definition by equation (62).

Equations (59) and (62) ensure that the analytical representatlons of (,ux, Hys L)
have the correct transformation properties under the inversion operation E . Since
the appropriate symmetry group for NHj3, D3,(M), can be written as the direct
product given in equation (27), we must now ascertain that (i, i,, @,) also
transform appropriately under the operations in C;,(M). If this is the case, they
will have correct transformation properties under all operations in D3;(M).

Correlation from D3,(M) to C3,(M) shows that (g, it,) have E symmetry in
C3,(M) and i, has A; symmetry. We investigate the transformation properties of
(&y, 1y, @1;) in C3,(M) by means of a newly developed MAPLE VI [35] routine.’
By definition [3], the effect of a symmetry operation R in C3,(M) on the dipole
moment component ,ua(ik) is given by

Rio(5}) = fa(RED, (63)

where 5% is a shorthand notation for all the variables £*, E%, E%, Eﬁa, Eﬁb, and we
omit the coordinate p which is invariant under the operations in C3,(M). For
example, smce i, has A; symmetry in C5,(M), it is left unchanged by the
operation (23)":

(23) 11, 65, £5, €y Eip) = (51, 65, 65, £ Ebp)- (64)

On other hand, it is straightforward to determine the effect of (23)* on the
variables 5’2, 5%, E%, E%a, Sﬁb:

(23)" 1, (E1, 65,65, €4 E0) = (5N, 65, 65, €y —EL). (65)
Comparison of equations (64) and (65) produces
(6, 85, 65, Eha Eip) = (81, 65,63, Ebar —Eip). (66)

When we now insert the expansion from equation (55) on both sides of equation
(66), relations between the expansion coefficients in equation (55) ensue. For
example, from equation (66) the first-order expansion coefficients in the
expression for fi, must satisfy

wy = g (67)

2 This routine is available from the authors on request.
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Hia' = —Hig (68)
«s) —

so that u;,,” = 0. By combining these relations with the results of applying other
C5,(M) operations, we obtain that to first order

. = u§(p) + u(p)(EL + &5 + 5. (69)

Relations for the higher order parameters g, (up to sixth order) are derived
analytically using the MAPLE command ‘solve’, which arbitrarily chooses a
minimum set of independent parameters and expresses the other parameters in
terms of them. The derived relations are then converted to FORTRAN and
become part of the intensity program. Analogous MAPLE procedures have also
been applied for the dipole moment function in the MB representation and for the
potential function expansions [1].

3.2.2.3. The least-squares fitting of (i, iy, i)

Having derived the symmetry relations between the expansion parameters in
equation (55), we can proceed to fit the expansions through the ab initio dipole
moment values. The expansion parameters in the expressions for i, and f, are
connected by symmetry relations since these two quantities have E' symmetry in
D3,(M), and so i, and i, must be fitted together. The component i, with Al
symmetry, can be fitted separately. The variables £f, p in equation (55) are
chosen to reflect the properties of the potential surface, rather than those of the
dipole moment surfaces. Therefore, the fittings of (i, &y, ;) require more
parameters than the fittings of the MB dipole moment representations. We fitted
the 14,400 ab initio data points using 77 parameters for the fi, component and
141 parameters for @, f@,. The rms deviations attained were 0.00016 and
0.0003 D, respectively.

The parameterized, analytical representations of (i, iy, ii;) determined in the
fitting are in a form suitable for the calculation of the vibronic transition
moments {V'|@{l?|V") (¢=0, 1), that enter into the expression for the line
strength in equation (21). These matrix elements are computed in a manner
analogous to that employed for the matrix elements of the potential energy
function in Ref. [1].

4. APPLICATIONS
4.1. Transition moments

In this section, we report calculated values of the vibrational transition moments
for vibrational transitions vhv} < vivt of '*NH;, where v, is the inversion mode,’
vy <4 and v5 < 4. These transition moments are matrix elements of i ; they are

essentially determined by the dependence of i, on the inversion coordinate p.

*In the labelling of the vibrational states, a superscript + indicates the lower (symmetric) inversion
component; the upper (antisymmetric) component is indicated by a superscript —.
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The transition moments are calculated from the ab initio dipole moment
surface, represented in the xyz axis system as described above. They are defined as

s = \/ S KalDlz, o), 70)

A=X,y,2

where fi, is given in equation (55), while |®{) and |®D) are the J=0 rotation—
vibration functions computed variationally as described in Ref. [1]. As mentioned
above, for the vibrational transitions that we consider here, only matrix elements
of {i, are non-vanishing in equation (70). The wavefunctions |®{) and |®{) are
obtained from the ab initio potential energy surface CBS**-5 [36]. This surface is
determined as follows: ATZfc electronic energies were computed at 51,816
nuclear geometries using the CCSD(T) method (coupled cluster theory with all
single and double substitutions [23] and a perturbative treatment of connected
triple excitations [24,25]) with the augmented correlation-consistent triple-zeta
basis aug-cc-pVTZ [26,27]. At 3814 selected geometries, more accurate CBS +
energies were determined by extrapolating the CCSD(T) results to the complete
basis set limit and including corrections for relativistic effects and core—valence
correlation [4]. The differences between the ATZfc and CBS+ energies were
fitted by a sixth-order polynomial in geometrically defined, internal coordinates,
and the corrections were added to the ATZfc energies at all 51,816 grid points to
generate the CBS**-5 surface (which is close to CBS + quality). An analytical
representation of this surface was obtained by fitting the sixth-order expansion
given in equation (7) of Ref. [4] through all CBS**-5 data points. The resulting
181 potential parameter values will be given elsewhere [36] and are also available
from the authors on request.

In the variational calculations, the expansions of the kinetic energy factors G,z
and the pseudo-potential U [1] are taken to fourth order, and, as mentioned above,
the potential energy V is expanded through sixth order. In the numerical integra-
tion of the inversion Schrodinger equation a grid of 1000 points is used. The basis
set [1] is truncated so that

P = 2(1)1 + Uy + U3) + Vinv + Uyg < 14. (71)

With P <14, the /=0 matrix blocks corresponding to A; and E symmetry in the
group C3,(M) have the dimensions N(A;)=1455 and N(E)=2571, respectively.
The matrices are diagonalized with routines from the LAPACK library [37].

The calculated transition moments are listed in Table 3, where they are
compared with the available experimental data [38—44] and also with the values
calculated by Marquardt et al. [31] and Pracna et al. [45]. Our results are in good
agreement with both the experimental and the theoretical data.

There is a qualitative change in the dependence of the Av,=1 transition
moments on the inversion state at the top of the barrier to planarity, which is
about 1800 cm ™! [4,46-50]. Below the inversion barrier, the matrix elements
(v, — DT, |vy) and {(v, — 1)~ | a.|u} ) are approximately equal. Above the barrier
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Table 3. Transition moments (in D) for vibrational transitions v} V? —) VJz_r of 14NH3

Reference Reference Present

Wiy (h)* Obs. References® [45] [31] work
0t 1~ 0.236 [38] 0.237 0.208 0.235
0~ 1t 0.248 [38] 0.247 0.218 0.245
1t 2” 0.285 [39] 0.287 0.270 0.286
1~ 2t 0.525 0.508 0.514
2t 3~ 0.111 0.083 0.112
2” 3t 1.05 [40] 0.901 0.943 0.888
3t 4~ 0.034
3~ 4% 0.993
0t 0~ 1.4719 [41] 1.471 1.574 1.456
1+ 1~ 1.2448 [42] 1.248 1.355 1.238
2t 2” 1.02 [40] 0.948 1.047 0.938
3t 37 0.981 1.039 0.967
4+ 4~ 1.043 1.072 1.020
0+ 2” 0.0033 [43] 0.000 0.026 0.003
0~ 2t 0.0204 [43] 0.019 0.009 0.020
0t 3~ 0.0037 [441° 0.005 0.016 0.003
0~ 3t 0.0060 [44]° 0.008 0.026 0.005
0t 4= 0.001
0~ 4+ 0.002

# Reference for the observed value given under the heading ‘Obs.’
® Benedict ef al. [44] as cited in Ref. [45].

(i.e., for v,>2) the {(v, — 1)*|f,|v3) transition moment is much smaller than
(v, — 17|, |vl). We explain this behaviour by means of wavefunction analysis.

First we note that, as shown in Fig. 2, |a.| is zero at planar configura-
tions and increases with inversion displacement. Consequently, a large value of

T

_3 T T T : T T T
40 60 80 100 120 140

p/degrees
Fig. 2. The function ug(p) for 1“NH;. Note that wi(m— p)y=—ui(p).
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the transition moment {(v5)*|f,|(v5)*) requires that the two wavefunctions |(v5)*)
and |(v})") have a significant overlap at distorted geometries with p near O or
p near w. To investigate how the wavefunctions overlap, we plot in Fig. 3 the
inversion angle probability distribution, obtained by integrating the square of
the vibrational wavefunction over the stretching and small-amplitude bending
coordinates S%, S5, %, S2_, and S, for states vzv”z—L with v, <4. The normalized
inversion-coordinate probability density function f(p) is given by

f(p) = [dVIyl, (72)

where dV is the volume element for the stretching and small-amplitude bending
coordinates S}, S5, S3, %, and S5, B

In Fig. 3, the states v,v, are combined in pairs [(v, — *, vi] corresponding to
the vibrational transitions in Table 3. At v, <2 (i.e., below the inversion barrier),
the figure shows that for each of the two wavefunction pairs [(v, — 1), v;] and
[(, — )", v; 1, the pair members overlap in a similar manner and have significant
comparable overlaps for p near O or p near . At higher v, values, the members of
the [(v, — 1)7,v1 ] pair overlap only at very distorted geometries with p near 0 or p
near 7. The corresponding transition moments are therefore large. The members
of the [(v, — )T, v | pair overlap near planarity (p= 7/2), where |i.| is small, and
so the corresponding transition moments are small. These wavefunctions are
dephased for p near 0 or p near 7. Thus, the qualitative variation of [(v, — 1), v1]
and [(v, — 1)™,v; ] with excitation of the inversion mode is connected with the
fact that the amplitude of the inversion wavefunctions is shifted away from the
planar configuration, i.e., it is shifted towards p=0 or p=, in higher excited
inversion states.

4.2. Simulations of rotation—vibration spectra

As detailed in Section 2, we have derived and programmed the expression for line
strengths of individual rotation—vibration transitions of XY3; molecules; the line
strengths depend on the vibronic transition moments entering into equation (70).
With the theory of Section 2, we can simulate rotation—vibration absorption
spectra of XYs; molecules. In computing the transition wavenumbers, line
strengths, and intensities we use rovibronic wavefunctions generated as described
in Ref. [1].

In the present section, we give examples of simulated vibrational bands of
"“NH;. These bands start in the lowest inversion states 0 and end in the states
¥4 with v,<4. The rovibrational wavefunctions with J<18 are calculated
variationally as described in Ref. [1]. To make these variational calculations
feasible the size of the vibrational basis set is reduced relative to that employed for
the calculations of vibrational transition moments in Section 4.1. We now require
that

P = 2(U1 + Uy + U3) + Vinv + Uy <8. (73)
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The largest matrix blocks obtained with this basis set are the £ symmetry blocks at
J=18; they have the dimension N(E)=9150.

In Fig. 4, we show simulations of the vibrational absorption bands
vélfz—r — 0F(vh < 4) for "*NH;. The simulated spectra are drawn as stick diagrams
where the height of the stick representing a line is the integrated absorption
coefficient from equation (6), calculated from the line strengths given by equation
(21) at the absolute temperature 7=295 K. In these calculations, we use the
partition function value Q=1713.33, which is obtained from the J<18 term
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7 S T v
= 3x10° g8 | = 3x10° 2 L
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Fig. 4. Simulations of the vibrational absorption bands 1/21/?— 0*(vh < 4) for "*NH; at
the absolute temperature 7=295 K. The plots for v,, 2v,, and 3v, comprise the two
components vhry < 0~ and vhv; < 0F.
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Fig. 5. Simulations of the 2», and v»4 bands of 14NH3 at 7=295 K compared to
experimental data from Ref. [43].

values calculated variationally below 6000 cm ' and the spin statistical weight
factors for *NH; from Table 2. This value of Q can be compared to the value of
574.16 from Ref. [51], obtained at 7=295 K with spin statistical weight factors
which, in an obvious notation, can be written as g,(A;)=0, g,{(A,)=4, and
gns(E)=2. That is, the spin statistical weights employed in Ref. [51] are three
times smaller than those given in Table 2. The reason is that Urban et al. [51]
ignore the factor of 3 which the "*N nucleus (with spin /= 1) contributes to each
nuclear spin statistical weight factor. This difference does not matter for the
calculation of the integrated absorption coefficient /(f«—i) from equation (6)
since the line strength factor S(f<1i) in this equation contains a factor of g,
[equation (21)], while all terms in the partition function Q also contain g-
factors. Multiplying all g,.-values by a constant factor thus does not change
I(f <1). In the present work, we follow Bunker and Jensen [3] in defining g, as
the actual nuclear-spin degeneracy of each rotation—vibration level, and this
leads to the g,s-values in Table 2. When we multiply the Q value from Ref. [51]
by 3, we get Q=1722.48, in satisfactory agreement with the value of 1713.33
from the present work.

In the simulated band 41/J2—r — 0t inFig. 4, both components (+ « — and — « +)
have comparable intensities, whereas in the bands 2v% < 0F and 373 < 0*
the + < — component dominates as suggested by the transition moments
in Table 3.

To assess the quality of the simulated spectra, we compare in Fig. 5 the
simulated 2v, and v, bands of 14NH3 with stick spectra drawn with
the experimental data given in appendix of Ref. [43]. That is, the ‘experimental’
spectrum shows only the transitions assigned in Ref. [43], which explains why
the experimental spectrum contains less lines than the simulated one. In the
simulated and the ‘experimentally derived’ stick spectra, the intensities are
given as integrated absorption coefficients in cm mol ™ °. The experimental values,
originally [43] given in cm ™2 atm ', were converted to cm mol ~ ' at T=295 K.
We see that there is significant similarity between the simulated and
‘experimentally derived’ stick spectra: The agreement with experiment is
rather good.
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5. CONCLUSIONS

In the present paper, we have described a complex, but powerful ‘tool’ for
simulating spectra of NH3. The simulated spectra are directly comparable with
experimentally observed spectra. The tool consists of

e a variationally based model, with accompanying computer program, for
accurate calculations of rovibrational energies and wavefunctions of XY3
pyramidal molecules [1],

e an accurate ab initio potential energy function for NH; [36],

e a computational procedure for intensity simulations based on the results of the
variational calculations [Section 2.3, in particular equation (21)], and

e high quality ab initio dipole moment surfaces for NHj;.

The accuracy of the dipole moment surfaces is documented by the calculated
transition moments in Table 3.

In Fig. 5, the agreement of the calculated absolute intensity values with the
corresponding experimental values is an indication of the high quality of the
ab initio dipole moment surfaces employed in the calculation. The qualitatively
correct appearance of the bands indicates that our solution of the rotation—
vibration Schrédinger equation and the potential energy surface employed are
satisfactory. It should be emphasized that the ab initio potential energy and dipole
moment surfaces have not been adjusted to fit experiment.
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Abstract

In earlier works by our group, it was suggested that the presence of stabilizing Coulomb potentials
can allow low-energy electrons (i.e., with kinetic energies <1 eV) to attach to ¢* orbitals of certain
bonds and to thus cleave those bonds. In these earlier efforts, we focused on S—S bond cleavage and
in breaking a variety of bonds that occur in typical peptides and proteins. In the present effort, we
focus primarily on the stabilizing effects of nearby positive charges on the electron attachment
process to dimethyl sulfide (DMS) to break one of the C—S bonds. Ab initio electronic structure
calculations have been used to explore the influence of Coulomb potentials on the ability of low-
energy electrons to directly attach to the o* orbital of the C—S bond and to effect bond cleavage, as
well as to examine ¢* anion energy evolution as a function of C-S bond length.
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1. INTRODUCTION

There exist a variety of experimental mass spectrometric methods for effecting
fragmentation of gas-phase charged samples of a wide range of organic and
inorganic systems. Because of their ability to cause very specific and limited bond
cleavages, electron capture dissociation (ECD) [1-4] experiments, where very
low-energy electrons are attached to the gaseous sample after which specific
bonds break, have shown great promise.

Recent studies carried out by our group show [5] that low-energy electrons can
directly attach to and subsequently fragment S—S o bonds in disulfide-linked
dimers of Ac-Cys-Ala,-Lys (with n = 10, 15, and 20) that are protonated at their
two Lys sites. An example of such a species is shown in Fig. 1 where the alanine

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 48 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)48015-6 All rights reserved



240 M. Sobczyk et al.

Fig. 1. Structure of an (AcCA;sK+H)3" disulfide-linked dimer [6]. The disulfide
linkage is at the center and the two protonated sites are at the left and right ends.

helices are marked red, the cystine linkage containing the S—S bond appears in the
center, and the two Lys sites are at the termini.

According to the mechanism treated in Ref. [5], an excess electron enters the
S-S antibonding c* orbital to form a metastable anion that can either undergo
electron auto-detachment at a rate > 10'* s ™! or fragment (promptly because of
the repulsive nature of the ¢* anion’s energy surface) to form an R-S radical and
an ~ S—R’ anion. The yield of bond cleavage per attached electron is governed by
competition between fragmentation on the o* surface and the auto-detachment
process. The ab initio calculations of Ref. [5] were carried out on a very
simple model of the disulfide shown in Fig. 1, the H;C-S—-S—CH; molecule. The
R-S—S-R’ neutral and corresponding anion potential energy curves for dimethyl
disulfide as functions of the S-S distance are depicted in Fig. 2.

The data shown in Fig. 2 suggest that the near vertical attachment of an electron
into the S—S o* orbital of MeS—SMe would require an electron with kinetic energy
of ca. 0.9 eV and would generate the ¢* anion on a reasonably repulsive part of its
energy surface. This results in the well-known dissociative electron attachment
(DEA) process [7,8] which has been well studied experimentally for MeS—SMe.
Figure 2 also suggests that lower-energy electrons can attach to the o* S—S orbital
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Fig. 2. Energies of the dimethyl disulfide neutral (circles) and ¢* anion (triangles) as
functions of the S-S bond length (A) with all other geometrical degrees of freedom
relaxed to minimize the energy.
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but only if the S—S bond is stretched to near 2.25 A, which would require ca. 0.5 eV
of vibrational excitation. Of course, except at considerably elevated temperatures,
such high vibrational excitation is extremely improbable. So, the most likely means
by which electrons can enter the S—S o* orbital of a room-temperature sample is to
have ca. 0.9 eV of kinetic energy and to do so in a near vertical manner.

The effects that proximal positively charged groups can have on the DEA
process were the primary focus in Ref. [5]. Specifically, we considered the
Coulomb stabilization that one or more nearby positive groups (e.g., simulating
the protonated Lys sites in the molecule shown in Fig. 1) can have on the nascent
o* anion. As an example of the effects of Coulomb interactions, in Fig 3 we show
the MeS-SMe neutral and MeS-SMe™ c* anion potentials as in Fig. 2 but
calculated in the presence of two + 1 charges each 30 or 10 A from the midpoint
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Fig. 3. Neutral (circles) and o* anion (triangles) curves of MeS—SMe in the presence of
two + 1 charges 30 A (top) and 10 A (bottom) from the midpoint of the S—S bond.
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of the S-S bond (i.e., one + 1 charge on one side of the bond and the other +1
charge in the opposite direction). Clearly, in comparison with Fig. 2, the o* anion
curves in Fig. 3 are lowered in energy by a substantial amount relative to the
energy of the neutral. This causes the anion curve to intersect the neutral at smaller
S-S separations (e.g., at bond lengths that may be accessed in the zero-point
vibration of the S—S bond) and at much lower energy.

We have observed that the energy lowering of the ¢* anion curve can, in fact,
be estimated in terms of the Coulomb potential produced by the two + 1 charges.
For example, when the two charges are 30 A _distant, the Coulomb energy at the
midpoint of the S-S bond is 2(14.4 eV A30 A) 0.96 eV; when the two charges
are 10 A away, the Coulomb stabilization energy is 2.88 eV. The rigidity of the
compounds shown in Fig. 1 caused by their helical subunits allowed us to
accurately know the distances between the S—S bond and the two +1 sites, so
these species provided excellent support for postulate that our model MeS—SMe
compounds were designed to probe.

Based upon the results of such studies, we suggested in Ref. [5] that Coulomb
potentials produced by nearby positive charges could stabilize the o* metastable
anion states to an extent that might render them electronically stable. Under such
circumstances, the endothermic DEA process illustrated in Fig. 2 might be made
exothermic or thermo-neutral and thus able to effect bond breakage at a much
higher yield. The data of Fig. 3 suggest that S-S ¢ bonds, which require electrons
of ca. 0.9eV to induce DEA in the absence of positive charges, can attach
essentially zero-energy electrons to produce S-S bond cleavage if two +1
charges are within 30 A (or, equivalently, if one + 1 charge were within 15 A)

Our suggestion that proximal positively charged groups can substantially alter
the energy requirements and efficiencies of DEA processes can be of great
significance to workers who study electron-induced bond fragmentation
propensities in, for example, gas-phase mass spectrometric (including ion-
cyclotron resonance) experiments on charge peptides and proteins. In particular,
the use of ECD [1-4] methods for fragmenting such bio-molecules gives rise to
very specific bond-cleavage patterns but the mechanisms involved are not yet
fully understood. In fact, an unusual outcome [6] in ECD experiments on the kind
of molecule shown in Fig. 1 is what motivated us to examine the effects of
Coulomb stabilization in the first place.

To extend our previous studies of such processes, we decided to examine in
the present effort the anion that results from attaching an electron to the C-S
o* orbital of Me—S—Me shown in Fig. 4 as well as the neutral and anion energy
surfaces associated with cleaving the C—S bond in the absence and presence of two
positive +1 charges at 10, 20, and 30 A.

2. METHODS

Prior to stretching C—S bond, we optimized the geometry of the anionic Me—S—
Me™ molecule and parent neutral molecule at the unrestricted second-order
Mgller—Plesset (UMP2) perturbation level of theory (in order to take into account
the effect of electron correlation) with aug-cc-pVDZ basis sets [9]. We also
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Fig. 4. The singly occupied o* molecular orbital of the C—S bond (at Rcs=2.5 A) that
holds the excess electron of the Me—S—Me ™~ anion.

calculated all vibrational frequencies of the neutral and anionic species to make
sure the structures thus found were indeed minima on the energy surface.

In addition, to generate the neutral molecule and anion energies as functions
of the C-S bond length (R), we performed such UMP2 calculations at a range of
R-values using partial geometry optimization, with only the C—S bond distance
frozen and all other geometrical degrees of freedom relaxed to minimize the
energy. In all calculations, the values of ($%) never exceeded 0.7780 (after
annihilation) for the doublet states, so we are confident that spin-contamination
effects do not have significant influence on our results.

The anion calculations are especially problematic at R-values, where the
anion’s energy lies above that of the neutral (i.e., when the anion is metastable). In
such cases, great care must be taken to avoid having the anion’s wave function
undergoing variational collapse (i.e., to describe an electron distant from the
neutral molecule and having little kinetic energy). When stretching the C—S bond,
we had to be careful to monitor the anion’s orbital occupancy to guarantee that the
o* orbital was indeed the singly occupied molecular orbital. At large R-values,
this is rather straightforward because, at such distances, the anion is electronically
stable. However, at R-values where the C—S ¢* anion’s energy lies above that of
the neutral molecule, we had to employ special techniques for such an
electronically metastable state.

In the method we used to overcome these problems for metastable anions, we
increased the nuclear charges on the two atoms (e.g., C and S, when stretching
the C—S bond) involved in the bond cleavage by an amount d¢g and carried out
the anion and neutral calculations. These increased nuclear charges cause the C—S
o* anion state to be differentially lowered in energy and to thus
become electronically stable relative to the neutral molecule. In this way, we
were able to make sure that the anion energy and orbital occupancy we obtained in
our UMP?2 calculations corresponded to the proper o* anion. By employing this 3¢
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Fig. 5. Plot of the energy of the anion relative to that of the neutral in which an electron is
in a C-S o* orbital vs. the stabilizing partial charge d¢ added to the C and S atoms.

charge-increase technique for a range of 3¢ values (e.g., 53¢ =0.1-1.0 was typical)
within which the ¢* anion is electronically stable, we could then plot the stable
energies E (d¢q) of the o* anion vs. g and extrapolate to dg=0 to evaluate
the metastable o* anion’s energy. An example of such an extrapolation is shown in
Fig. 5.

As a result of such a treatment, we were able to compute the electronic energy
of the neutral Me—S—Me molecule as a function of the C-S bond length as well
as the electronic energy of the anion state of interest at all R-values. In particular,
we were able to evaluate the anion’s energy both at geometries where it is
electronically stable and where it is metastable, the latter being especially
important for estimating the vertical electron attachment energies that relate to
DEA processes.

In addition to carrying out such calculations in the absence of any stabilizing
Coulomb potentials, we repeated each calculation with Coulomb potentials
present. In all such calculations, we placed two +1 charges at 10, 20, or 30 A
from the midpoint of the C—S bond, and repeated the evaluation of the neutral and
anion energies.

Because we find that the presence of a + 1 charge stabilizes the anion curves
in a highly predictable manner (i.e., by lowering the 6* curve by 14.4 eV/R, where
R is the distance in A to each +1 charge), we can predict the energy and shape
of the o* anion curve for arbitrary values of the local Coulomb potential. This, in
turn, allows us to utilize our findings to predict the effects, for example, of
protonated adjacent groups whose distance to a given bond may even fluctuate
as the molecule undergoes thermal motions. So, even though we carry out
calculations for only certain strengths of the Coulomb potential, we suggest that
our data can be used to predict under what Coulomb potentials a given bond will
or will not be susceptible to exothermic DEA.
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In the absence of additional positive stabilizing charges, the electronic
instability of the Me-S—-Me ™ anion does not occur for C-S bond lengths larger
than 2.37 A, where the excess electron is localized on the Me-S fragment. It is
known [10] that Me-S possesses a positive electron affinity of ca. 1.87 eV which
is 1.79 eV larger than the electron affinity of the methyl radical. This difference
in the values of the electron affinities directly influences the localization of the
excess electron on the Me-S-Me ™ anion during fragmentation. When two
positive + 1 charges are present, the anionic energy curve is shifted down to lower
energies where it remains ‘below’ the correspondmg neutral energy curve for C—S
bond lengths larger than 1.95 A. This is because the anion with the singly
occupied o* orbital shown in Fig. 4 is stabilized by the electrostatic Coulomb
potential of the positive point charges added.

All of our calculations were performed with the Gaussian98 suite [11] of codes
on AMD Athlon 2000+ 1.6 GHz and Pentium IV 1.7 GHz computers, as well as
on SGI Origin2000 and Compagq Sierra systems. The three-dimensional plots of
molecular orbitals were generated with the MOLDEN program [12].

3. RESULTS

Before discussing the significance of our data, we wish to point out that the C—S
bond is a reasonably strong ¢ bond. As a result, the 6* anion curve lies high above
the neutral curve near the equilibrium bond length of the neutral parent molecule.
Therefore, the ¢* amon state has a high energy and a correspondingly very short
lifetime (ca. 10~ '*s or shorter). The short lifetime produces a very broad
Heisenberg width and thus makes the determination of the center of the DEA
cross-section difficult to determine. Moreover, the short lifetime causes
detachment to overwhelm dissociation of the o* anion, thus making the bond-
cleavage yield of the DEA process very low. All of these issues conspire to make
DEA data on the bond we are studying very scarce but still existent.

In Fig. 6 we show how the electronic energies of the neutral and anionic
systems vary along the C-S bond length with all other internal geometry
parameters relaxed to minimize the neutral or anion energy, respectively. These
plots allow us to examine where the anion’s energy surface lies relative to that of
the neutral, which obviously, is directly germane to attachment of a free electron
to the o* orbital of the C—S bond.

Examining the data used to create Fig. 6 in comparison with known
experimental values, we conclude that:

(i) The dissociation energy for Me-S-Me—MeS+Me is 3.28 eV. The
experimental estimate of this energy derived from the laser photodissociation
and photoionization of DMS is 3.25+0.06 eV [13].

(i1) The electron affinity of MeS is estimated to be 1.81 eV. This value is also in
reasonable agreement with the experimental value [10] of 1.87 eV. So, we
believe that our calculations provide satisfactory results in this case.



246 M. Sobczyk et al.

10 -

Relative energy [eV]
u

T T
10 15 20 25 30 35 40 45
R(C-S) [A]

Fig. 6. Neutral (circles) and ¢* anion (squares) energies as functions of the C-S bond
length in the absence of stabilizing charges.

We note that the o* anion lies 3.80 eV above the minimum of the neutral
species in our calculations, which is somewhat higher than the experimentally
determined 3.25 eV value in the DEA yield spectrum [7] (although this peak is
0.5 eV broad). We also note that the anion and neutral curves cross ca. 1.63 eV
above the neutral’s minimum. This amount of energy seems to be too high for
vibrational excitation of the C—S bond to access at room temperature and thus
accessing this crossing point remains unrealizable except at considerably elevated
temperatures.

In Fig. 7 we show the corresponding neutral and anion curves (n.b., computed
at the unrestricted MP2 level) associated with cleaving of the C-S bond when
two +1 charges are located 10 A from the midpoint of the bond being cleaved.
The positive charges are used to represent the Coulomb potential presented by two
protonated amine sites as, for example in the dication in Fig. 1.

We see that in Fig. 7 the anion is electronically stable for values of C-S bond
larger than 1.95 A. The anion and neutral curves cross ca. 0.16 eV above the
neutral’s minimum. The amount of energy needed to access the crossing here is 10
times smaller than in Fig. 6 and thus can be thermally attainable at room
temperature. Note that the energy of the anion relative to the neutral at R=1.82 A
(the neutral’s R.) moves from 3.80 eV in Fig. 6 to 1.08 eV in Fig. 7. This means
that direct vertical attachment would require an electron to have ca. 1eV of
kinetic energy in this case. The 2.72 eV of Coulomb stabilization observed in this
case is very close to that predicted by the equation for two positive charges at
10 A: 2(14.4/(10+R./2)) eV =2.64 eV. This success of such simple Coulomb
stabilization model may be surprising, but we remind the reader that this same
kind of model has proven highly successful when used to predict electronic
stabilities of anions in the past [14].
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Fig. 7. Neutral (circles) and c* anion (squares) energies as functions of the C-S
bond length when two positive + 1 charges are located 10 A from the midpoint of the
bond.

Before examining the results obtained with the two + 1 positive charges placed
20 or 30 A from the midpoint of C-S bond, let us see what the Coulomb model
predicts in those two cases. Specifically, it predicts the anion to be located relative
to the minimum of the neutral at the following energies:

3.80—2(14.4/20.91) = 2.42 eV with the two + 1 charges 20 A away
3.80—2(14.4/30.91) = 2.87 eV with the two + 1 charges 30 A away

In Figs 8 and 9 we show the neutral and 6* anion curves when two + 1 charges
are 20 or 30 A from the C—S bond midpoint, and we note that these estimates are
indeed quite good.

So, in the two latter cases we expect the C—S bond to be able to attach an excess
electron, but only if the electron has 2.4-2.9 eV of kinetic energy or if the C-S
bond is vibrationally excited by 0.7-1.0 eV.

Clearly, even when the two positive sites are only 10 A away, the o* Me—-S—-Me
anion is not electronically stable with respect to the neutral very near the
equilibrium bond length of the neutral. Nevertheless, because the anion—neutral
crossing occurs at low energy (i.e., 0.16 eV), direct electron attachment to the C—S
bond to effect fragmentation seems to be possible when two positive sites are
present and as distant as 10 A and the C-S bond is elongated by vibrational
motion. These findings and the Coulomb model that seems to be consistent
with them suggest that when the two protonated sites are closer than ca. 6.67 A,
the O'CS anion will be vertically stable [15] relative to the neutral, so direct electron
attachment of zero-energy electrons would then not require any energy input (e.g.,
vibrational excitation to access the surface crossing).
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Fig. 8. Neutral (circles) and o™ anion (squares) energies as functions of the C-S bond
length when two + 1 charges are located 20 A from the midpoint of the bond.

Because the Coulomb potential plays a central role in the model outlined
above, it seems important to examine the full electrostatic potential experienced
by an electron as it approaches the C-S bond region. In Fig. 10 we show
the electrostatic potential for Me—S—Me molecule in the absence of any
positive charges, with blue denoting attractive regions and red labeling repulsive
regions.
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Fig. 9. Neutral (circles) and o* anion (squares) energies as functions of the C-S bond
length when two + 1 charges are located 30 A from the midpoint of the bond.
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&

Fig. 10. The electrostatic potential of Me—S—Me molecule. Red regions are repulsive to
an electron, blue are attractive.

The region where the lone pair orbitals of the sulfur atom reside is repulsive
while the rest of DMS molecule is characterized by attractive potentials. There
is no clearly attractive region near the C—S bond that would tend to guide an
incident electron toward the og orbital because this figure corresponds to the
equilibrium C-S bond length and the CS o* orbital lies high in energy.
However, in cases where the two +1 positive charges are present at 10, 20, or
30 A, an electron is most strongly attracted to regions near these positively
charges sites where deep potential wells clearly exist, but our findings suggest
that the region of the G¢g orbital can also be attractive to such electron, especially
when the C—S bond is elongated.

4. SUMMARY

Direct attachment of an electron to the ¢* orbital of the C—S bond of Me-S—Me
shown in Fig. 4 has been examined using ab initio electronic structure methods.
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Particular care has been devoted to establishing a qualitatively correct description
of the metastable anion state that arises.

For the situations in which a C-S bond is cleaved, so Me and MeS radicals are
formed, the corresponding Me—S ™~ anion has a 1.81 eV positive electron binding
energy.

The vertical attachment of an electron to the o* orbital of this bond is highly
endothermic in the absence of Coulomb stabilization and requires the electron to
have a kinetic energy of ca. 3.80 eV (experiments probing the position of the o*
shape resonance give somewhat lower values). Even when Coulomb stabiliz-
ation of 2.88 eV is present (i.e., equivalent to two +1 charges 10 A distant or
one +1 charge 5 A away), the o™ anion curve lies vertically 1.08 eV above the
neutral and intersects the neutral at a distance of 1.95 A and 0.16 eV above the
neutral’s minimum. It therefore seems unlikely that such strong ¢ bond will be
susceptible to cleavage by a direct low-energy (<3 eV) DEA mechanism when
positive charges are absent. To effect exothermic vertical attachment to such a ¢
bond lying >3.80 eV above the neutral, one would have to have, for example, a
protonated amine site within 6.67 A. Of course, one can imagine multiply
protonated species for which the total Coulomb stabilization at the ¢ bond site
could move that site’s o* anion below the corresponding neutral, but such cases
are probably not common. The species shown in Fig. 1 represents such an
unusual case in which two + 1 charges as distant as 30 A are able to allow direct
DEA to occur. It is the weakness of the S—S bond (which causes the energy of
the o* orbital to be low lying) and the magnitude (ca. 1.8 eV) of the EA of the
S—R’ radical formed upon bond cleavage that make this case special.

For the very strong C-S o bond whose data are summarized in Figs 6-9,
the bond strengths and radical EAs do not combine to permit efficient direct
DEA when low-energy (i.e., <3eV) electrons are involved. We therefore
expect that Coulomb-assisted C—S bond DEA will not be effective in gaseous
peptide samples except for bonds that happen to be very near two or more
protonation sites. That is, our data suggest that direct low-energy electron
attachment to and subsequent cleavage of the C—S ¢ bond is not likely except
for highly positively charged samples. So, the results presented here seem to
offer good insight into one aspect of the ECD process and they provide a
means by which one can estimate (based on a simple Coulomb energy
formula) which bonds may be susceptible to cleavage by low-energy electron
attachment.
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Abstract
We examine the derivation of information about molecular structure and properties from analysis
of pure rotational and vibration-rotational spectral data of diatomic molecular species on the basis
of Dunham’s algebraic formalism, making comparison with results from alternative approaches.
According to an implementation of computational spectrometry, wave-mechanical calculations of
molecular electronic structure and properties have already played an important role in spectral
reduction through interaction of quantum chemistry and spectral analysis.
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1. INTRODUCTION

During the brief span 1904-1933 of his life, James Lawrence Dunham published
only five technical papers [1-5], but they continue to exert a significant impact on
approaches to analysis of spectra of diatomic molecules. For instance, in 1950
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Herzberg cited Dunham’s work at more than eight points in his monograph [6] on
spectra of diatomic molecules; of at least 1940 total citations of those five papers,
about 29 appeared during year 2003 [7], and in other papers of unknown number
published each year authors allude to Dunham’s work through his name without
citing his publications. Because Dunham’s work might in recent years be more
frequently cited than its significance be understood, the centennial anniversary of
his birth seems a fitting occasion to review why his work maintains a strong
influence on this narrow but both pedagogically and practically momentous sector
of optical spectroscopy: this field of spectra of diatomic molecules is important
pedagogically because their properties illustrate fundamental principles of
quantum effects typically explained in terms of an oscillator in one dimension,
and practically because many diatomic molecules that are crucial to a
comprehensive treatment of atmospheric chemical phenomena are detected
through their spectra in absorption, emission or Raman scattering; in either case
Dunham’s formalism is not merely applicable but prominent. After the discovery
of deuterium through observation of a visible spectral line [8] that intensified
investigation of isotopic effects, in 1936 van Vleck [9] extended Dunham’s
formalism to encompass deficiencies that Dunham partly recognised [5], and their
collective results and subsequent extension enable a quantitative description of
essentially all effects of nuclear mass in band spectra, requiring in addition only
effects of nuclear volume to complete treatment of frequency data and effects of
vibration-rotational interaction for intensity data. Over the ensuing decades other
workers have contributed to details of this treatment through their experimental
and theoretical analyses, making an approach to spectral analysis based on this
formalism comprehensive and thoroughly practicable. Our present task is to
assess this approach, from both experimental and theoretical points of view, in the
light of the current status of spectral measurements on diatomic molecules.

For the first time in application to details of spectral analysis, we recognise
also the role of wave-mechanical computations that herald the emergence of
computational spectrometry as a partner with experimental and theoretical
spectrometry in revealing information about molecular structure and properties:
in relating frequencies and strengths of spectral lines to molecular properties,
the work of Dunham and of van Vleck, for instance, constitutes theoretical
spectrometry, whereas the measurement of those frequencies and strengths, with
concomitant assignment to transitions between quantum states and fitting of
spectral data to theoretical quantities, is the practice of experimental spectrometry.
The concern of computational spectrometry is a quantum-chemical calculation,
through methods applicable to molecular electronic structure, of some or all
factors that affect the frequency and strength of a spectral line with an accuracy
comparable with that of typical contemporary research measurements. As a
consequence of subsequent evolution, the effective hamiltonian underpinning the
results of Dunham and van Vleck is directly appropriate for the practice of
computational spectrometry.

In an analysis of a molecular spectrum, the primary task is, for purpose of
characterisation, to assign each narrow spectral feature to a transition between two
molecular states specified with rotational, vibrational and electronic quantum
numbers or other indices. Nearly as important as the former, another task is to
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represent archetypal properties of each spectral line — the frequency at maximum
intensity and its total intensity — by means of formulae that reproduce those
features, within the accuracy of their measurement, with parameters fewer than
the number of features represented. The latter process constitutes data reduction;
apart from compactness in relation to storage and retrieval of data, an advantage
of such a reduced representation in an appropriately selected form is a possibility
of modest extrapolation of data so as to allow prediction of further features beyond
a range of measurements included in reduced data. Even though gross
extrapolation, in absence of both exact data and an exact theoretical model, be
a practice statistically unreliable and hence universally deprecated, a limited
extent serves as a legitimate basis for tentative further investigation and for
verification of the correctness of a theoretical formulation. For atomic spectra a
seminal instance of such data reduction was Balmer’s success in reproducing,
within the accuracy of their measurement, the wave lengths of four lines emitted
by atomic H by means of a formula containing only one parameter and one integer
variable [10]; subsequent discovery of lines in other series led to modification of
that formula so as to apply to all series with only two integer variables. In this
particular case, the parameter — actually, or proportional to, the Rydberg constant
— has direct physical significance in relation to the energy of ionisation of a
hydrogen atom. For molecular spectra an observation of Deslandres, almost
concurrent with Balmer’s discovery, that the separation of wave numbers of many
lines in a band system of CN in emission increases nearly linearly [11] enabled
fitting of a formula containing only three parameters [6, p. 42]. In this case, and
typically for subsequent analyses of infrared and Raman spectral data pertaining
to gaseous diatomic samples, parameters are merely artefacts of a particular
formulation or model, inaccessible to direct physical measurement. This
distinction concerning the observable nature of parameters is important in
subsequent discussion.

2. BASIS OF ANALYSIS TO THE EXTENT OF DUNHAM’S THEORY

Although Dunham’s first three papers [1, Intensities in the harmonic band of
hydrogen chloride; 2, Intensities of vibration-rotation bands with special
reference to those of HCI; 3, The isotope effect on band spectrum intensities]
treated spectral intensities, two most commonly cited papers [4, The Wentzel-
Brillouin-Kramers method of solving the wave equation; 5, The energy levels of a
rotating vibrator] pertain to energies of molecular states in relation to frequencies
of spectral lines observable such as through measurements of infrared absorption
and emission or Raman scattering by diatomic molecular substances in gaseous
samples at small total densities; band spectra involving also transitions between
electronic states might be another source of such data. As the inverse of wave
length, wave number 7 is proportional to frequency, but was measurable more
precisely than the knowledge of the speed c of light in vacuo, before the value of
that fundamental constant became eventually fixed. We work strictly with wave
number of a narrow spectral line of a particular isotopic species as a difference
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between values of spectral terms [6] of combining states according to Bohrt’s
relation:

V= Ei’]’ - Ei//lu (1)

here a term value Eiv/y, pertaining to a state of discrete energy characterised with
quantum numbers principally vibrational v’ and rotational J' (and others), implies
greater energy than another term value E.,;, specified with quantum numbers v”
and J” that take generally integer values, for these two states that combine in a
transition |v/, J') < |v", J”) in absorption, in accordance with standard practice [6].
Before Dunham’s last publication, these term values pertaining to the same
electronic state and to a particular isotopic species i were commonly represented
implicitly or explicitly through a double sum involving vibrational v and
rotational J quantum numbers in functionals to various powers in a form

W=D A+ 12 U + DY )

k=0 [=0

in which term coefficients Alid are regarded as merely phenomenological fitting
parameters [12], freely adjustable, of arbitrarily selectable subscripts and of
minimal number, to obtain an optimal fit according to a selected criterion, such as a
minimum sum of squares of residuals; Ay =0 for the electronic ground state.
Earlier usages of just v as a simple integer variable pertaining to a vibrational
motion and of J+' as a functional pertaining to rotational motion were
superseded when quantum mechanics became applied to spectra through analogies
to a simple linear harmonic oscillator and a rigid rotor [6]; as no real molecule is a
rigid rotor — nor an harmonic oscillator — in its nuclear motions within an electronic
framework, there is no logical basis to prefer J (J+1) to (J+ 1/2)2, for which the
differences (%) Al, are readily accommodated, but the former convention is
tenaciously established. In such implicit usage for a particular isotopic variant,
term coefficients were generally denoted unsystematically such as in the following
correspondences, some of which involve compound symbols,

Ajpg = e, Axg = —WeXe, Azp = We)e,
Ao = B, Ay = —a, Arl = Yo (3)
App =—D., Ajp=-—B., Apz=H,,

in values of rotational terms for a particular vibrational state,

F,(J) = B,[J(J + D] —D,[J(J + DI* + H,[JJ + D] + ... 4)
and of vibrational terms,
G(v) = W, (v + 1/2) — wx.(v + 1/2)* + w.y.(v + 1/2)° + ... 5)

with subsidiary relations,

B, = B, — a(v + 1/2) + v.(v + 1/12)* + ... (6)

D, =D, + B.(v + 1/2) + ... 7)
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and so forth, with some variability, depending on researcher, of inclusion ad hoc
of minus signs to make selected parameters assume generally positive values. In
an absence of net orbital, electronic and nuclear spin momenta that might couple
with rotational angular momenta, a sum of these vibrational and rotational terms
is simply the value of a spectral term, E\; = G(v)+ F,(J), within a particular
electronic state. The objective of fitting wave numbers of spectral lines in
perceived sets to expressions involving quantum numbers v and J is to enable
reproduction of those wave numbers of many lines with fewer parameters within
formulae of simple form. Sufficient parameters of selected kind are employed to
reproduce data satisfactorily. By means of coefficients either Ay, or their
unsystematic equivalents, spectral reduction might be generally achieved such
that these parameters number only about one quarter of the number of wave
numbers of measured transitions.

In his last paper Dunham obtained a formula for values of spectral terms for a
particular isotopic species i in a particular electronic state, which we suppose
generally to be of symmetry class 'S or 0 implying neither net electronic orbital
nor net intrinsic electronic angular momentum;

oo}

Ey =Y Ya@+ 120 + DI (8)

k=0 [=0

we likewise ignore intrinsic angular momenta of atomic nuclei. This expression
appears similar to formula 2, but here Y o # 0, even for an electronic ground state.
Dunham actually wrote K instead of J with no explanation of that symbol, but
during that era such a symbol to denote rotational angular momentum was
common practice. Correspondences with unsystematic parameters are only
approximate:

Yl,O = We, Y2,O = —WeXe, Y3,0 = WeYe,
Yo, =B, Y, =—a, 1 =Ye 9)
Yoo=—D., Yip=—Be, Yo3=H,,
An important distinction between term coefficients AL, and Y}, is that, whereas the

former are regarded as freely adjustable, the latter are formally inter-related; for
instance, although a relation

Yoo = —4Y0,/YT (10)

thus connecting D., B. and w., might be derivable directly from perturbation
theory, other relations such as

Yos =8Y5, (Y11 Y10 + 12Y5)/(3Y10) (11)
thus connecting H,, o, B, and w,, are less readily derived without an intermediate

model. It is essentially a truism to state that the essence of Dunham’s approach
to analysis of molecular spectra involves the primacy of Dunham coefficients Yy,
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that differ from freely adjustable coefficients Ay, in being explicitly related to each
other through algebraic formulae, such as that above, although many authors of
papers involving reduction of spectral data have ignored this distinction.

Two further comments about formula 8 and its parameters are noteworthy. The
number of terms with coefficients Yy, in the double sum is formally doubly infinite
so that formula 8 can represent spectral terms involving arbitrarily large values of
v and J; with data of finite extent the sums become truncated in a systematic and
consistent manner conforming to parameters of a minimum number required
according to that intermediate model. Instead of exact equalities in formulae 10
and 11, the approximations arise because each term coefficient Y}, constitutes a

sum of contributions [5],
Yg=> Y (12)
m=0

of which magnitudes of successive contributions Y]g(l)), Yg), Y, M . for a particular
isotopic species generally decrease rapidly with increasing value of m, hence
assuring rapid convergence for not too large values of v and — particularly — J; a
superscript, 2m with m integer, denoting order of contribution takes only even
values by dint of their relation to a JBKW procedure [13], based on that developed
concurrently by Brillouin [14,15], Kramers [16] and Wentzel [17], itself
dependent on a mathematical method developed by Jeffreys [18], according to
which Dunham originally derived expressions for these term coefficients [4]. The
approximate relatlons 10 and 11 become exact equalities when only leading
contributions Ykl are employed in those, and analogous, relations. The effect of
atomic mass Varles for these contributions; denoting by Uy, a factor independent
of mass in Ykl , we express this dependence on reduced mass p of a particular
isotopic species as

Yg}) o u—(k+21)/2, Yli?) _ Uklu—(k+21)/2 (13)
in which the molecular reduced mass is defined as p=M, M/(M,+ M), with M,

and M, being masses of separate neutral atoms into which a diatomic molecule
AB, whether net electrically neutral or a molecular ion, dissociates. For further

contributions Ylilz), Y, (4).. the corresponding factors incorporating reduced mass
are respectively u (k+21+2)/2, G2

Dunham achieved inter-relations between term coefficients Y;, through use
of an intermediate radial function V(R) in an effective hamiltonian for motion
of atomic nuclei of this form,

HR) = p* 2w + 1*J(J + 1D/Q2uR?) + V(R) (14)

that contains terms to represent kinetic energy parallel and perpendicular to an
internuclear vector with the centre of mass as origin of coordinates, and potential
energy V(R), respectively; the second term hence corresponds to rotational motion
about the centre of mass. Here p is a linear momentum conjugate to a vector to
represent instantaneous internuclear separation R, and the next term involves



Application of Dunham’s Formalism 259

the square of an angular momentum that takes discrete values 2[J(J + 1)]"2, with
J a non-negative integer or half integer. Instead of direct use of this variable R,
Dunham employed a reduced displacement x, thus dimensionless,

x=(R—R)R,, R=R,+x (15)

in which R. denotes an equilibrium internuclear distance, for a particular
electronic state, at which the postulated internuclear potential energy V(R) or V(x)
associated with nuclear motion along the internuclear vector is a minimum; x=0
at R=R.. To avoid working with coefficients of which the units vary with the
power of that variable, such a dimensionless variable is highly desirable.
According to a formal separation of electronic and nuclear motions, the total
electronic energy plus the coulombic repulsion between stationary nuclei
becomes a potential energy for motion of those nuclei. Dunham actually
employed, instead of x, a greek letter &, but in much subsequent work [13] the
former symbol is adopted, as here; apart from ease of typewriting, relation to
further symbols y and z for cognate variables is facilitated. Dunham adopted a
function of potential energy having the form of a polynomial or truncated power
series,

V(x) = Vy + heagx® <1 + ajxi) (16)
j=1

in which Vj is the potential energy at the minimum; for the electronic ground state
of a particular molecular species with a particular net electric charge V=0, and
the polynomial is truncated as limited by an extent of available spectral data. The
leading term aq x? of this radial function, which remains if all a;=0 for j>0,
corresponds to potential energy of the canonical linear harmonic oscillator, for
which classically the frequency is independent of vibrational amplitude and
quantally the frequency of transitions between adjacent terms is constant; further
terms a; x' that make an oscillator anharmonic hence take into account how
transitions of a real molecule differ from a limiting harmonic behaviour near R=
R.. In terms of these coefficients for potential energy, term coefficients such as

Y\ = 6BX(1 + a))lw, (17)
and
Y52 = 16B2(3 + a))lw; (18)

thus become simply related to each other, as here through formula 11 for instance,
on elimination of coefficients g; for potential energy.

Dunham [5] derived these expressions Yy (., B, aj), necessarily manually,
through a JBKW procedure, which he claimed to make more general [4] than what
had appeared in previous literature. Dunham reported expressions Yy, containing
coefficients a; up to as, and Sandeman [19] and Woolley [20] extended manually
these results according to a roughly analogous procedure. Kilpatrick [21] applied
perturbation theory in successive orders to derive expressions for Y, and
Bouanich [22] applied Rayleigh-Ritz perturbation theory for solution of
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Schrodinger’s equation with a separate Fortran programme to calculate each
numerical coefficient of a term in Y}; comprising products of various a;;
Brukhanov and coworkers [23] also employed perturbation theory but produced
with computer algebra many expressions for Y};. Bessis and coworkers conducted
calculations of Yy, of a complicated symbolic nature according to a method
involving differential operators [24], at first manually, but invoked computer
algebra to assist extension of this approach [25]. The JBKW method has been
programmed, with an algorithm [26] similar to Dunham’s, or more directly [27].
Uehara has reported explicit expressions for a few coefficients [28,29], also
derived with this JBKW method and with symbolic computation. The most
efficient algorithm to generate extensive expressions of Yy is based on hypervirial
perturbation theory, or perturbation theory without wave functions [30].
Both matrix mechanics with perturbation theory [31] and classical mechanics
[32,33,13] have been applied to the effective hamiltonian in formula 13 to yield
expressions for term coefficients ¥};. With unequally spaced Fourier components
[33,13], according to even classical mechanics one would produce expressions
for these term coefficients identical with those from all other approaches
listed above.

Before 1977 many spectroscopists reduced their wave number data to
phenomenological term coefficients Ay, for a particular isotopic species; despite
imposing no inter-relations of types in expressions 10 and 11, they employed
notation Yy, thus failing to recognise the profound significance of Dunham’s
work. This approach involves only linear regression, with readily obtainable
uncertainties associated with those parameters Aj;, but many coefficients of
correlation between those parameters inevitably assume magnitudes near unity. In
other cases some workers selected a subset of these term coefficients, typically
Yio and Yy ; taking as many values of k in each as required, from which to
evaluate a few coefficients g; for potential energy; non-linear fitting is required,
best performed iteratively until convergence to self consistency. In 1978 the
distinction between freely fitted coefficients Ay, and coefficients Yy, was formally
recognised [12]. Only in 1976 was undertaken [34] the first analysis of error
associated with these parameters a;. With spectral data comprising wave numbers
of only moderate precision, discrepancies between freely fitted coefficients Al
and coefficients Y}, calculated from parameters for potential energy are generally
not much greater than experimental error of evaluation of those quantities Aj,. In
1974 there had already been noticed significant discrepancies of this nature for CO
in precise spectral measurements of multiple isotopic variants [35]; further
empirical term coefficients A i associated with separate atomic centres A or B in
diatomic molecular species AB were hence introduced and evaluated signifi-
cantly. According to this formula proposed empirically,

=3 U VP[0 + m (/M + MDY + 12 + DI (19)
k=0 [=0

parameters Ala(’lb, like Uy, defined in formula 13, are formally independent of
atomic mass within sets of isotopes of atoms A or B; for an electronic ground
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state there exist neither Upy nor AO o- The latter parameters Ailb tend to
accumulate a contribution from Yk1 in formula 12. For parameters Uy not inter-
related through formulae similar to 11, thus lacking a defined relation to Dunham
coefficients Yy, according to formula 13 and becoming merely further
phenomenological fitting parameters, analogous to Ay, but still independent of
isotopic mass, we propose a distinguishing symbol By;.

Notwithstanding these developments, some spectroscopists continued to
express their results in terms of only freely fitted coefficients A}, and obtained
from an arbitrarily selected subset thereof divergent values of coefficients a; for
the same molecular sEec1es in isotopic variants. For HCI [36], derived values of a¢
in formula 16 for "H*>Cl and for "H*’Cl differed by ten times the stated standard
errors of these quantities, but these disparate results proved no cause for concern
because they reproduced successfully the wave numbers of transitions of each
isotopic species through their insertion into expressions for coefficients Yi,. For
"H®'Br, fitting spectral data dlrectly to term coefficients Al; in a linear fit resulted
in a reduced standard deviation 6 =0.76, indicating by its magnitude less than
unity that estimates of uncertainties of measurements of wave numbers of spectral
lines were somewhat conservative, whereas fitting the same spectral data directly
to coefficients a; through expressions for Yy, resulted in a reduced standard
deviation 6= 1.3 [37]; that these values of ¢ appear to differ significantly might
reflect the effect of “/-uncoupling” phenomena to which Dunham alluded [5], or
other factors not taken into account [37].

Apart from the distance variable x that Dunham used in his function V(x) for
potential energy, other variables are amenable to production of term coefficients
Y}, in symbolic form as functions of the corresponding coefficients in a power
series of exactly the same form as in formula 16. Through any method to derive
algebraic expressions for Dunham coefficients Yy;, the hamiltonian might have x
as its distance variable, but after those expressions are produced they are
convertible to contain coefficients of other variables possessing more convenient
properties. To replace x, two defined variables are y [38],

y=®R—R,)/R, R=R.J/—Yy) (20)

for which the leading term V(y)=b, y* in an expansion for potential energy was
the first function for interatomic potential energy, devised by Kratzer [39], and for
which Fues made a subsequent wave-mechanical treatment [40], and z [41]:

72=2(R—R)IR+R.,), R=R,2+2/2—2) 21

The latter variable eliminates a finite range [42] of convergence of series both of
x at 2 R, because of a pole due to internuclear coulombic repulsion as R— 0, and
of y at % R,, for a similar phenomenon as R— o . Expressions for Y}, in terms of
coefficients ¢;j in the latter series are available in a large consistent collection in
Fortran coding [43] up to c;p; such expressions, readily calculated, through
symbolic computation with efficient procedures [44], first in terms of coefficients
a;j and thence converted to b; or ¢;j as required, are further converted to Fortran or C
code for numerical applications.
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3. BASIS OF ANALYSIS BEYOND DUNHAM’S THEORY,
BY VAN VLECK AND OTHERS

Dunham recognised that his theory was adequate only when motions of electrons
are totally correlated to one or other nucleus during molecular vibration and
rotation about the centre of mass, to which motions Dunham referred as
mechanical effects [5]; especially with highly precise measurements of wave
numbers of transitions through a large spectral range or range of vibrational
quantum numbers, such an assumption is evidently untenable. The principal
reason that Dunham’s theory is inadequate is that the hamiltonian for nuclear
motion lacks terms to take into account the true nature of a diatomic molecule —
that it contains not two structureless atoms but two atomic nuclei, each of finite
mass and size, and their associated electrons, and that these electrons fail to follow
perfectly one or other nucleus in its rotational and vibrational motions with respect
to the centre of molecular mass; in the light of Dunham’s term, we describe these
effects as extra-mechanical [13]. Considering nuclear mass subsequently, we
devote attention first to effects of nuclear size.

A hamiltonian commonly applied to describe the electronic structure of a
molecule includes a coulombic or electrostatic term arising from a point-like
centre of charge for each nucleus. As is generally known by chemists but with
implications still largely ignored, an atomic nucleus has extension in space,
with a root-mean-square radius of order typically 2X 10~ '> m: the distribution of
electronic charge and the electronic energy are accordingly perturbed by this
extended distribution of nuclear charge, resulting in slight shifts of energy relative
to an hypothetical unperturbed coulombic potential [45]. These shifts of energy
lack direct spectral observation, but variations in shifts occur on isotopic
substitution because the spatial distribution of nuclear charge varies from one
nuclidic species of a particular chemical element to another. Discussing in 1922
an influence of nuclear volume on atomic spectra, Bohr [46] suggested that
spectral shifts reflected a variation of internal nuclear structure between isotopic
nuclei, producing a correspondingly varying field of force surrounding those
nuclei [47]. Not only variation of nuclear volume but also variation of nuclear
shape or of a distribution of nuclear charge produces a field shift [48]. Despite the
latter complication, discussion of a field shift in regard to molecular spectra is
couched conventionally in terms of mean squared nuclear radius (rz)a,b of atomic
centre A or B, by means of an extended relation

YO 4z 4+ ZE = U™ P21+ VG, + V) (22)

with term coefﬁcients Uy independent of mass and volume as defined in formula
13, and Z., collecting additional terms containing mean squared nuclear radii
separately for both atomic centres A and B. Parameters Vfl for the field shift are
functions of electronic density p; (R) that varies with internuclear distance. Here
follow simple expressions [49] for the leading coefficients for rotational,

VP = Z, 12 dp* P (R)/ARIge (3eokcRe) (23)
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and vibrational energies,
Vo = Zype* (@ p’ (RIAR[ge — 3a1/Rdpy’ (RIARIRe)/(1260k,)  (24)
together with an analogous expression for electronic energy,
Vi = Zp€’1(6eh)p (Re) (25)

in which appear protonic numbers Z,; of each atomic centre, harmonic force
coefficient k., fundamental constants e, i and g, and coefficient ¢; in formula 16
for internuclear potential energy. According to empirical values of coefficients
V]fl’b from precise spectral measurements, one would be able to evaluate, from
measurement of wave numbers of vibration-rotational spectra of a particular
diatomic molecular species in its isotopic variants, the electronic density at one
nucleus as a function of the separation of the other nucleus if absolute values of
mean squared radii were available. Such values of nuclear radii are difficult to
measure because an atomic nucleus contains mass and charge in a diffuse
distribution, even if that distribution be much less diffuse than for electronic
charge outside a particular nucleus; hence various experiments provide disparate
measures of such mean squared radii [50]. Because only differences in effective
mean squared radii of nuclear charge between isotopes of atomic nuclei with the
same atomic number are known with reasonable accuracy, formula 22 became
rewritten [49] as

YO 4 zEe 4+ 78 = U2+ VS + VD) (26)

in which 3(r%),, is a difference of mean squared radii between isotope A and a
selected standard isotope A’ of that atomic type, and analogously for atomic type
B. Compiled values [50] of (r?),, are available from isotopic shifts of frequencies
of optical transitions in atomic spectra, for which effects of mass and volume
might be more readily disentangled than for molecular spectra into which an
additional dependence on internuclear distance R enters; absolute values of
nuclear radii are also available [51], subject to a qualification explained above. For
hydrogen, the difference between wave numbers of Lyman . lines of 'H and *H or
D is 2237.95540.020 m ! [52], due mostly to a difference of reduced mass; the
field shift due to disparate nuclear volumes is only —0.020 m " for D relative
to H, despite a formally large difference between root-mean-squared nuclear radii/
10~ m, 0.80040.020 for H and 2.096+0.014 for D [53]. What matters for the
extent of the field shift is clearly the mean squared radius of nuclear charge, rather
than merely the cross section of nuclear volume. Evaluating the gradient of
electronic density with internuclear distance at equilibrium separations for a few
chalcogenide compounds of lead, and halide compounds of thallium, on the basis
of measured rotational energies, Tiemann et alii [45] discovered an approximately
linearly decreasing trend for this property. These authors mention [45] also that
for a field shift to be significant as a contribution to the total isotopic effect
requires a mass number of an atomic nucleus greater than 40, such as Ca with
atomic number Z=20; the smallest mass numbers for which a field shift has been
detected in diatomic molecules pertain to tin, Z= 50, mass number A ~ 120 [49].
For compounds of Pb and TI the largest contribution to isotopic effects arises from
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the variation of the volume or shape of nuclear centres on isotopic substitution,
such that for those elements the effects of volume variation are several times the
magnitude of expected effects of mass variation in the auxiliary coefficients Zy,
[49]. Because only relative shifts are observable, precise spectral data for at least
three isotopes of a given element in a particular diatomic molecular species are
required to yield information on these field shifts.

For molecules containing light atoms, we accordingly neglect this effect of
finite nuclear volume or field shift, but other effects prevent exact application of
1sot0p1c ratios that one might expect on the basis of a proportionality with Ykl
in formula 13 instead of total Y. For this reason we supplement term
coefficients Y}, in formula 8 for a particular isotopic species i with auxiliary
coefficients Z, [54],

e} 0

Ey =YY Y+ Zov + 1120 + DY 27)

k=0 [=0

separate from Zf, above for the effect of finite nuclear volume. We moreover
distinguish two contributions to these further auxiliary coefficients — those, Zj,,
that are required to obtain accurate applications of inter-relations, such as those
in formulae 10 and 11, between term coefﬁc1ents Y of a single isotopic variant
subject to restriction to leadlng terms Ykl , and those, Z;), that become
observable only on comparing parameters from spectra of isotopic species.
These auxiliary coefficients furthermore become partitioned into contributions
from each separate atomic type, A or B in diatomic molecule AB. With such an
expansion and apart from the field shift or effect of finite nuclear volume, we
rewrite the preceding formula as [55]

o«

Ey=)_ Z(Ykl FZR 2 H 2R ZD0 1D IT + D] (28)

k=0 [=0

in which all term coefficients on the right side pertain implicitly to a particular
isotopic variant. As an effective hamiltonian for nuclear motion in formula 14
suffices to yield term values according to Dunham’s formula, 8, involving only
coefficients Yy, we require further terms in another hamiltonian, which might be
in the form of corrections because each component of Zi,, and all components
in total, are typically much smaller than corresponding Y{,. We remedy this
deficiency by including at least one correction for each term in an effective
hamiltonian, formula 14,

HR) = p(l + g Ryme/m)p/2p) + (1 + g Ryme/my)h*J(J + D/(20R?)
+ V(R) + V'(R) + V"(R) (29)

in which g, and g, are called respectively vibrational and rotational g factors,
and m, and m,, are rest masses of electron and proton respectively; V/(R) is an
analogous correction to the internuclear potential energy V(R). V/(R) is a further
correction of which we allude merely to its dependence on atomic mass.
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The rotational g factor relates to the fact that a free molecule acquires a
magnetic dipolar moment as a result of molecular rotation [56]. Of seven terms in
this expanded effective hamiltonian, for only the rotational g factor can
experimental information be derived separately from other effects: for instance,
for a pure rotational transition of a diatomic molecule in electronic state 'S from
the rotationless state with J=0 to a state with /=1, one line in absence of a
magnetic field becomes a triplet, with the two additional lines displaced in
frequency symmetrically and proportional to the density B of magnetic flux; the
essential factor of proportionality is the rotational g factor, specifically an
expectation value, (/ = 1|g,(R)|J = 1), of a radial function g,(R) for that rotational
state, which might have a positive or negative sign. From the influence of a
magnetic field on transport properties of a gaseous substance — specifically the
direction of transverse transport of thermal energy or momentum, the sign of g, is
derivable [57], which task is difficult through application of the Zeeman effect on
spectra unless circularly polarized radiation be applied; results of these signs
were reported for diatomic species N,, CO, HD, O, and NO [58], for which
the sign pertains to a value of g, averaged over rotational states occupied at the
temperature of measurements. Apart from other experiments described previously
[56], even estimates of the magnitude of g, as well as sign are obtainable from
measurements of thermal conductivity and shear viscosity for a gaseous substance
in absence and presence of a magnetic field, plus other information; this method
has been implemented for N, and CO [59]. For the vibrational g factor there
exists no magnetic effect of low order that might provide direct experimental
measurement [60].

Theoretical calculation of any atomic or molecular property through
application of computational methods based on quantum mechanics or other
sophisticated approach is typically practicable through approximate methods. The
internuclear potential energy V(R) independent of mass is conventionally derived
from the results of computations of molecular electronic structure according to a
scheme of wave mechanics,

N N N N
— {(h2/2me) > 7} + (¢*lAmeg) (— > Zirag+Zolro) + Y Vn + ZaZb/R> }
j=1

j=1 =1 >y
XW(ri;R) = WR)W(r;;R)
(30)

in which r, ; denotes a distance between atomic nucleus A and electron j, and ry
analogously for nucleus B, rj; is an interelectronic distance, and ¢(rj; R) is an
assumed total wave function for motion of N electrons with a parametric
dependence on fixed internuclear distance R; we neglect magnetic effects in this
formula. The total energy W(R) of a molecular system, including coulombic
repulsion between atomic nuclei, with these nuclei fixed at a separation R thereby
becomes a potential energy V(R) for the relative motion of these nuclei, according
to an effective hamiltonian approximately in formula 14 or accurately in
formula 29. Such an ansatz based on a formal crude separation of electronic and
nuclear motions was first described by Born and Oppenheimer [61] in1927, to
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justify expressing a molecular energy as an approximate sum of separate
contributions from rotational and vibrational motions of atomic nuclei and
electronic motions. Expressing energies in such a sum had been practised
implicitly for some years before this treatment appeared, and Born subsequently
sought an improved derivation [62]; since that time many attempts to improve the
analysis of molecular energies have been made, notably those by Longuet-Higgins
through a variational principle [63] and by Fernandez [64] through application of
perturbation theory, but a comprehensive analysis including both vibrational and
rotational nuclear motions with electronic motions is still lacking.

Including explicitly both electronic and nuclear motions, Schrodinger’s
equation has never been solved exactly, even for an isolated hydrogen atom;
approximate numerical solutions of an entire molecular system, involving
integration over both electronic and nuclear coordinates, would yield all feasible
energies of discrete and continuous states with no vestige of molecular structure in
a traditional sense [65]. An intermediate approach, as incorporated in formula 29
above, involves treating atomic nuclei first as having infinite mass, thus denied
kinetic energy, and solution of electronic energies on that basis. Relaxing that
criterion to finite mass requires various corrections that affect, to a greater or lesser
degree, energies accessible to a particular isotopic species, depending on those
masses. A function V'(R) constitutes a correction called adiabatic because it
involves calculation with wave functions of only a particular electronic state of
interest, hence yielding wave-mechanical expectation values of operators for
nuclear momentum operating on electronic wave functions; after standard
manipulation to eliminate a dependence on the position of the centre of nuclear
mass [66], one expresses this correction in this general form as a radial function,

V/(R) = —112h%0|72IM, + ViIM,|0) (31)

in which V, or I%, is a differential operator with respect to nuclear coordinates
that operates on the electronic wave function. This formula includes approxi-
mations: 0 denotes an electronic wave function ¢(rj; R) for the electronic ground
state that is a solution of equation 29 applicable to infinite masses, and atomic
masses M, and M,, appear instead of respective nuclear masses. For that adiabatic
correction in V/(R), the ratio of its magnitude to that of internuclear potential
energy V(R) is clearly of order a ratio ms/M of electronic mass to mean atomic
mass M [30], hence 5.5X 10~ * at most for a typical molecular species. Because
both rotational g,(R) and vibrational g,(R) factors that appear in formula 29 have
as coefficient a ratio of electronic and protonic masses, with these g factors having
magnitudes of order unity at most, these terms are likewise smaller than their
addend unity by a factor~5X10~*. The ratio of the magnitude of the most
important parts of contributions V”(R), described as nonadiabatic because they
involve matrix elements of operators for linear and angular momentum between
an electronic ground state of interest and electronically excited states, to V(R) is
of order a squared ratio [67] of electronic mass and mean atomic mass, (me/lmz,
hence 3X 107 at most for a stable molecular species and negligible except
in relation to spectral data having atypically great precision. These various
corrections present in formula 29 beyond terms in formula 14 affect rotational
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and vibrational contributions to molecular energies in disparate manners; within a
context of that effective hamiltonian, the recognition and disentangling of these
contributions during spectral analysis constitutes a major challenge.

Although Herzberg [6, page 230] illustrated pictorially how L uncoupling might
affect the energies of rotational states, it is unclear how such an explanation might
be directly applicable quantitatively to vibration-rotational spectra. The fact is
that, in absence of further coefficients Z,;, values, for /> 1, of Y}, of a particular
isotopic species derived from precise measurements of spectra in which appear no
explicit multiplets implied in Herzberg’s diagram deviate significantly from those
expected on a basis of Yy o and Yy ;; these systematic deviations constitute a basis
for distinction of Zy; from Z;), such that for diatomic molecules with like nuclear
charges, for which Z,=27,, and for hydrides, for which the atomic number of the
other atomic centre much exceeds unity, some values of Z, for />1 might be
derived or estimated from spectra of only one isotopic species [55]. By definition,
values of Z; with [ =0 vanish. Values of Z) are derivable experimentally through
analysis of spectra of isotopic variants; for a reasonably significant evaluation of
several values of both Z;| and Z;, numerous spectral data for isotopic variants of
both atomic types over the same range of energy as for a principal isotopic species
are essential. A presence either of a ratio m./my, as factor of radial functions for
rotational and vibrational g factors or of a ratio of electronic to nuclear masses
implicitly within adiabatic corrections V'(R), as explained above, implies that
auxiliary term coefficients Z; that have their source in such effects have
magnitudes much smaller than those of dominant term coefﬁ01ents YY), and
nonadiabatic corrections V”(R) even smaller; typlcally Zig ~ Yk1 and effects of
V’(R) would be ~Y,; ™ A further contribution Z!, to total auxiliary term coefficient
Ziq that is due to an effect of nuclear volume or field shift, and proportional to
Va3(r*),y, from formula 26, might have a magnitude comparable with
contributions from mass effects for atoms of large atomic number, as mentioned
above.

For a particular isotopic variant of a diatomic molecule with like charges on
atomic centres, i.e. Z,=2;, and for which we assume no net molecular electric
dipolar moment at any 1nternuclear dlstance i.e. p(R)=0 for all R, we hence
express the coefficient of (v+ 1/2) [J(J+ 1)] in formula 27 as a sum,

Ya + 24+ Zi + Zy (32)

The rotational and vibrational g factors have a dependence [66] on masses of
atomic centres of forms

&:(R) = myg"(R)I1/M, + 1/My] = g (Rymy/u (33)

g(R) = myg"(RI[1/M, + 1IMy] = gV" (Rymy/u (34)

in which g™ (R) and g'™(R) contain electronic contributions regarded to pertain to
irreducible nonadiabatic functions pertaining to rotational and vibrational motions
[66], respectively. Simplified from formula 31, the adiabatic correction becomes
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analogously expressed compactly as
VI(R) = —121%0|72|0Y 1 (35)

because 72 = 2. Because field shifts between isotopic nuclei have their source in
significant differences between distributions of nuclear charges in space, or
nuclear volume, no comparable compacting of expression is practicable for this
effect; formulae 22 and 26 remain applicable to a species with Z,=2Z, just as for
Z.#Zs.

For a diatomic molecule with unlike charges on atomic centres, so Z, # Z,, we
express the coefficient of (v+ l/z)k [J(J+ 1)]l in formula 27 as a sum of seven
addends,

Ya+ 27 + 20 + 28 + 2 + 23 + 7 (36)

The rotational and vibrational g factors of net electrically neutral molecule ~AB ™
with an indicated electric polarity show a dependence [66] on masses of atomic
centres of forms

&(R) = [&"(R) — p(R)(eR)Imy/M, + [gI"(R) + p(R)/(eR)Im,/M,  (37)

&/ (R) = [¢y"(R) — (1/e)dp(R)/dRImy/M, + g\ (R) + (1/e)dp(R)/dR1m,/M;,  (38)

in which p(R) denotes a radial function for electric dipolar moment, and dp(R)/dR
its first derivative with respect to internuclear distance. Formulae 37 and 38
exhibit a partition of total nuclear and electronic contributions to rotational and
vibrational g factors into contributions of separate atomic centres [66] in a neutral
molecule that is consistent with their expression in this more compact form,

&:(R) = g (Rymy/u — m, [ 1/M, — 1/My]p(R)/(eR) (39)

8u(R) = g (Rymy/p — (myfe)[ 1M, — /My dp(R)/AR (40)

Electronic contributions to g.(R) and g,(R) relate to nonadiabatic rotational and
vibrational effects, respectively, as electronic matrix elements [9], whereas a
nuclear contribution, the same in each case,

g = gV = my(Z,My/M, + Z,M /MM, + My,) (41)

simply depends on atomic numbers and atomic masses, independent of
internuclear distance [66]. Scrutiny of the applicable quantities reveals that this
nuclear contribution can adopt only a positive value, whereas the total electronic
contributions to both g,(R) and g,(R) have invariably negative values; the sign of
the net value of g.(R) or g,(R) hence depends on the relative magnitudes of these
negative and positive contributions. The total adiabatic corrections can assume
both negative and positive values. For a diatomic molecule with Z,#7,, the
corresponding adiabatic correction is given simply in its general form, formula 31,
and formula 26 is applicable to the relative field shift.
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4. BASIS OF APPLICATION OF DUNHAM’S AND VAN VLECK’S
THEORY TO ANALYSIS OF DIATOMIC SPECTRA

Bearing in mind that the primary objective of spectral analysis in its two stages
combined is to evaluate parameters of minimal number that serve to reproduce
archetypal characteristics of spectral lines in related sets, we consider how to apply
formulae presented above for analysis of data of type wave number or frequency of
spectral transitions. On a purely empirical basis for spectra of each separate
isotopic species, one might simply apply formulae 2 and 3 in combination,

5= ; [Z;Ak]{(v' + 127U+ DI = 0"+ 1)U+ DI @2)

For many values of wave number # for diverse transitions within a particular range
of quantum numbers v and J to yield a few values of phenomenological parameters
Ay for each separate isotopic variant, a standard statistical treatment to evaluate
these over-determined parameters involves merely linear regression, best
performed according to a criterion of least sum %> of squares of residuals; a
residual is a difference between a measured value of # and the corresponding value
calculated with Ay; in a given set. This treatment, like all succeeding improvements
thereon, is naturally amenable to weighting of each measured wave number to take
into account a variable ratio of signal to noise among spectral lines in a set, partial
overlap of lines et cetera. For typical vibration-rotational data in a collection for a
particular species, the most important parameters Ay are those pertaining to
vibrational energies, Ay, and those pertaining to rotational energies, Ay i;
additional parameters of type Ay ,, Ay ... related to centrifugal distortion are
typically added empiricall;/ to a set under test until further addition of parameters
yields no diminution of ~. As a rough guide to the extent of parameters of type
Ay o, for data extending over a typical range from v=0 to v,,x the corresponding
maximum level of Ay ; would have k=v,,,; especially for diatomic species other
than hydrides, such an extent of Ay  is unlikely to be required, and the maximum
value of k might be only %, vy, The range of parameters of type Ay ; is likely to
require a maximum value of k the same as, or one unit less than, is required for
parameters of type Ay o, and several further Ay », Ay 3, Ax 4 ... might be judiciously
included for smaller k.

In an analogous manner, this approach is extensible to treat simultaneously data
of multiple isotopic variants of a particular diatomic species; such a treatment
might be based on application of differences of spectral terms according to formula
19, with empirical parameters By; and Ai’lb therein as explained at that point. In such
a treatment there is convenience in distributing a factor reduced mass p between
vibrational and rotational quantum numbers, or rather their respective functionals,
in the following form, known as mass-reduced quantum numbers [68],

v+ 12", [JJ + D (43)

Hence these functionals of quantum numbers v and J become compounded with
reduced mass p; differences of these quantities to various powers k and / that serve
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as regressors no longer retain integer values, respectively, for molecules in
electronic state of class 'S or 0.

As mentioned above, reductlon of spectral data in terms of such empirical
parameters Ay, or By, and Akl , achieves an objective of this process, namely that
those parameters number appreciably fewer than the number of fitted wave
numbers 7 of separate transitions. One obtains further reduction on applying
constraints to freely adjustable parameters Ay, or By, to convert them to Dunham
coefficients Yy, or Uy, respectively. One might even retain linear regression in this
process, implying that initial estimates of parameters are not required, according
to an iterative approach that Tiemann developed [69]: in the first iteration,
parameters Ay, or By and Akl , are freely adjustable within a selected set defined
by subscripts k and [/, and coefficients a; for potential energy according to
Dunham’s formula 16, or some equivalent such as b; or ¢; coefficient of y or z
respectively in formulae 20 and 21, are subsequently evaluated from Ay o and Ay ;.
In the next iteration these values of coefficients for potential energy are substituted
into expressmns for Yiq with />1, and the corresponding contributions Yi(v+
1/2)K[J(J + D] with [>1 to spectral terms Ey, are subtracted from those terms;
the remaining parts of those terms are refitted to define further values of
coefficients g; for potential energy. This iterative process is continued until
convergence, or self consistency, of values of coefficients for potential energy
according to an appropriate criterion. One consequently obtains, with empirical
parameters Akl , Dunham coefficients Yi;, or their equivalent quantities Uy
formally independent of nuclear mass, in a set from Y ¢ to Yy ¢ and Y, o consistent
with coefficients a;, or convenient alternative such as ¢j, up to some maximum
level of j. Further coefficients Y}, are taken to be zero according to truncation of
infinite sums in formula 8 necessitated by spectral data having finite number,
whereas further coefficients a;, or alternative, have values entirely indeterminate,
but which are unlikely to be zero. By inserting published values of parameters g;
into known expressions of term coefficients Yy, one can satisfy oneself that this
criterion of consistent truncation of sums in formula 8 has been practised such as
in work on HBr [37] and HCI [36] since the commencement of efforts to employ
Dunham’s formulae for Y}, in a consistent manner; although such a criterion is
only implicit within Dunham’s paper [5], it has nevertheless been essentially
universally applied; insinuation of further primary quantities Y}, with non-zero
values other than those supported directly by the data set into a treatment of data in
a particular set beyond that implied by subsidiary parameters such as a; or ¢; to a
specific level is recognised to be incongruous.

On the basis of this criterion one might attempt to estimate some further
subsidiary parameters, according to the following scheme [69]. If the fitted value
of g; of ultimate order j be even, with value m for instance, that condition implies a
non-zero value of some Dunham coefficient Yy o of largest value of k, such as n,
and thereby other coefficients Y,,_1 5, Y1 —24 ... with even /, and other coefficients
Yo—1.1, Yan—23 ... with odd /. One might then estimate a,,+; from a formula for
Y,.1=0, or alternatively from Y, ; 3=0, or analogously for other Y}, with lesser k
but increasing odd values of /. This operation fails to yield consistent results
because that estimate of a,,4; from Y, ; =0 likely differs significantly from the
corresponding estimate from Y;, ; 3=0. One might argue that one should prefer
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the former value because it arises from an assumption that a principal Dunham
coefficient Y,,; with /=0 or 1 has a zero value, but such an argument involves
an arbitrary selection. In any case, further such application of this scheme, to yield
an estimate of a1, from Yy 4o and so forth, rapidly leads to divergent and
unphysical magnitudes of these parameters aj, such that this scheme becomes
impracticable and unreliable [70], like any other contrivance to extrapolate in lack
of both an exact model and exact data. Whether the above argument involves Yy
or their equivalents Uy, independent of mass, which would be actually employed
in reduction of spectral data of multiple isotopic variants, is immaterial: the same
conclusion follows.

Although a traditional approach without Tiemann’s extension [69] yields
parameters a; of minimum number, which hence imply primary coefficients Y\ of
minimum number in a consistent set, there remain empirical parameters Ai’lb that
might have their number reducible through their expression to radial coefficients
in functions for extra-mechanical effects — such as g.(R), g,(R) and V'(R)
introduced above. A few approximate relations such as [71]

Aoy, =34y —24,) (44)

have been derived, but a more systematic approach in terms of those radial
functions is clearly required. Although, on the basis of application of a JBKW
approach [26], formulae were derived to relate quantities equivalent to V/(R) and
g.(R) in an effective hamiltonian, formula 29 apart from V”, without g, a full
solution including g,(R) beyond a constant term awaited development of
hypervirial perturbation theory and its application first to derivation of Dunham
coefficients Yy, [28], and subsequently to auxiliary term coefficients Z [72].
Employing an effective hamiltonian [66] in an alternative form in formula 29
above that is equivalent to that applied in that derivation [72], and observing that,
on a basis of formulae 34, 33 and 31, these extra-mechanical effects are
expressible in terms of sums of contributions involving reciprocal masses M, and
My, of separate neutral atoms [66], we postulate the following radial functions for
vibrational and rotational g factors and adiabatic corrections, respectively, in
terms of reduced displacement variable z defined in formula 21:

&R > g,(2) = my (Z SIIM, +> s}°zj/Mb> (45)
=0 =0
&(R) = g(2) = m, (Z £2IM, +> t}’zj/Mb) (46)
=0 =0
VI(R)— V'(2) = hem, (Z u'dIM, + Z ujsz/Mb> (47)
j=0 =0

This formulation [72] includes terms only linear in a ratio m./M, of electronic and
atomic masses. Whereas coefficients c; pertaining to potential energy, or their
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counterparts g; in Dunham’s expressions [5], occur non-linearly in Dunham
coefficients Y}, as exhibited in this instance,

Yy, = (B/wi)(45¢] +27¢i — T8cicy + 30c3) + ... (48)

in which B, and w, are primary rotational and vibrational parameters appearing in
formulae 6 and 5 respectively, coefficients sj‘?"b, tja’b and u™® occur only linearly in
auxiliary coefficients Zy; or Z, for either atomic type in formula 28, as this
instance demonstrates.

Zi”’g = 1/2 wesomy/M, + 2(Be/w)[ui(1 — 3¢i/2) + uzlm/M, (49)

Despite the linear occurrence of s;"b, tja’b and 1 among themselves, they occur
in products with other parameters c;, B. and w,; the latter two quantities each
separately contain, implicitly, reduced mass, as p ' in B, and p~ " in w, through
these explicit formulae,

B, = hl(8T*cpR?) (50)

we = (ke/1)"/(270) (51)

consistent with formula 13. These two quantities constitute convenient forms to
represent parameters R, and c(, which belong to V(z) according to a definition of z
in formula 21 and the following explicit formula,

V(R) = V(2) = V, + hccyz* (1 + cjzj) (52)
j=1

with
co = ay = w2/(4B,) = 1/2 k.R*/hc (53)

The right sides of both latter expressions evidently contain no dependence on
mass, and formula 52 is analogous to formula 16. Consistent with use of reduced
quantum numbers according to formulae 43, in practice U, g replaces w. and Up;
replaces B, during fitting of spectral data with mass-reduced quantum numbers.
Inversion of spectral data to coefficients c;, sja’b, tja’b and uja’b and R, in pertinent
radial functions to represent in a compact form, according to an ultimate spectral
reduction, Dunham coefficients Y}, and auxiliary coefficients Zy; in sets consistent
with radial coefficients at particular levels clearly requires estimation of non-
linear parameters in the form of those radial coefficients. The first algorithm to
achieve this objective is embodied in a Fortran programme for weighted non-
linear regression called Radiatom [55], in which a main routine serves to specify
masses and to read data; its call also of a subroutine [73] initiates activity of an
efficient fitting algorithm according to a method that Newton originated and
that Levenberg, Marquardt, Choleski, Hammarling, Morrison, Osborne [73] and
others developed subsequently. That subroutine in turn calls another subroutine
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that calculates both the wave numbers of transitions, according to fixed values
of regressors — masses of atoms constituting a particular isotopic variant and
quantum numbers of lower and upper states of an assigned transition in a list in the
data set — and adjusted or constrained values of parameters — radial coefficients or
associated quantities as explained above, and the derivatives of residuals with
respect to those parameters. The wave number of each transition is calculated
directly through Dunham, Y\, and auxiliary coefficients, collectively Zy, as in

7= S Va +2 + 2 + Z + ZD0 + 120+ DY
k=0 [=0

— "+ 12" I+ DTS} (54)

These coefficients Yy, and collectively Zy, are employed precisely as the primary
quantities according to the theory of Dunham [5] and van Vleck [9], calculated
through their expressions in terms of radial parameters in other subroutines; those
many expressions have simply the forms shown in formulae 48 and 49 above.
Their radial coefficients serve to maintain a consistent level of Yy, and each
component of Z;. Further subroutines of Radiatom contain expressions for
derivatives of these primary quantities with respect to radial coefficients.
Symbolic expressions for derivatives of residuals with respect to radial parameters
enable fitting more efficient than merely numerically calculated derivatives,
through first or second finite differences; such symbolic derivatives in a fitting
procedure facilitate convergence, and hence require initiate estimates of
parameters less near the ultimately fitted values than for numerical derivatives.
All these expressions in these subroutines were initially formed directly with
symbolic processors Reduce and Maple, through automatic generation of Fortran
code, and are evaluated with numerical precision of calculations set at 32 decimal
digits. With increasing speed of computer hardware and increasing sophistication
of software, generation of expressions for Yy and various Z; with Maple and
subsequent utilisation of these expressions in a separate fitting procedure entirely
within Maple that evaluates selected radial coefficients according to another
procedure also based on work of Levenberg and Marquardt has become feasible;
Radiatom II functions in this manner, with precision readily selectable but set
typically at 24 decimal digits. Taking full advantage of use of software for
computer algebra, a novel feature of the latter procedure is utilisation therein of
symbolic differentiation of an algebraic procedure (M. B. Monagan and J. F.
Ogilvie, in preparation) that builds a grand expression for E\; through a sum of Yi,
and all appropriate components of Z. Operation of Radiatom II is practical for
data in a set numbering less than 500; such a computation to converged
parameters involves typically a duration up to 2000s, relative to as little as 90s for
data and parameters in the same sets and the original Radiatom in Fortran with a
powerful processor; the difference reflects that Fortran programmes are fully
compiled, whereas Maple procedures employ compiled numerical subroutines but
operate at the top level in an interpreted manner, hence slowly. Although
estimated standard errors of parameters and coefficients of correlation between
parameters are practically identical for analyses of the same data with Radiatom in
these two versions, the converged values of parameters are not quite identical but



274 J. F. Ogilvie and J. Oddershede

agree within the stated errors. Extensive vibration-rotational data in appropriate
sets of which an analysis might involve effects of finite size of atomic nuclei are
lacking; for neither Radiatom nor Radiatom II has there been made an attempt to
encompass these effects. For both procedures typically 10-20 iterations are
required to reach convergence according to a specified criterion.

For Radiatom, upon approach to convergence, that criterion involves a test that
involves the sensitivity of parameters to adjustment; ample experience with
Radiatom has demonstrated that this test fails if initial estimates of adjusted
parameters, typically numbering 10-25, are near the finally converged values.
This peculiarity has led to use of deliberately rough values of U; o and Uy, with
characteristic standard values of ¢; and ¢, as initial estimates [13, table 4.26];
initial estimates of all other values of adjustable parameters are entered as zero.
For this reason the initial value, for both Radiatom and Radiatom II, of a sum of
weighted residuals, %2, is typically of order 10'°, eventually decreasing to a value
typically of order 10" at convergence; during this process values of parameters
sample a large area of the hypersurface of * and local minima seem to be
avoided in favour of an apparent global minimum, at least within a physically
reasonable domain of parameter space. For this reason also a deliberate attempt to
seek a local minimum of 7% or otherwise to influence the ultimate values of
parameters, is impracticable; the process of evaluating parameters, within a
particular set, thus becomes as objective as practicable within a limitation of
necessarily providing initial estimates of parameters as dictated by the nature of
non-linear regression. A further property of Radiatom is its inability to fit linearly
dependent parameters; an error message ‘“Parameter ... is linearly dependent upon
previous parameters” appears on initiating any attempt of this type, and execution
terminates at that point, generally at the first iteration. Experience with Radiatom
Il is less extensive than with the original Radiatom, but similar behaviour seems to
apply; this manner of performance might be a general feature of regression
according to the algorithm of Levenberg and Marquardt when applied to many
parameters.

5. APPLICATIONS OF DUNHAM’S FORMALISM
TO SPECTRAL ANALYSIS

As an objective, spectral reduction involves evaluating parameters of minimal
number that serve to reproduce wave numbers of transitions within, on average,
their precision of measurement. According to an approach based on the formalism
of Dunham and its extension by van Vleck, one seeks hence to evaluate term
coefficients Y, and various Zy; in sets that are both minimal and consistent,
achieving the latter property through secondary parameters of some appropriate
kind. Although Dunham’s original derivation involved a function V(x) and its
parameters a;, an alternative scheme has generated as its result exactly formula 2
above incorporating YG*; instead of potential energy and kindred radial
functions this generator-coordinate approach [74,75] involves integral kernels
prospectively obtained from calculations of molecular electronic structure and
matrix elements of nuclear operators, hence directly transcending the crude
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approximation resulting from formula 30. One can not emphasise too strongly that
a radial function, such as V(R) for potential energy or p(R) for electric dipolar
moment that according to conventional treatments is taken to govern wave
numbers or strengths, respectively, of lines associated with typical transitions
measured in infrared spectra, is an artefact of a formal separate treatment, which is
approximate, of electronic and nuclear motions; notwithstanding this global truth,
one includes further radial functions that serve as corrections, such as those in
formula 29 beyond terms in formula 14, to improve reproduction of experimental
data by transcending somewhat that approximation when such corrections are
sufficiently small to be considered acceptable perturbations. There exists hence at
least one fully theoretically justified alternative to use of radial functions that
have as argument either directly internuclear distance R or a functional of R
in combination with R.. In sum, a radial function such as potential energy is an
artefact of a theoretical ansatz — an artificial distinction between motions of
subatomic particles unjustifiable according to rigorous quantum mechanics even
though quantum-mechanical methods might serve to calculate applicable
quantities in a semi-classical approach. A radial function is not an experimentally
observable quantity, and is not even essential to the practice of Dunham’s
formalism in analysis of molecular spectra. Furthermore, since Dunham’s time
proof has existed [76,77] that inversion of spectral data involving only bound
states fails to define uniquely a function for potential energy, with or without
auxiliary functions for adiabatic corrections, vibrational and rotational g factors et
cetera. A simple example of such lack of uniqueness exists for equal differences
between adjacent vibrational energies: the number of corresponding functions for
potential energy is uncountable [78,13]. To evaluate V(R) uniquely from data
pertaining to only a particular angular momentum, one requires also knowledge of
phase shifts of all continuum states [79], although scattering data at fixed energy
enable recovery of potential energy [80]. The essential raison d’etre of a radial
function is precisely to ensure that Dunham coefficients, Y extended with various
Zy1, comprise a consistent set of minimal number, in accordance with the principle
of parsimony or Occam’s razor, thus allowing one to achieve maximal spectral
reduction; the underlying evaluated radial parameters or prospective integral
kernels incidentally also number minimally within a consistent set. These
Dunham coefficients, independent of any model that inter-relates them such as a
function for potential energy or integral kernels based on a generator coordinate,
constitute a systematic representation, through formula 54 as extended to include
effects of nuclear volume if necessary, of actual or feasible measurements of wave
numbers of spectral lines within a range of quantum numbers v and J for which
values of these coefficients are valid.

Notwithstanding the preceding fundamental verity, one discerns qualitative
similarities between features of these radial functions and observable quantities
from other than spectral experiments. For instance, a value of the hypothetical
equilibrium internuclear distance R, deduced from spectra of gaseous CO in its
electronic ground state is similar to a value of interatomic distance derived from
crystallographic data obtained in experiments with diffraction of xrays, and
expected to be similar also for deductions from experiments with diffraction of
electrons or neutrons, even though the latter three experiments might yield
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significant variation of that parameter even for samples measured at the same
temperature and state of aggregation. Moreover, one expects that radial functions
derived from disparate methods of spectral reduction of data in a common set
likely exhibit similar characteristics and trends, although there is no reason to
envisage exact agreement.

How does one proceed to evaluate Dunham coefficients Yy and Zy from
spectral data comprising transitions combining several vibrational and many
rotational states of a particular diatomic molecular species in multiple isotopic
variants? We here assume that assignments of all transitions in terms of v and J of
combining states are already made, although in practice it is entirely feasible to
undertake an analysis of spectra of a particular species involving making such
assignments for a selected subset of measured lines and using tentative values of
both Yj; consistent with underlying parameters such as a; or ¢j to extend
assignments. Such a procedure has been applied, for instance, in analysis of
spectra of vapours of RbClI [81] and GeO [82] in absorption. If parameters be
evaluated for individual bands of the most abundant isotopic species, one can
generally be guided to the maximum necessary value of k in Yy by fitting the
origins or centres of vibration-rotational bands to a polynomial in v+ % in formula
5 or equivalent, and the corresponding maximum necessary value of k in Yy ;
through an analogous fit of B, in formula 6; for a typical collection of spectral data
including vibration-rotational bands, the value of k derived from thus fitting B, is
likely within one unit of the value of k derived from fitting band origins. Such fits
of individual bands are useful also to provide estimated standard deviations of
wave numbers that can serve as weights in the ensuing regression to evaluate
radial and Dunham coefficients. In lack of such guidance, a direct fit of an entire
set of spectral data, with weights estimated from other observations, can proceed
with trial selection of ranges of radial coefficients, eventually to achieve
convergence and monitored with values of statistical indicators of goodness of fit.
Because radial coefficients g; or c; for potential energy occur in algebraic formulae
of Yy, in a highly non-linear manner, as shown in formula 48 for instance, it is
mandatory to retain all those quantities as parameters up to a particular maximum
value, even though an estimated standard error of an intermediate coefficient
might indicate its nominal lack of significance. Moreover, successive radial
coefficients become introduced into expressions for energies of vibration-
rotational states through successive orders according to perturbation theory of
Rayleigh and Schrodinger in hypervirial form [30] or otherwise [21]. The JBKW
method with all quantum corrections yields the same series as standard quantal
perturbation theory for an anharmonic oscillator [72,83,84]; hence the
corresponding infinite series are identical, although each approach might generate
terms in distinct manners: to have the terms identical order by order one must
choose the same perturbation parameter and invert the BKW equation up to the
same order chosen in quantal perturbation theory. For this reason also, it is
illogical and improper to reject parameters such as a; or ¢j that occur first in a
particular order of perturbation theory but to accept analogous parameters that
become introduced according to this theory in a higher order. When this theory is
applied in a consistent and systematic manner, the practical generation thereby of
radial coefficients for potential energy in a minimal set from given frequency data,
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and hence of consistent parameters Yy, generally suffers from no ambiguity of
extent of polynomial.

In contrast, selection of radial coefficients for extra-mechanical effects poses
significant difficulty: the reason is that, even ignoring the effect of nuclear volume
and of further nonadiabatic effects in V”(R), these effects number three for an
atomic centre of each distinct atomic number, according to parameters in
formulae 45, 46 and 47, whereas auxiliary coefficients of types Z;, or Z; number
only two. Moreover, although adiabatic effects contribute to only Z;; and the
rotational g factor to only Zy;, parameters pertaining to the vibrational g factor
appear in formulae for both 7} and Z;;, but with no net contribution to Zg, + Z;,.
Without either additional information from experiments with samples in applied
electric and magnetic fields or equivalent information obtained through a practice
of computational spectrometry, one must either make an — at least somewhat —
arbitrary selection of parameters of types s;, #; and u;, in formulae 45, 46 and 47
respectively, or construct modified parameters in various combinations for the
purpose of fitting spectra [28,85]; in either case a numerical value of such a
parameter might lose its nominal physical significance in regard to a particular
term in a hamiltonian, although the overall objective of deriving values of
coefficients Yy, and Z,, to reproduce spectral data is unaffected.

We examine a few particular radial coefficients in detail. Coefficients uf‘)’b
pertaining to adiabatic corrections in V/(R) appear in only an expression for
auxiliary coefficient Z(‘)’,O, explicitly in this form [55]:

Zyo = mo(ub/M, + up/My) (55)

Being the coefficient of (v+ )0 [+ 1)]°, this term Zy is merely a contribution to
residual energy and is indeterminate from measurements of wave numbers of spectral
transitions between bound vibration-rotational states within the same electronic
state. For radiative dissociation of diatomic molecule AB into atomic ions A
and B™, one can measure the energy with considerable accuracy, equivalent to
~100m~" for such a diatomic molecular reactant [86]; application of this
experiment to HCI and to DCI enabled measurement of a difference (320 £ 100) m !
after other differences of dissociation energy and residual energy were taken into
account [86]. A possibility exists that this difference might be attributed to uf,
which implies a value (1.240.4)X 10° m~" of this quantity: such a magnitude is
comparable with values/10° m " for u!l = —6.1233 4 0.0026 and u} = 18.3836+
0.0097 deduced from analysis of infrared spectra of HCI [55], although the latter
value is susceptible to contamination from coefficient s, related to the vibrational g
factor for reasons explained above; explicit calculation of adiabatic corrections for
HCI would verify this point. Such calculations of Zj are reported for diatomic
molecules H,, HF, N, and F, [87], not HCI; a notable result of those calculations,
unmentioned by the authors, is a finding that a ratio of Z; ;, to total electronic energy
tends to decrease with increasing atomic number or mass. Handy and Lee
investigated the effects of adiabatic corrections on “bond length” and “vibrational
frequencies” of diatomic molecules [87]; these effects also decrease with increasing
atomic number or mass, but for some molecules nonadiabatic effects are more
important than adiabatic corrections in this context [88]. In any case, because
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coefficients ug’b in V/(R) appear in only Zj , that imposes no tangible effect on wave
numbers of spectral transitions between bound states within a particular electronic
state, we ignore them in further deliberations here.

Of leading radial coefficients of two other types in relation to extra-mechanical
effects, sg’b pertain to the vibrational g factor, and tg’b pertain to the rotational g
factor; in both cases these quantities also involve electric dipolar moment through
its radial function p(R), or equivalently in terms of reduced displacements x or z in
p(x) or p(z). We express the latter in an expansion,

P(R) = pR) = Y _pid (56)
Jj=0

accorglring to these relations [66] applicable to a molecule of relative polarity
“ABT,

56 = nlgy(Ro)/my, — 2p /(eRM,)] (57)
so = nlgy(Re)/my, + 2pi/(eR.M,)] (58)
1§ = nlg:(Re)lm, — 2pol(eRMy)] (59)
1§ = ulg:(R.)/my, + 2pol(eRM,)] (60)

which involve values of rotational and vibrational g factors, electric dipolar
moment and its derivative all evaluated at R.. If one could evaluate significantly
these radial coefficients through reduction of pure rotational and vibration-
rotational spectra measured for samples of a diatomic compound in the absence of
applied electric or magnetic field, one might thus be able to estimate electric and
magnetic properties of this molecule in the same electronic state, specifically one
or other g factor and either the permanent electric dipolar moment p, or its
gradient p; at the equilibrium internuclear distance [89]. Doubt has been
expressed [90] about the feasibility of such a significant evaluation of 73 and ]
under those conditions, but this reservation arises from inadequate understanding
of expressions for auxiliary coefficients Zy,. If one consider only the total quantity
Zy,; for an atomic centre of type A according to this relation,

Z5) = Zy3 + 25 = Bt + Y umM, (61)

in which y=2 B./w,, and if one suppose that only the total quantity Zj,; be
deducible from spectral data for a sample without applied field, radial coefficients
3 and u? are perfectly correlated — because factors B. and y> have the same
dependence on reduced mass pL — and can thus not be significantly evaluated, which
is the basis of the purported argument [90]. Other relations, however, such as

Zoy = 20 + 255 = (B[ =265 + 611 + Y’ [u5(—3¢,/2 — 2) + w31}y’ me/M, (62)

break that perfect correlation because therein #; and u] occur with other than
unit numerical factors. If one take total auxiliary coefficients Z  up to Z5 o, Z5 ,, Z{ 4
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and Zj s — or equivalently 4§, in formula 19 with subscripts in the same range — that
number 15 in total, excluding Zj,, these imply radial coefficients in subsets,
excluding u, up to s, 75 and ug, hence numbering 17 variables. Unknown radial
parameters thus outnumber auxiliary coefficients Zy; through which the former
might be evaluated in principle. For this reason not all those radial coefficients can
be evaluated without supplementary information. In practice, a truncated subset
would require arbitrarily discarding two selected coefficients, most reasonably
two among the three, s, 75 and ug, that derive from greatest orders of perturbation
theory. Values of some remaining coefficients, at least those at the highest
remaining levels, would thereby adopt a mixed character, and would accordingly
lose their connection to a particular term in an effective hamiltonian and hence to a
particular source of effect such as rotational or vibrational g factor. One expects
reasonably, however, that values of radial coefficients at the least levels, such as s,
t§ and u3, would assume little or no mixed character and thus retain essentially their
pure relation, apart from error of these parameters propagated from measure-
ments of wave numbers of spectral lines, to particular terms in the effective
hamiltonian, formula 29 with neglect of V”(R). An objective to take these various
parameters in combinations, optimal or otherwise, as fitting coefficients overcomes
this indeterminacy [29,85], but at a loss of all or most correspondence between
evaluated parameters and terms in that hamiltonian. To illustrate this problem
we consider in detail one instance of significant evaluation of a rotational g factor,
and two other instances in which this difficulty of evaluation is circumvented to
some extent through application of information additional to wave numbers of
spectral transitions, as a direct application of computational spectrometry.

6. GALLIUM HYDRIDE, GaH

Gallium hydride is an esoteric and obscure chemical compound, of no particular
technical significance; through infrared spectra, its vapour nevertheless proves
useful for elucidation of diatomic molecular properties in an exemplary manner.
Although vibration-rotational spectra but no pure rotational spectra of gallium
hydride have been measured, 1094 lines in this data set comprise an especially
useful collection because spectra, from experiments entailing absorption [91,92]
or emission [93] of radiation in the mid infrared region, of four isotopic variants —
69Ga1H, 71GalH, %Ga’H and "'Ga’H - involve vibration-rotational energies
over almost the same range, corresponding to v=35 maximum for GaH and v=7
maximum for GaD. Reduction of all data from emission spectra [93] with
unduplicated data for GaH in absorption [91] according to the Dunham
approach with Radiatom yields evaluated parameters according to results
presented in Table 1.

Each stated uncertainty in this and other tables represents one estimated
standard error, propagated to parameters from uncertainties of measurements of
wave numbers; the uncertainties of the latter measurements were provided by
authors of papers [91,93] reporting those data, and the weight of each datum in the
non-linear regression was taken as the reciprocal square of those uncertainties. As
the reduced standard deviation of the fit was 0.92, so less than unity, the authors



Table 1. Coefficients of radial functions and other molecular parameters of GaH X 'S ™

co/m™! 10463962 +22 5§ 0.696 £0.066

c —1.347474940.0000078 1§ —3.38+£0.33

c2 1.038431 £0.000030 75 5.33£0.65

3 —0.521864 +0.000111 s —3.16990 % 0.00060

Ca 0.04433 +0.00054 Al 7.3384+0.0167

Cs —0.1159 £0.0026 Al —14.82+£0.26

Ceo 0.2471 £0.0067 Al 16.19£0.42

7 —0.0182£0.031 ut/10°m ™! —10.8086610.00105

s —1.688+0.106 ud/10°m ™! 29.714+0.86
ull/106 m™! —66.4+3.8
ul/10°m™! 127.64+10.9
ug/10°m™" —223+27

Upy/m ™ "u 611.64646+0.00163

Uo/m™'u” 159996.185 +0.044

RJ/107'"m 1.6601526 +0.0000022

ke/Nm~™! 150.823636 £0.000084
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likely expressed those uncertainties slightly conservatively, but clearly an
application of Dunham’s formalism embedded in computer programme Radiatom
provides a satisfactory reduction of these data. Parameters in the left column
pertain to mechanical effects, according to Dunham’s term [5], and in the right
column to extra-mechanical effects. Only ten parameters in the left column are
independent: those explicitly fitted include ¢; with 1<j<8, U;, and Uj;;
parameters c; are coefficients in V(z) according to formulae 21 and 52, and two
others are defined in terms of the corresponding Dunham coefficients through
formulae 13. The leading coefficient ¢, for potential energy is defined as

co = Ui o/(4Uy,) (63)

thus maintaining its rigorous independence of atomic mass; the equilibrium force
coefficient k., pertaining to Hooke’s law in the limit of an harmonic oscillator, is
related to U, o through

ke = (2mcU, 0)*/(10°Ny) (64)
whereas the equilibrium internuclear separation R, is related to Uy ; through
R0’ Nyh/(8T Uy )] (65)

A factor Avogadro’s constant multiplied by 10° enters these expressions on
condition that atomic and electronic masses be expressed, as is customary in
spectral analyses, in unified atomic mass unit; both U,y and U, contain mass
in their units, despite their values being formally independent of atomic mass.
The standard errors associated with values of k. and R, in Table 1 include
contributions from errors of pertinent fundamental physical constants [94].

Of values in the right column of Table 1, the specified parameters are
coefficients of z in formulae 45, 46 and 47, pertaining to vibrational and rotational
g factors and adiabatic corrections respectively, with atomic centres B=Ga and
A=H for this particular compound. Apart from the value of u}' that was
constrained to zero in the ultimate fit because preliminary fits indicated that its
standard error much exceeded its magnitude, values of other parameters beyond
cg, 558, 192, Al and ull in their respective series, and also all ujGa and sJH, are not
assumed to be zero, but are simply indeterminate from available spectral data
within the chosen model, as explained above. Although it is absolutely
inappropriate to constrain to zero the value of a particular parameter within a
selected set of parameters cj, even though an estimated standard error of that
parameter considered for rejection be larger than its magnitude, it is appropriate, if
warranted on an objective basis of statistical criteria, to constrain to zero value a
particular parameter within a selected set s;, #; or u;, as is practised with ubl in this
case; a crucial distinction between these methods of handling parameters arises
because c;j occur non-linearly in expressions both Yy and Zy; — see formula 48 for
instance, whereas the latter parameters for extra-mechanical effects occur only
linearly in expressions for Z,; — compare formula 49. In our original report [89],
we employed parameters in not quite the same set; the set here takes account of
the fact that adiabatic corrections, reflected by coefficients of type u;, are expected
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to be more important for a light species such as H than the effect of the vibrational
g factor, reflected in coefficients of type sj, and vice versa for a massive species
such as Ga, on a basis of calculations of adiabatic corrections [87] discussed above
and our accumulated experience with rotational and vibrational g factors. The
latter supposition is subject to verification when calculations of adiabatic
corrections for GaH become practicable. Parameters in a set selected for this fit
thus reflect arbitrary selection to some extent; of parameters in all various sets that
were tested, this set in Table 1 produced the smallest reduced standard deviation
of fit. Although parameters in an alternative set might produce an even smaller
standard deviation, if such a set were to include parameters that arise in higher
orders of perturbation theory to the exclusion of parameters in lower orders, such
a set would be clearly illegitimate.

Before drawing deductions about molecular properties from results in Table 1,
we consider further statistical aspects. The program Radiatom produces not only
estimated standard errors of parameters, such as those presented in Table 1, that
derive from variances, but also their coefficients of correlation pj from a
corresponding covariance matrix. For GaH and results appearing in Table 1, there
are 22 adjustable parameters: hence a symmetric matrix of these coefficients
contains 231 distinct entries; numerical magnitudes of only 19 exceed 0.9. Such a
proportion of magnitudes greater than 0.9 is a typical occurrence in fits of real
positive numbers to polynomials that are not orthogonal. Magnitudes of
correlation coefficients near unity derived from the covariance matrix pose no
problem for numerical stability in Radiatom because it operates with nominal
precision 32 decimal digits. For GaH, 14 values with |p|>0.9 occur between
coefficients uJH, as expected because these coefficients have mostly no counter-
parts th that arise in the same orders of perturbation theory. Of other magnitudes
near unity, between tga and Uy ; the value of p is —0.997, which is still not the
largest magnitude off the diagonal of this correlation matrix; such a large
magnitude is reasonable because the difference of reduced mass between “*Ga'H
and "'Ga'H is minute. Likewise a value of p connectin%so(}a and U; gis —0.95. In
contrast only one moderate magnitude of p connects 7, with another parameter,
specifically #i; the value is —0.82, whereas for u}! the largest magnitude of p
to another parameter is less that 0.28 — entirely innocent; these results reflect the
large difference of reduced mass between Ga'H and Ga’H, and hence a large
sensitivity of values of extra-mechanical parameters for H to moderately precise
spectral data. A claim [90] that coefficients u] and #; are necessarily highly
correlated is hereby refuted; such correlation is broken as explained above.
To indicate a context for these values, the value of p between ¢; and ¢, is —0.87,
not for only GaH but typically also for other molecular species, again charac-
teristic of fits to non-orthogonal polynomials. On a basis of both standard
errors and correlation coefficients, coefficients 7' = —3.1699040.00060 and u}!/
10° m~'=—10.8086640.00105 are hence clearly statistically well defined,
whereas 3% = —3.3840.33 and s5*=0.696+0.066 are poorly defined despite
ratios of their magnitudes to respective standard errors exceeding 10.

Production of an acceptable value of reduced standard deviation of a fit required
multiple parameters u!!, up to j=6. Values of these parameters with j>2 likely
reflect not only adiabatic corrections; their association with a particular term in
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the effective hamiltonian is hence questionable. From both a point of view of
partition of effects among parameters sj, #; and u; in an incomplete subset for a
particular range of Zy, as discussed above, and from particular statistical
considerations, however, parameters 7! and u!! can be confidently attributed to
pertain practically exclusively to the rotational g factor and to adiabatic
corrections, respectively.

On this basis we proceed to deduce, from pertinent radial coefficients in table 1,
values of molecular properties, within a quasi-physical model consistent with an
effective hamiltonian of form in formula 29. The equilibrium internuclear distance
is purportedly a measure of the length of the chemical bond between atomic
centres Ga and H; for this highly precise value of R, in table 1 the relative error is
about one part per million, and the absolute error is about one tenth of a typical
nuclear radius. Evidently just as precisely evaluated, the equilibrium force
coefficient k. has a value about a quarter of that typical of hydrides such as CH and
NH with ‘single’ chemical bonds, consistent with GaH having a thermochemical
dissociation energy smaller than that of these other specified hydrides [95] and
with a general decrease of such force coefficients with atomic centres involving
chemical elements beyond the row in the periodic chart containing Li and Ne.
The radial function V(z) for potential energy has a maximum range of validity
1.3<R/10~ ' m<2.4, consistent with the classical turning points for vibrational
state v=35 of GaH. Coefficients cj up to j=8 imply expressions Y, up to Y5,
Y45,...,Y0.10, 1n total 36 applicable to each isotopic variant, hence 144 numerical
values of coefficients in formula 27 that, with corresponding numerical values for

« derived from other radial coefficients in the right column of table 1, not only
reproduce the measured wave numbers of 1094 spectral lines within their
precision, on average, but also predict accurately the wave numbers of
unmeasured transitions within the same range of v and J; less accurate prediction
moderately beyond that range is likely also practicable. The radial functions
pertaining to extra-mechanical effects have smaller ranges of validity because
they are evaluated to lesser degrees of polynomials in z and because they likely
contain mixed effects of g,(z), g.(z) and V'(z), apart from contamination from
V’(z) that is unlikely to be significant.

Upon inverting formulae 59 and 60, we obtain these relations [89],

Po = 1/2 eR (15 — 1) (66)

2(R,) = my(to /My + 16°1Mg,) (67)

by means of which we estimate values of electric dipolar moment and rotational g
factor of ®*Ga'H at R.. From formula 66, the value (2.8 +4.4)X 107°°Cm is
clearly insignificant, indicating neither magnitude nor sign of p, relative to the
molecular axis, because, according to table 1, even the nominal error of tg“ is
larger than the difference between 5% and . In contrast, through formula 67 the
rotational g factor of ®*Ga'H at R, is highly significantly evaluated, —3.1188+
0.0049, because #5* and its error are divided by a large atomic mass. Apart from a
negative sign, the latter value has a large magnitude, relative to those of HI, HBr
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HCI and HF [56] with increasing values in a range [0.10, 0.45] respectively;
a negative sign and large magnitudes are common to other hydrides of group 13,
for which calculations yield values —8.207 for ''B'H [96] and —3.370 for
2TAl'H [97]. Calculations [98] of g(R.) for “Ga'H yield values in a range
[—2.9457, —3.4440] depending on a level of sophistication of computations of
molecular electronic structure. Upon inverting formulae 58 and 59, we obtain
relations [66] analogous to those above,

p1 = 1/2 eR(s5* — st (68)
gu(Re) = my(so /My + s5°/Mg,) (69)

but these are inapplicable in the present circumstances to deduce a value of the
vibrational g factor for GaH because we lack an estimate of si'. By means of
further relations [66],

p1L—po = 112 eRy (17 — 1) (70)
dg (2)/dzjp, = my() 1My + (7*1M¢,) (71)

we might apply the latter to estimate the derivative of rotational g factor of Ga'H
at R to be 7.41210.019, but the former relation can yield only a rough estimate
(—2.671+0.86) X 1072° C m of a difference between coefficients p1 and pg in a
radial function, formula 56, for electric dipolar moment because p is indeter-
minate from present spectral data of GaH. We might nevertheless infer that the
permanent electric dipolar moment of GaH is likely to be small, but its derivative
at R, likely large; these conditions are reminiscent of similar characteristics of CO
[99] and NO [100], for which a small permanent electric dipolar moment occurs
and for which the polarity of the radial function alters near the equilibrium
distance. Because these differences between radial coefficients s; and ¢ occur in
formulae such as 66, 68 and 70, we concur with a suggestion [90] that electric
dipolar moments obtained from spectra of samples in absence of electric or
magnetic field might be difficult to evaluate or unreliable from only moderately
precise spectral data, but the situation is clearly different for at least the rotational
g factor of GaH.

We compare results of the present treatment of GaH with those published
elsewhere. From measurements of absorption spectra of ®*Ga'H and 'Ga'H [91],
parameters of type A, were evaluated for separate isotopic variants. After further
measurements of also ®*Ga’H and "'Ga’H, parameters of type A, for the latter
species and of types By and Ay, common to all four variants were reported [92].
Our first analysis [101] of spectra of GaH was based on only absorption spectra,
208 lines reported in two papers [91,92]; although it resulted in evaluation of
parameters of essentially empirical radial functions, similar to V(z), V/(z) and
g.(2) in formula 29, the treatment was hampered by both paucity of data and
incompletely developed theory. After publication of data from emission spectra
[93], a subsequent reanalysis [89] demonstrated the possibility of evaluation of
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molecular electric and magnetic properties from analysis of vibration-rotational
spectral data of samples measured without applied fields, but again the treatment
suffered from lack of a theoretical basis that became available subsequently [66].
Comparison of our present results with those from only emission spectra [93]
sheds light on several aspects of the present discussion. From spectra that included
1045 lines (omitting previously reported lines [91,92]) in sequences with Av=1
up to v=4 for GaH and v="7 for GaD, a fit of these data yielded freely adjustable
parameters Ay, in formula 2 for each of four isotopic variants; these parameters
numbered 70 in total. Combining data for all four species yielded first 19
unconstrained parameters By, defined above in relation to formula 19, with 11
further parameters Agla’H; in a further stage, ten constrained parameters Uy o and
Uy 1 were evaluated that imply a further 25 parameters Uy, with /> 1, also with 11
further parameters Aga’ﬂ. The final stage of data reduction involved numerical
solution of Schrodinger’s equation, 1045 times per iteration for several iterations,
in which a radial function for potential energy is based on that of Morse [102] but
with a polynomial in argument ',z in the exponent, accompanying expansions in
displacement (R — R.) corresponding roughly to V/(R) and g(R)m/my, in formula
29. (That numerical approach is incapable of handling directly another radial
function g.(R) in formula 29.) In contrast, according to Dunham’s symbolic
approach, to obtain the general exact algebraic expressions one solves
Schrodinger’s equation once [30], or equally well applies matrix mechanics
[31] or other methods [26], because those expressions are independent of a correct
method of their production; only simple substitution at arbitrarily selected
precision is required thereafter to evaluate Dunham coefficients Yy, during fits of
data, and therefrom the wave numbers of transitions according to formula 54. That
reduction [93] resulted in values of R, and 27 coefficients, each presented with 16
decimal digits, of radial functions — 106; in the exponent, four coefficients for Ga
and eight for H in functions corresponding to those in formula 47 but with
displacement as argument, and five coefficients for only H in an expansion
resembling one of those in formula 46, also in terms of displacement; hence these
authors used disparate variables related to distance within the same fit. Although
their expansions of fourth and ninth orders similar to formula 47 clearly pertain
primarily to adiabatic corrections, Campbell et alii [93] attribute these to “Born-
Oppenheimer breakdown and homogeneous nonadiabatic mixing”; the latter,
actually associated with the vibrational g factor, enters also into values of their
parameters for their other radial functions with argument displacement, as
described above. Whereas to fit 1094 data in table 1 we evaluate five parameters of
type uJH, that alternative approach [93] required a polynomial of ninth order to fit
1045 data over a smaller range of wave number 7, or vibrational quantum number
v, for GaH.

Even for potential energy the other approach [93] required one parameter
additional to ours, apart from 2,; the latter quantity, equilibrium binding energy,
is stated to be based on “thermochemical” data, but the cited source [95]
indicates a value of dissociation energy D, “<2.84 eV” to arise from spectral
analysis. Such an upper limit must be understood to provide an asymptotic limit
for V(R) at large R in a formula of Morse type because an attempted evaluation of
D, from only infrared spectral data is unreliable. The stated reason for the choice
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of such a fitting form is to generate “a reliable internuclear potential-energy
function...to obtain information on the high-lying v, J levels” [93]. If “a
reliable...function” be supposed to imply accurately predictable wave numbers of
transitions involving such states, how reliable such information might be is
questionable at best because the value of D, is specified [93] as “2.29 X 10 em ™17,
without acknowledging that it is an upper limit, with precision implied to be
8100 m ™~ at best; as the best precision of measured wave numbers of GaH is
~0.02m™! [93], the ratio of these values is ~400000. In any case there exists an
atomic isotopic effect such that the energy of separate Ga and H atoms differs from
that of separate Ga and D atoms, reflected in distinct values of Dy, by ~300m ™',
likewise much greater than the precision of measured infrared spectral lines. The
known vibrational states occupy only the lowest third of that range of potential
energy below the maximum value of the supposed dissociation limit; the error
implied by an uncertainty in D, would be comparable with the vibrational spacing
of GaD at a moderate value of quantum number v, much less than a value vp~40
expected just below the dissociation limit. That function for potential energy of
modified Morse form [93] might appear superficially to possess a qualitatively
appropriate shape, although it is obviously not correct because limiting behaviour at
large R must conform to an inverse power of R rather than an exponential approach
to an asymptotic limit; as a possibility of a maximum in that function or other effect
of significant interaction with electronically excited states can not be excluded, the
selected form is entirely speculative. Any justification of a radial function for
potential energy of that chosen form is clearly spurious. The polynomial of ninth
degree for extra-mechanical effects diverges rapidly on either side of the defined
range, further contributing to massive deterioration of accuracy of predictions of
wave numbers of transitions even modestly beyond the range of vibrational states
included in that analysis [93], even if the function for potential energy might be
reliable beyond that range. From a statistical point of view, in lack of an exact
theoretical model — which exists for neither potential energy nor auxiliary radial
functions, an objective of predicting accurately the wave numbers of transitions
involving vibration-rotational states with large values of quantum numbers v and J
is unattainable, because gross extrapolation, based on increasingly inaccurate data
as v increases to 4 for GaH or 7 for GaD, would be required, even with an exactly
defined asymptotic limiting value of V(R) at large R. Although the nature of
reduced displacement variable z allows limiting conditions [103] to be applied to
V(z) at both R=0 for the united atom and R— o for the separate atoms, unlike
Dunham’s function V(x), these conditions have never been applied systematically
because consideration of the underlying physical implications signifies that such
application would not be sensible.

Parameter R, is no physical observable, merely a fitting parameter like any
other, even though it represents a special point on a curve of V(R) that is likewise
no physical observable. Jones and coworkers reported no value of R.; their value
(611.6337+0.0045) m ™~ ' u [92] of “Uy,” (actually B ) implies R./10~ " m=
1.6601699 +0.0000061, which differs inappreciably from a corresponding value
in table 1. Because we take into account practically all factors that influence the
value of R., the latter value is highly accurate, within its stated uncertainty, not
merely precise and prone to systematic error. That tabulated value of R, is larger
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than that reported by Bernath and coworkers [93] by ~47 of their standard errors,
which take no account of uncertainty of fundamental physical constants; the
reason for their value being smaller is clearly the failure to include in their fit any
parameter related to the rotational g factor, which consequently causes that
systematic deviation. The results present in table 1 differ little from those
published [89] after appearance of data from emission spectra [93], but for these
data of GaH even the latter results [89] demonstrate unequivocally the superiority
of the application of a method of reduction of diatomic molecular spectra of
GaH based systematically on Dunham’s algebraic approach over an approach
based on purely numerical procedures [93]: more numerous data are reproduced
accurately with fewer parameters, and at least one such parameter #;, embodies
physical significance beyond an arbitrarily selected approximate model because it
predicts accurately the result [98] of a prospective experiment based on the
Zeeman effect [56].

The quality and consistency of 1094 data for GaH in a set of which reduction
with computer programme Radiatom yields parameters present in table 1 invite a
more general numerical test of Dunham’s theory. A question might arise about an
ability to represent rotational effects based on vibrational information. For
instance, coefficient ag in V(x), formula 16, or cg in V(z), formula 52, occurs first
in Dunham coefficients Y, ( for pure vibrational effects and Y, g for pure rotational
effects, apart from Y35, Y»4 and Y, ¢ for vibration-rotational effects. As para-
meters ¢j, 1 <j<6, in table 1 are well defined statistically, one clearly expects
both Y, and Yy to be correspondingly well defined, despite the disparity in
their magnitudes: for ®Ga'H, Y, o= —0.6111704 m~"' and Y, s= —8.447813 X
1072 m~'. Even when the latter quantity be multiplied by [J(J+ 1)]® for
J=29 — the largest value in measured spectra [91,93], the product is only —2.8 X
10"*m™ !, much smaller than the precision, =>0.06 m~ !, of measurement of
wave numbers of transitions. A fit of spectral data to fitting coefficients Ay, is thus
unlikely to yield directly a significant value of Ay g, but a value of Y g derived
consistently, even though indirectly from the same spectral data through other
parameters such as a; or ¢j, is attained with great significance. We tested the
sensitivity of rotational contributions to vibrational data by greatly diminishing
the weight of the wave number of each transition in the data set with J>35;
although such transitions remain within the data set so that calculated and
measured wave numbers become directly compared in the output from a fit, that fit
becomes entirely insensitive to corresponding measured wave numbers of these
transitions. With parameters in the same set as in table 1, the results of this fit
demonstrate only a slightly degraded quality of fit, reflecting the effectively
decreased number of fitted data, and calculated wave numbers of transitions with
altered weights differ almost negligibly from those in other fits with standard
weights. Hence Dunham’s approach that involves taking into account rotational
effects through expansion of B./(1+x)* in the effective potential energy [5] is
entirely justified. Provided that additional terms in an effective hamiltonian for
non-mechanical effects — those in formula 29, except V/(R), beyond those in
formula 14 — are properly taken into account, Dunham’s theory provides a
sufficient and complete description of regular molecular spectra — those free of
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heterogeneous perturbations, as is typically the case for diatomic molecular
species within their electronic ground states.

7. DIHYDROGEN, H,

A diatomic molecule for which atomic numbers of both atomic centres are the
same — Z, = Z;, — but for which masses M, and M,, of separate atoms A and B might
differ poses advantages for testing theories. For instance instead of parameters for
extra-mechanical effects in two sets when Z, # Z,, — one for each of two atomic
types, there is only one set, and a molecular reduced mass is applicable instead
of individual atomic masses of separate atoms; compare formulae 33, 34 and 35
with their counterparts 37, 38 and 31, for instance. Precisely measured spectra of
such elemental molecular species are rare: of chemically stable and gaseous
diatomic species near 300 K, only H,, N,, O, and three dihalogen species are
readily available; many other diatomic elemental species formed at elevated
temperatures above solid elements have electronic ground states for which spin
and orbital angular momentum complicate the spectra. Of those six, F,, which is
highly reactive in any case, lacks any practical isotopic variants, and O, has an
electronic ground state X 32; with accompanying complications from net
electronic angular momentum and its coupling with rotational angular
momentum; some application of Dunham theory has nevertheless been made to
O, [104]. Although for N, there are fairly precise measurements of coherent
Raman spectra [105], the extra-mechanical effects are small and poorly defined.
For all six specified gaseous homonuclear species plus I,, electronic spectra have
been measured with attendant vibrational and rotational structures, but the
precision of those measurements is generally much smaller than for typical
contemporary vibration-rotational spectra of heteronuclear molecules in infrared
absorption or emission, and a direct involvement of excited electronic states
within a particular spectral analysis introduces correlations between parameters
for these combining states. The problem arises from the fact that infrared spectra
of homonuclear diatomic molecules in the gaseous phase corresponding to
vibration-rotational transitions in absorption or emission are extremely weak,
relying on magnetic dipolar or electric quadrupolar transition moments for their
observed intensity; an alternative technique, Raman scattering, applied to
transitions other than pure rotational and fundamental vibration-rotational bands
yields only exceedingly weak signals.

Hydrogen is the most abundant chemical element in the universe, and in its
various atomic and molecular forms furnishes a sensitive test of all of experi-
mental, theoretical and computational methods. Vibration-rotational spectra of
dihydrogen in six isotopic variants constituting all binary combinations of H, D
and T have nevertheless been recorded in Raman scattering, in either spontaneous
or coherent processes, and spectra of HD have been recorded in absorption.
Despite the widely variable precision of these measurements, the quality of some
data for small values of vibrational quantum number is still superior to that of data
from electronic spectra [106], almost necessarily measured in the ultraviolet
region with its concomitant large widths of spectral lines. After collecting 420
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measurements of wave numbers of lines reported in 32 papers originating in 16
laboratories, we analysed [107,108] these spectral data with Radiatom and
Radiatom II; we rejected 30 data that are severely discordant with remaining data,
reflecting poor calibration or blunder of measurement. To avoid arbitrary
exclusion of some data in favour of other, we retained among accepted data
duplicate measurements of some transitions from separate laboratories, but all
data were carefully weighted to reflect their varied precision. In view of data of
such questionable quality, one can clearly not contemplate attempting to evaluate
directly molecular parameters related to extra-mechanical effects without
additional information. As a dihydrogen molecule contains only two electrons,
calculations of molecular electronic structure and properties based on that
structure are eminently practicable. Kolos and Wolniewicz calculated adiabatic
corrections [110,111], and according to methods [56] developed for other
diatomic and triatomic molecular species such as those already cited [96,97,98]
we made new calculations of the rotational and vibrational g factors as a function
of internuclear distance over a large range.

Fitting calculated results of g(R) to a polynomial in z, we imposed coefficients
t; thereof as constraints in a separate fit of 390 accepted spectral data to evaluate
R. and coefficients c;, s; and u;. Those values of coefficients #; appear within
brackets in a column headed ‘fit T’ in table 2 with standard errors of that fit to a
polynomial; standard errors of other parameters in that column reflect results of
the fit with Radiatom. On a basis of this fit we were able to predict a value
2.(R.)=0.3136+0.0046 of the vibrational g factor for 'H,. Although this value
differs from a value g,(R.)=0.2325 from subsequent calculations [107], the
experimental estimate is still much smaller than a similarly calculated rotational g
factor, g.(R.)=0.8908 [56], that agrees almost exactly with direct experimental
measurement [112]. To confirm the stability of our approach to fitting spectra, we
undertook a separate fit, in this case employing adiabatic corrections as
constraints, to evaluate R. and radial coefficients cj, s; and #. In the results in
table 2, column ‘fit U’, the values of y; fitted in a polynomial in z to computational
data for adiabatic corrections [110,111] appear within brackets, with other radial
coefficients and their standard errors from a fit of the same 390 spectral data.
We consequently derive another estimate of the vibrational g factor, g,(R.)=
0.280040.0086 for 'H,, which is smaller than the other value deduced from
spectra but still larger than the calculated value. Fitted values of 7y and #; in
column ‘fit U’ are near the corresponding calculated values in column ‘fit T;
conversely, fitted values of u#; and u, in column ‘fit U’ are near the corresponding
calculated values in column ‘fit T". Further fitted parameters s;, #; and u; for extra-
mechanical effects reflect the rough data, indicated by the reduced standard
deviation of either fit being §=1.46, significantly greater than unity; incon-
sistencies among 390 retained data from diverse sources, apart from gross
discordance that required 30 other data to be rejected, are responsible for this
condition, and emphasize the need for a thorough experimental remeasurement of
spectra for pure rotational and vibration-rotational transitions of H, in its several
isotopic variants, preferably extending the range of vibrational and rotational
states sampled in transitions. Other parameters pertaining to potential energy
V(z) have comparable values between the two fits, as they are less sensitive to
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'II‘aEIe 2. Coefficients of radial functions and other molecular parameters of Hy X lEg or

P

Fit T Fit U

co/m ™! 7970836.8 +79 7970784.5+77
o —0.60416740.000118 —0.60375340.000135
¢ 0.2103040.00024 0.20973 +0.00033
cs —0.1444140.00187 —0.1488940.00186
4 0.01276 +0.0025 0.02164 +0.0026
cs —0.140440.0085 —0.1308 4+0.0086
Co 0.1973+0.0102 0.1737+0.0100
¢ —0.052440.0106 —0.061440.0109
cs —0.073740.0178 —0.0459+0.0173
Co 0.0880+0.0092 0.0694 +0.0082
10 —0.107440.0172 —0.105540.0169
50 0.1569 +0.0023 0.1301 +0.0043
51 [0] —0.528 +0.026
52 (0] (0]
53 6.69+0.69 9.59+0.83
fo [0.44562 40.00044] 0.45234+0.0030
f [—0.09858 +0.0025] —0.0836+0.0174
I [—0.09558 +0.0066] —0.60340.108
f [—0.09219+0.021]
Iy [—0.135440.0140]
s [—0.0468 +0.043]
6 [0.4275 4+0.027]
1o/10° m ™! [10.52472+0.00072]
1 /10 m ™! —4.02540.024 [—4.0384 +0.0049]
uy/10° m ™! 2.00740.061 [2.145140.0197]
u3/10°m ™! [0] [1.728 4+0.033]
u/10°m ™! 2.75+0.23 [1.38440.086]
us/10°m™"! [0.35340.053]
1g/10°m ™! [—0.72740.109]
Upy/m™ ' u 3066.7339+0.0110 3066.7074+0.0124
Uy o/m™ " u” 312694.3+2.1 312691.95+2.15
RJ107m 0.74141301 +0.00000133 0.74141620+0.00000150
k/Nm™! 576.0898 +0.0078 576.081040.0079

irregularities in the data. From table 2, the mean value of equilibrium internuclear
distance, R./10~ ' m=0.7414146+0.0000020, from experiment agrees satis-
factorily with, but is likely more accurate than, the calculated value 0.74143 X
10~ m [110] (with a current value of Bohr radius [94]), if these quantities be
accorded their conventional meanings. Our experimental value formally takes into
account all extra-mechanical terms in formula 29, except those in V”(z), that
might affect the value of R, at a level of order 10~ '® m, which is comparable with
experimental error 2 X 10~ ¢ m of this quantity propagated from measurements of
wave numbers of transitions; in contrast the effect of the rotational g factor on the
value of R, occurs at a level of order 5X 10~ % m.
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Each radial function — V(z), g,(z), g.(z) and V'(z) — of which coefficients of z are
evaluated from spectral data has a maximum range of validity, depending on the
quality and quantity of spectral data for isotopic variants, and expressible in terms
of a range of quantum numbers of vibration-rotational states, or spectral term E\j,
or range of internuclear distance. For V/(z) and g.(z) the latter range of R/10~ 10m
is [0.53, 1.05], corresponding to classical turning points of V(R) for v~2 for 1H2;
although spectral data for isotopic species are available for greater energies, their
quality precludes reliability over a greater range. Because acceptable data for H,
are available up to v=>5 and for HD to v=6, or E~2.1 X 10° m ! in either case,
for V(z) the corresponding range of R/10 0 m is larger, [0.47, 2.05]. For g,(2),
because of the disparity of results between fits T and U, from experiment a mean
value g,~0.3 would be applicable near R.; further coefficients s; and s; from
either fit lack other than nominal numerical significance for reasons mentioned
above. Plots of curves of any radial function derived from experiment are
impracticable without an assumption that further, and unevaluated, radial
coefficients have explicit numerical values, zero or otherwise, which is
unwarranted according to application of Dunham’s formalism to spectral analysis.
From computations of molecular electronic structure, values of g, and g, as a
function of internuclear distance over a broad range, and discussion of their
features, are presented elsewhere [107].

There exists no significant comprehensive fit of spectral data of H, with which
we might here make comparison. Our discussion above demonstrates that, as for
GaH above, application of an algorithm based on Dunham’s algebraic approach
to analysis of vibration-rotational spectral data of H,, especially through
implementation of hypervirial perturbation theory [30,72] that allows the term
for the vibrational g factor in the hamiltonian in formula 29 to be treated directly
in that form, proves extremely powerful to derive values of fitting parameters that
not only have intrinsic value in reproducing experimental data of wave numbers of
transitions but also relate to other theoretical and experimental quantities.

8. LITHIUM HYDRIDE, LIH

The only other diatomic molecular species for which calculations of the radial
dependence of adiabatic corrections, rotational and vibrational g factors are
available is LiH. Although at 300 K this compound is a crystalline solid substance
with a structure of KClI type, at temperatures above its standard melting point
951 K the vapour contains polar diatomic molecules of stoichiometry according to
its formula, as well as dimers and molecular clusters in variable proportions;
spectral measurements on this vapour in absorption or emission have hence
yielded data on not only wave numbers of pure rotational and vibration-rotational
transitions, among others, of these diatomic molecules but also information on
their electric and magnetic properties through applications of Zeeman and Stark
effects respectively in appropriate experiments. Like H,, lithium hydride is
amenable to practice of calculations of molecular electronic structure for inter-
nuclear distance over a broad range because a molecule contains only two light
atomic nuclei and four electrons; relativistic effects, which accurate calculations
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must take into account but which do not directly enter analysis of experimental
data, on differences of molecular energies are therefore negligible, like radiative
effects [113], at a level pertinent to typical spectra at moderately great resolution,
although they both become important for calculations on LiH at a level of spectral
resolution at which effects of V”(z) must be considered. Ignoring effects of nuclear
volume or field shifts, we require seven radial functions, with their corresponding
parameters, for direct fitting of spectra of LiH — potential energy, and contribu-
tions to adiabatic corrections, rotational and vibrational g factors for atomic
centres of each type, according to formulae 52, 47, 45 and 46 respectively. We
expect contributions to total Yy, + Zy; from each of the latter three effects to have
comparable magnitudes, but smaller than a dominant contribution from potential
energy by a factor a ratio of electronic and protonic rest masses, me/m, or less.

This species LiH was the first for which, by way of interactive computational
spectrometry, we combined experimental data and results of calculations of
molecular electronic structure to make a global fit [114] of wave numbers of
transitions from available infrared and microwave spectra. The basis of that
procedure was that, in principle, measurements of the rotational g factor for
vibration-rotational states with v and J over a large range would allow one to
calculate the radial function g.(R); as measurements of g, of "Li'H and "Li’H are
available for only v=0 and J=1 [115], with the rotational dependence of g
roughly estimated [116], we simulated prospective results from further such
experiments through those computations. Repeating this strategy with improved

calculations [107,109], we fitted available spectra to obtain results presented in
table 3; as for H, in table 2 and fit T, 17 values of /- , reported within brackets
with their standard errors, result from fitting computed results for g(R) and p(R) to
a polynomial in z for each value of internuclear dlstance based on use of formulae
59 and 60 with R instead of R.. Although 14 values of tJ H 0<j<6, are imposed
as constraints in ﬁttlng experimental data, likely only elght of these have any
1mpact on the fit, in the sense that parameters beyond those eight — tL‘ 0<;<2,
and t , 0<j<4 — define the rotational g factor in ranges of R to Wthh available
spectral data are insensitive. Values of another 20 1nde€I ndently adjusted
parameters — U, o, Uy 1, ¢; with 1 <j <9, s; LiH slf, ulL‘ u2 , uzy and u4 — obtained
from fitting wave numbers of 1000 data selected from various sources [117-121]
are presented in table 3; as before values of cg, R. and k. are derived from values
of Uy g and Uy ;, but values of u;" Lid are evaluated from published data for adiabatic
corrections [122].

According to application of Dunham’s formalism to analysis of molecular
spectra, as for GaH and H,, these radial coefficients of seven types represent many
Dunham coefficients Y}y and their auxiliary coefficients Zy; of various types that
collectively allow wave numbers of observed transitions to be reproduced almost
within their uncertainty of measurement through formula 54. Mostly because of
inconsistency between reported values of frequencies of pure rotational transitions
[118,119], the reduced standard deviation of the fit reported in table 3 is 1.25,
slightly greater than unity that would be applicable with consistent data for which
uncertainty of each measurement were carefully assigned.

In the present context of generation of consistent term coefficients Yy, and Zy
through coefficients in selected radial functions, the major points of interest in



Table 3. Coefficients of radial functions and other molecular parameters of LiH X 'S %

co/m™—

6572379.3+5.6
—0.8970678 +0.0000057
0.348233 +0.000040
—0.093085 +0.000196
—0.044426 +0.00087
0.0765 +0.0027
—0.114340.0078
—0.2078 +0.024
0.6024 +0.049
—0.7538+0.115
662.708918 -£0.000082
131993.551 +0.064
1.59491242 +0.00000020
102.649202 +0.000100
[0.749508 +0.000142]
[0.6071440.00115]
[—1.2181+0.0022]
[1.07740.022]
[—1.7104+0.106]
[3.546 +0.160]
[—2.586+0.34]
[—6.825+0.65]
[6.3740.31]

0.9126+0.0181

—0.2612£0.0029
—0.3733+0.0195

[168.41110.002]

—5.5390040.0082
6.357+0.134

[12.829£0.002]

—5.15624 +0.00096

4.923+0.021
—3.340£0.051
4.8281+0.158

[—0.772779 £0.000051]
[1.2808610.00047]
[—1.7927+0.00191]
[2.0040 4+ 0.0088]
[—1.679740.0198]
[2.3751+0.033]
[—0.5685+0.079]
[—0.8264 1+0.042]
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these results are comparisons of experimental and calculated values of extra-
mechanical effects within the same context; alternative theoretical and
computational approaches to evaluation of molecular energies and properties of
Li'H impose no such radial functions in that generation [123,124]. From values
of coefficients st"H we derive this formula for the vibrational g factor,

g, = (—0.1291£0.0039) + (—0.3733 £ 0.0195)z (72)

valid within a range R/10™ Om= [1.17, 2.25] for comparison with a formula from
fitted data from computations,

g, = (—0.136553 + 0.000056) + (—0.69064 + 0.00073)z
+ (0.6381 4 0.0038)z> 4 (0.04354 0.027)z> — (0.388 4+ 0.056)z*
—(0.155+0.29)2° + (1.40240.35)z° — (6.285+0.93)7
—(17.96+ 1.14)7° (73)

valid in a much larger range, R/10~ ' m=[1.05, 3.0]. Agreement of the
constant terms is satisfactory, but the single further coefficient from experiment
implies a slope only half that calculated theoretically, doubtless reflecting the
truncation at a linear term. For adiabatic corrections we can compare not only
the total function but also contributions of individual atomic centres. From fitted
values of ' and u5' in table 2 plus uf' derived from published calculations
[122], we produce the following formula to represent a radial function for
adiabatic corrections associated with the lithium atomic centre independent of
atomic mass,

V'Li(z)/(hc)lu m™" = [92385.19] + (—3086.8+ 8.2)z + (3597 +73)z*  (74)

compared with an exact polynomial representation of calculated points [122]
that yields this formula:

V'Li(z)/(hc)lu m ™!
= 92385.19 — 3169.90z + 4896.877° + 1987.277° — 11905.137*

—137933.277° + 71718.277° + 74959.087 (75)

Coefficients of z to various powers in these formulae differ from values of ; in table
3 because the latter reflect a presence of a factor m, in formula 47; all values of
constant terms are derived from calculation [122], not from fits to frequency data.
Coefficients of corresponding linear and quadratic terms in formulae 74 and
75 have comparable signs and magnitudes. From fitted values of M]H, 1<;<4,
in table 3 we derive analogously a corresponding formula to represent a radial
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function for adiabatic corrections associated with the hydrogen atomic centre,

VH(@2)/(he)lu m™!
=[7035.2] + (—2828.48+0.52)z + (2688.2+ 11.5)7>
+ (—1405+59)72° + (1331 + 187)7* (76)

The corresponding exact fit to calculated points [122] is
VH(z)/(he)ln m™
= 7035.2 — 3160.75z + 5584.07z* + 13854.467° — 100067.32z"
+13622.767° + 502328.20z° — 523003.447 (77)

The sign and magnitude of the linear term in formula 76 concur moderately
satisfactorily with those properties of a corresponding term in formula 77, but
agreement between other corresponding terms is lacking. We compare the total
adiabatic corrections for °Li'H from a sum of corrections of separate atomic
centres in formulae 74 and 76 divided by their masses,

V'(z) = VH(@)IMy; + VH(z)/My (78)
which yields this formula,

V'@)/(he)lu m™! = [22342.6] — 3311.8z + 3259.47> — 1818.07°

+2628.07* (79)

with a formula interpolated from points for the corresponding total calculated
adiabatic corrections [122] for °Li'H,

V'(2)/(he)la m™" = 22342.6 — 3722.1z + 6709.47° + 165177 — 1159687
+7699.57° + 5855357° — 5878607 (80)

Like formulae for contributions to total adiabatic corrections from individual
atomic centres above, the corresponding coefficients for the linear term have the
same sign and comparable magnitude, but for subsequent coefficients agreement
is lacking. The maximum region of validity of the experimental functions is the
same as for the vibrational g factor, specified above, whereas the region for which
the calculated points define the contributions and total adiabatic correction [122] is
R0~ m=[13].

For comparison with our results in table 3, which presents values of 20
adjusted parameters with 15 parameters constrained to define the rotational g
factor, Dulick et alii [115] required also 20 adjusted parameters, with a constrained
parameter D). for the equilibrium binding energy for a function of potential
energy having a modified Morse form. The latter parameter is specified as
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D.=2028600 m ' but this value varies ~300m~ ' among various isotopic
molecular species composed of °Li, “Li, "H and ?H because each has a distinct
value of D, within that range. Although in this case the experimental curve of
potential energy [115] conforms superficially to points from computations of
molecular electronic structure [125] on the scale of that plot, with no discernible
maximum or other anomaly, extrapolation to predict vibration-rotational
transitions much beyond the range of v=6 for 'Li'H, or ~8.2X10° m ', must
be subject to progressive propagation of error from measured transitions, apart
from the variability of D, that affects such a prediction increasingly on approach to
the dissociation limit. The measured transitions define the lower two fifths of the
range of energy to the dissociation limit. As for GaH [93], representations of
empirical functions for LiH [115] to take into account extra-mechanical effects
have the form of truncated polynomials in displacement, R — R,; their claimed
maximum range of validity is R/10~'® m=[1.16, 2.48]. Beyond that range such
polynomials, of degree sixth and cubic, tend to diverge rapidly, much more rapidly
than a polynomial in z, as published plots clearly demonstrate [115]. This
behaviour confirms the superiority of properties of variable z; for instance an
increment from R/10~'° m from 3 to 4 is four times as large as the corresponding
increment in z for LiH from 0.61 to 0.86. The accuracy of prediction of wave
numbers of transitions involving states with terms greater than ~8.5X10° m ™'
becomes thereby progressively and severely diminished. A ratio of error due to
uncertainty in D, to the best claimed accuracy of actual measurements for LiH,
0.05m™ ' [115], is ~6000, but the absolute and relative accuracy of predictions
for even moderate v due to invalidity of radial functions for extra-mechanical
effects expressed as polynomials in displacement is much worse. Despite the
apparent quality of the function for potential energy of modified Morse type [115],
which still possesses an incorrect limiting dependence on R toward the dissociation
limit, the quality of predictions beyond the range of measured transitions is hence
highly doubtful. Apparent agreement between this modified Morse curve and
computationally derived points [125], themselves subject to error, must be
regarded as fortuitous: over much of the illustrated range before an avoided
crossing at R,=3.857 X 10~ '* m with a curve for potential energy of state A '="
[126], there is a strong contribution to molecular binding from coulombic
attraction between essentially atomic ions, for which the potential energy varies
according to R~ and for which an exponential representation is consequently
poor. For R, <R<R,, the curve for potential energy thus has such an inverse
dependence on internuclear distance heading toward an asymptote corresponding
to a limit of dissociation into ions Li™ and H™, whereas after that point the
adiabatic curve of potential energy for the electronic ground state proceeds toward
an asymptotic limit of dissociation at smaller energy into neutral atoms Li and H
[127]. A postulated advantage of accurate prediction of wave numbers of
transitions far above the measured range through representing potential energy in a
modified Morse form is plainly illusory.

For vibration-rotational data of LiH in a smaller set, an approach of optimal
fitting parameters for extra-mechanical effects has also been applied [85]; as for
other fits described above, 20 selected parameters were adjusted to reproduce
satisfactorily the data, numbering 583 rather than 1000 for which results appear
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in table 3. As these data sets differ markedly, comparison of parameters is
impracticable.

9. CARBON OXIDE, CO

Here we consider mainly intensities of vibration-rotational spectra in absorption;
as a function for potential energy is a prerequisite for calculations involving
intensities, we necessarily include this aspect. In contrast with measurements of
wave numbers of reasonably spectral lines in an infrared spectrum of a diatomic
molecule, for which relative precision ~107° is routinely achievable, for
measurement of a strength of a particular spectral line to attain a relative precision
superior to one per cent is exceptional; through the smoothing effect of multiple
data contributing to this quantity, the corresponding strength of a band might thus
attain a relative precision 0.1 per cent at best. The relative precision of a strength
of a line in a Raman spectrum is generally worse. Expectation values of quantities
from Stark and Zeeman effects might be measured with precision of order 0.1 per
cent at best; in such cases few measurements are practicable, hence precluding
significant improvement in derived quantities through a smoothing effect. There
thus exists almost no need of refined treatment of intensities in the manner of van
Vleck’s extension of Dunham’s theory for data of frequency type. Dunham’s
approach in his first two publications indeed survives in an almost similar form for
analysis of intensities of infrared spectral lines of the best contemporary quality.

Dunham’s consideration of available spectra of HCI in 1930 [1,2] resulted in
production of a radial function for electric dipolar moment that we express in a
contemporary form, similar to that in formula 56 but in terms of variable x, defined
in formula 15, instead of z, defined in formula 21:

p(x)/1072° C m = py + 3.54x +{0.177 or 7.61}x" (81)

At that time the permanent electric dipolar moment py of HCI had already been
estimated to be ~3.59X107*°Cm [128], but Dunham made no use of this value;
hence we leave py in symbolic form. One or other value of coefficient p, depends
on a ratio {1/p(x)|0){2|p(x)|0) of pure vibrational matrix elements of electric
dipolar moment between the vibrational ground state and vibrationally excited
state v=1 or 2. We compare these data with an extended radial function derived
from 33 expectation values and matrix elements in a comprehensive statistical
treatment [129],

p()/107° C m = (3.64587 + 0.00025) + (4.12334+ 0.00147)x
+ (0.00688 + 0.0177)x* + (—5.110+ 0.044)x°
+ (—3.065+ 0.088)x* + (—1.174+0.142)x°
+ (—1.46+ 0.24)x° 4 (1.17 + 0.69)x (82)

Apart from the greatly increased precision of coefficients reflecting improved
spectral resolution over 70 years between generation of these functions, one
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discerns that early values of py and p; are roughly correct and that one possible
value that Dunham [2] proposed for p, has a magnitude comparable with the
current value.

The quandary that Dunham confronted in proposing an alternative value of
p» was solved through the work of Herman and Wallis [130] in the spirit of
Dunham’s symbolic approach. A major problem affecting the derivation of radial
functions from data of intensity type is that the strength of a spectral line or
band is proportional to a square of a matrix element, making its sign directly
indeterminate. Explicitly, for a gaseous sample of a diatomic molecular species in
electronic state X 'S in absorption at temperature T, the strength S, of a line due
to a spectral transition from a state |0,J”) to another state |v/,J’) in a vibration-
rotational spectrum is expressed according to this formula [13],

Sl = (87‘53/3hc)[exp(—thOJ/kBT)/4TC€0Q]171[1 - exp(—hcﬁl/kBT)]

(83)

X U [p(o)l0, I
in which appear fundamental physical constants A, ¢, kg and g, total partition
function Q, value of spectral term E y of an initial state |0, J "y of a transition relative
to the minimum term E; o, and wave number 7, of a spectral line representing that
transition; 1= %[J'(J'+1)—J"(J" +1)] is a running number of value J”+1 for a
line in branch R or —J” for a line in branch P. In [(/.]'|p(x)|0, J”)|* that is the square
of an experimental matrix element for a transition between specified vibration-
rotational states, p(x) is a radial function for electric dipolar moment of an
absorbing molecular species in terms of reduced displacement x, as in formula
82 and equivalent to formula 56 for p(z). The rotational dependence is supposed
factorable according to a formula [130,13]

16 [p()10, S = ' Ip@IO)P(1 + Chv+ Dy + ...) (84)

in which [(/ Ip(x)IO)l2 is the square of the pure vibrational matrix element of
electric dipolar moment; the latter quantity is coefficient to a Herman-Wallis factor
containing, in a representation as a truncated polynomial up to a quadratic term,
Herman-Wallis coefficients Cy and Dy, . In the latter quantities that are composite
functions [13] containing parameters for potential energy in V(x) or V(z) and for
dipolar moment p(x) or p(z) in the numerator and with matrix element ('|p(x)|0) in
the denominator, Herman and Wallis demonstrated that vibration-rotational
interaction causes strengths of lines to vary linearly with coefficients p;. Fitting
squared vibration-rotational matrix elements [(v'J'|p(x)|0,J")|* as a function of t,
according to formula 84, hence yields essentially the squared vibrational matrix
/ /

element [(/ Ip(x)IO)I2 as a constant term and parameters C; and Dy, as coefficients
of 1 and 1*; comparison of calculated values of the latter quantities as functions of
coefficients p; and {V/|p(x)|0) — a signed quantity — with the corresponding
experimental values then yields the latter quantities according to the best match
[13], as we illustrate below.

To complete the set of formulae required in analysis of intensities of spectral
lines in absorption, an experimental measure of a band strength S;, is a sum of
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measured strengths S; of all lines in that band,
Sb = Z Sl (85)

whereas a theoretical measure relates to the pure vibrational matrix element of
electric dipolar moment,

S, = 817, [(v/ Ip(x)|0)*/(3hcdee,) (86)

in which 7, is the wave number characterising the origin of the band. A line
strength is derived from integrated absorbance of a particular spectral line, a
known number density N of molecules per unit volume in a gaseous sample at
temperature 7" and the effective length ¢ of optical path:

S; = (1/NQ [In[ly(7)/1(7)]d7 (87)

On the basis of these formulae one can convert measurements of area, which
equals the integral in the latter formula, under spectral lines into values of
coefficients in a selected radial function for electric dipolar moment for a polar
diatomic molecular species. Just such an exercise resulted in the formula for that
radial function [129] of HCI in formula 82, combining in this case other data for
expectation values (0,J|p(x)|0,J) from measurements of the Stark effect as
mentioned above. For applications involving these vibration-rotational matrix
elements in emission spectra, the Einstein coefficients for spontaneous emission
conform to this relation,

A = 1677 [(n|po)lm)|* [U/[3heg (20" + 1)] (88)

in which n and m denote collectively the vibrational and rotational quantum
numbers in sets specifying states combining in a transition from z to m.

A radial function for electric dipolar moment for a hydrogen halide appears to
have a single extremum, near the equilibrium internuclear distance R., such that,
for 'H*>Cl for instance in formula 82, p(x)=0 for both the united atom SAratR=
0 or x= — 1 and the separate atoms 'H and *>>Cl as R or x— o, but not elsewhere.
The behaviour of this function on approaching these limits is known [13]: as R—0
for all neutral diatomic molecules, p(R)«R”, whereas as R— oo, p(R)OCR*7 if
states of both separate atoms have total electronic angular momentum <# or
p(R) x R™* otherwise; for instance the former condition is applicable to LiH,
whereas the latter condition is applicable to hydrogen halides, CO, NO and many
other species. For HF, HCI and HBr, the extremum in p(x) occurs at R> R, [13];
accordingly p; or the slope of p(x) at R, is positive. In contrast, for HI the
extremum in p(x) occurs at R <R., with a small negative slope near R, confirmed
by both precise calculations of molecular electronic structure and experimental
data [131]; as in the calculations relativistic effects were included to obtain that
result, one might consider the qualitatively different slope to be a relativistic
effect.

Some data for spectral intensities of HCI for v>3 have questionable quality,
whereas recent measurements of intensities of CO are generally superior; for this
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reason we consider the latter molecule in some detail. Carbon oxide CO plays an
important role in combustion of carbonaceous fuels and terrestrial processes in
the atmosphere, and has been detected through its spectral lines for pure
rotational transitions in many extra-terrestrial environments. Accordingly, a
knowledge of radiative properties of CO is extremely important in relation to
both investigation of dynamics of combustion processes and modeling of
radiative properties of the terrestrial atmosphere. Like a commercially and
technologically important laser based on carbon dioxide CO,, a laser with
working substance CO oscillates on vibration-rotational transitions. Most known
vibration-rotational transitions [132] of diatomic molecules that exhibit
stimulated emission occur in the fundamental band, v'=1—v"=0, or in
sequences with Av=1. Most transitions for which laser action is reported
involve lines in P branches because these lines are favoured both by non-
equilibrium conditions of extensive vibrational excitation but by small rotational
excitation and a less stringent condition on rotational degeneracies: g, as 2J'+1
can be 2J—1 for a P branch rather than 2 J+ 3 for an R branch; laser emission in
a P branch serves simultaneously to decrease vibrational excitation and to
increase rotational energy, facilitating an approach to thermal equilibrium [13].
For '2C'°0 about 700 transitions have been measured in bands 1 — 0 up to 37 — 36,
covering discontinuously a range 1.2 < #/10° m™! < 2.0, and even some laser lines
with Av=2 have been observed [133]; more than 100 laser transitions of CO in
other isotopic species are also reported [132]. A device that provided those
sequences with Av=1 in laser action also produced emission of CO in seven
isotopic variants with sequences Av=1, Av=2 and Av=3 up to v/ =41 [134];
although parameters calculated from several thousand transitions were described
[134] as Dunham coefficients, implying Y, according to formula 8, because
constraints between these parameters were not applied, they actually correspond to
coefficients A, in formula 2.

The fundamental vibration-rotational band of CO in the mid infrared region
was the first spectral feature of a gaseous sample of a diatomic molecular
substance to be measured in this region [135]; subsequent measurements
exploited progressively increasing spectral resolution and accuracy of the wave
number scale. Overtone spectra of CO exhibit progressively decreasing strengths
of bands [99], such that, whereas the first overtone at a conventional boundary of
the mid infrared region is readily measurable, the second overtone in the near
infrared requires an extended optical path; the third overtone approaches the
limits of detectability with an optical path 100 m and a gaseous sample at
approximately atmospheric pressure, and with conventional methods for
absorption spectra. Attempting to detect the fourth overtone with product of
length of absorbing path and pressure equal to 3000 m bar, Herzberg and Rao
[136] searched unsuccessfully, like our subsequent attempt [99]: 1 bar=
10° N m 2. Eventual success [137] in detecting band v/ =5—1"=0 was attained
through adapting a cavity-ringdown spectral technique [138] to the near infrared
region; intensities of only lines in branch P of this band were measurable, but
estimates of the strength of each line in a series P;—Pg from fitting its profile to a
lorentzian shape enabled deduction of a pure vibrational matrix element {(5|p(x)|0)
consistent with Herman-Wallis coefficient C3 and a strength of the entire
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Table 4. Band origin, pure vibrational matrix element and strength of vibration-rotational
bands of '*C'°0

Band Fo/m™! ('|Ip(x)|0YC m Sy/m
0-0 3.6632x 103!

1-0 214327.11 —3.53x1073! 1.00X 10~
2-0 426006.22 2.22%10732 7.83 1022
3-0 635043.91 —1.36X10733 4421074
4-0 841446.93 6.95X 10~ % 1.53X10~%¢
5-0 1045222.22 3.62X1073¢ 6.13x10™%°

vibration-rotational band. Results of such measurements for all vibration-
rotational bands originating in the vibrational ground state [99,137], with a
further expectation value for that ground state from experiments on a molecular
beam [139], are collected in table 4.

To convert these data into radial functions, one might apply algebraic
expressions for vibrational matrix elements of x to various powers, of form such as

(11x]0) = y/y2 + 2v*2(11d3/32 — 3a,/8) + ... (89)

in which appear coefficients a; for potential energy according to Dunham’s
function in formula 16 and y as defined in relation to formula 61. We evaluated
values of corresponding coefficients ¢; up to ¢, from a fit of 16947 data up to
v=41 and J~ 115, including some duplication of vibration-rotational and pure
rotational transitions, for CO in isotopic variants with 1213140 and '%'71830 in
various combinations to parameters in radial functions for potential energy,
adiabatic corrections and vibrational g factors, constraining parameters
<0 related to the rotational g factor to values consistent with computations of
molecular electronic structure [99]. Likely because procedure Radiatom lacks
full contributions to some Dunham coefficients Y,; that require calculation
according to hypervirial perturbation theory up to order 26 (and consequently
that severely tax available computational resources), slight systematic dis-
crepancies [99] exist between calculated and measured wave numbers of
transitions involving v>39, but remain within 3.5 times their nominal
uncertainties o; the overall reduced standard deviation of the fit to 20 adjustable
and 10 constrained parameters was still acceptable. This data set would benefit
from thorough reappraisal, but original data for many vibration-rotational
transitions are unavailable and secondary sources contain slightly disparate
values of both wave numbers and their uncertainties — hence the duplication.
Nevertheless for calculations involving vibrational states up to v=35, the derived
values of parameters ¢j up to j=38 are sufficient and reliable, and thus serve
for calculations involving matrix elements of electric dipolar moment with
expressions of the type in formula 89. These expressions are readily generated
to any desired extent of v or x' [44] to sufficient precision involving terms with y
to increasing exponents; as for all known stable neutral diatomic molecular
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species y has values less than 0.026 — for instance, Y =0.0070838 for 2¢t%0 -
convergence within a desired precision is generally rapid. A theoretical
expression for a pure vibrational matrix element of electric dlpolar moment
p(x) expressed as a polynomial in terms of these matrix elements of x’ is simply

O/Ip(n)10y = pi(v/Ix']10) (90)
Jj=0

including as many terms in the sum as necessary, generally v/ + 1 in total. On the
basis of these experimental numerical values of vibrational matrix elements and
algebraic expressions for {(v/|x'|0) into which numerical values of coefficients a;
and y are inserted, one solves a system of simultaneous linear equations to
evaluate coefficients p;. As these parameters are not overdetermined, direct
statistical methods are inapplicable to yield required uncertainties of evaluated
parameters; in such a case a Monte-Carlo method [140] of analysis of error
propagated from values of pure vibrational matrix elements to coefficients p; is
suitable. In general, signs of (/|p(x)|0) are unknown because experiments yield
their magnitudes or squares, according to formula 84 for instance. One then
applies these derived values of coefficients p; in sets depending on a chosen sign
of each value of (v'|p(x)|0), relative to a particular sign chosen typically for p, or
(0|p(x)|0) to calculate coefficients CO and D" according to algebraic expressions
[13,44] in terms of coefficients a; pertaining to potential energy and v,
coefficients p; for electric dlpolar moment and values of {(v'|p(x)|0) with one or
other sign. Signs of {V|[p(x)|0) in a particular set that yield best agreement
between thus calculated values of CV and DV and their experimental counterparts
from formula 84 are hence preferable thereby evaluating elegantly the radial
function p(x) for electric dipolar moment. Instead of coefficients g; and p; of x to
various powers, one can naturally work with coefficients ¢; and p; (according to
formula 56) of z to various powers, as the corresponding algebraic expressions
for vibrational matrix elements and Herman-Wallis coefficients are just as readily
generated [44] in terms of these quantities.

As an illustration of this approach to solution of a radial function p(x) for
2C'%0, we present in table 5 experimental [99] and calculated values of
Herman-Wallis coefficients CO and DO, calculated on the basis of this radial

Table 5. Experimental and calculated values of Herman-Wallis coefficients C0 and D0
for '2C'°0

band Cy/10™2 Dy /10~ %
v -0

exp’l calc’d exp’l calc’d
0-0 — —2.05
1-0 0.024 £0.021 0.0196 — 0.067
2-0 0.533+0.014 0.496 0.44+0.10 0.35
3-0 1.153£0.025 1.210 1.03+0.18 0.99
4-0 3.370+0.033 3.284 4271034 43
5-0 ~ —10 —9.33 — 17.6
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function p(x) derived from experiment [135];

p(x)/107°° C m = 0.407871 — 11.8634x + 1.3060x> + 13.378x°
1)
—2.740x* —0.172°

this function has a range R/10~'° m of validity [0.99, 1.33]. A value of C} was
indicated only roughly from preliminary experiment [137]; experimental values
of DY, D}, and D are unavailable.

Changing the sign of (5|p(x)|0) from positive to negative correspondingly alters
the sign of ps, the value calculated for C from —0.093 to +0.093 and the value
calculated for D3 from 0.00043 to 0.00037, but affects other calculated values
negligibly. As the latter calculated value is almost inconsistent with an
experimental value of D specified in table 5, the negative value of Cj is clearly
preferable, even though indicated only roughly in the reported experiment
[137]. Chackerian and Tipping [141] predicted (5|p(x)|0)=6.588X 10" *° C m,
Cj= —0.0529 and D3 =0.00040; because the former value is only about twice the
experimental value (3.6240.3)X 107 3® C m, we might expect their predictions
6lp(x)]0)=—3.66X10"*Cm, C{=—0.014 and Dj=—0.00014 for band
6 — 0 to have comparable reliability. The ratios of strengths between successive
vibration-rotational bands from experiment are thus 128, 177, 289, 250. On a basis
of a predicted strength 6.25X 10~ 2 m for band 6 — 0 [141], the fifth overtone is
remarkably predicted to have almost the same intensity as the fourth overtone. We
contrast these ratios of strengths of vibration-rotational bands of '2C'°O with
those of '*N'°0 - 61.2, 48.5,23.3, 13.4, 8.6 [142] — which thus decrease regularly
in the same order of increasing vibrational quantum number v. The radial
functions for electric dipolar moment of NO and CO share common features of
two extrema, with a reversal of polarity between these two extrema and small
magnitudes of permanent electric moment p(R.). In each case the polarities,
“NO™ and “CO™, at that condition contradict expectations from crude consider-
ation of conventional electronegativities.

As an alternative procedure to predict coefficients of a radial function p(x) for
electric dipolar moment, one might attempt to convert the latter function from
polynomial form, as in formula 91, which has unreliable properties beyond its
range of validity from experimental data, into a rational function [13] that
conforms to properties of electric dipolar moment as a function of internuclear
distance R towards limits of united and separate atoms. When such a rational
function is constrained to yield the values of its derivatives the same as
coefficients p; in a polynomial representation, that rational function becomes a
Padé approximant. For CO an appropriate formula that conforms to properties
described above would be

p(x) = po(1 + x)3/<1 +) g + wa7> (92)

J=1

in which in the sum in the denominator as many terms are taken as necessary;
the numerator bestows a property p(x) — 0 proportional to R* as R— 0, whereas
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the last term in the denominator ensures that p(x) >0 as R becomes large, in
practice greater than ~ 10R,. Coefficient C., might be accorded a value based on
some knowledge of the behaviour of this radial function at large R, such as a value
of p from calculations of molecular electronic structure; such a value has no effect
on recalculated values of p; or {j|p(x)|0) for j<7. Application of this formula for
CO yields a function that suffers severely from a pole within a region of interest,
which makes it unusable. An alternative form that might be applicable to a radial
function for electric dipolar moment that possesses two extrema in a region
defined by experiment, with a reversal of polarity between distances of these
extrema at x, i8S

p(x) = po(1 +x)°(x — xp)/ (—xo +) g + wa8> (93)

J=1

but this formula applied to CO also suffers from poles dictated by roots in the
denominator within the region of interest. Under these conditions one might be
forgiven for neglecting the behaviour of p(x) as x— —1 or R— 0 because this
region lacks chemical interest; a rational function that still qualifies as a Padé
approximant and retains the correct limiting behaviour as x or R— oo, which is of
chemical interest, has this form for CO that has a reversal of polarity at x =x:

p(x) = po(x + D)(x/xy — 1)/(1 +) g + wa6> (94)

J=1

Although transformation of coefficients p; into coefficients g; is readily
practicable, the resulting values for CO adopt unwieldy magnitudes. Chackerian
and Tipping [141] fitted a function of the latter form from experimental and
theoretical (computations of molecular electronic structure) information in
judicious combination, according to which they calculated vibration-rotational
matrix elements for transitions in bands 5 — 0 and 6 — 0; fitting the latter values
with formula 84 yielded the values of quantities presented above. Rational
functions, such as those in formulae 92 — 94 or others, transcend the spirit of
Dunham’s approach because their construction incorporates physical knowledge
of a quantity that is superfluous for invocation of a mere truncated polynomial.

10. DISCUSSION

When Dunham [4,5] presented formula 8 for vibration-rotational terms, he
derived a functional v+ explicitly because in his JBKW formulation the
addend ', results from exact solution of an integral. In contrast, Dunham
assumed a functional K(K+ 1), equivalent to J(J+ 1) in contemporary notation, to
contain a quantum number K, now J, for rotational angular momentum. To
generate an effective potential energy comprising both internuclear potential
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energy V(R) and kinetic energy #%J(J + 1)/2uR*), Dunham expressed R in the
latter denominator as R.(1 +x) and then expanded the resulting denominator about
x=0 as follows:

R +x) =R2(1 —2x +3x° —4x° + ..) (95)

Dunham then combined these terms with corresponding terms in V(x) through
rotationally dependent coefficients a;(J) for potential energy to produce his
general expressions for term coefficients Y};. Each expression for a further such
coefficient Yy in a sequence Yy, Yk +1, Yki+2-.. contains a factor y2 that, with
v <1, ensures rapid convergence; under these conditions inclusion of a set of
Yy down to Yj ok assures that any error due to the approximation in formula 95
is negligible in comparison with experimental error due to measurement of
frequency data; a particular test appears in discussion of spectral data of GaH
above. In an alternative procedure for analysis of vibration-rotational spectral data
called deformationally self-consistent, Molski employed algebraic expressions for
term coefficients Yy o but employed a numerical scheme to generate the rotational
dependence of spectral terms [143] that essentially circumvents the approxi-
mation implied in an expansion in formula 95. Comparison of results for NaCl
under controlled conditions [143] demonstrates no advantage for this approach;
a slight disadvantage arises from an algorithm for estimation of non-linear
parameters. Molski’s approach has produced questionable results in several cases
[144] and appears unreliable for its intended purpose.

Although authors [74,75] have claimed that a generator-coordinate theory
yields an expression for spectral terms exactly of Dunham’s form, as in formula 8,
in which however term coefficients YG“* encompass intrinsically effects of at
least adiabatic corrections, it is unclear from those papers how the functionals of v
and J in their expression for E\; arise. As mentioned above, Dunham [4,5] derived
the addend % of v but assumed the form K(K+ 1) instead of deriving it; authors of
the generator-coordinate theory [74,75] appear to have assumed the forms of both
functionals (v+ ') and J(J+ 1). In lack of explicit expressions for any coefficient
Y3CA that differs from results from application of classical mechanics one can not
identify justification for these details.

The effective hamiltonian in formula 29 incorporates approximations that we
here consider. Apart from a term V”(R) that originates in nonadiabatic effects [67]
beyond those taken into account through the rotational and vibrational g factors,
other contributions arise that become amalgamated into that term. Replacement of
nuclear masses by atomic masses within factors in terms for kinetic energy for
motion both along and perpendicular to the internuclear axis yields a term of this
form for the atomic reduced mass,

W= [my + Zume) + (my + Zym)V/[(my + Zyme) + (my + Zym)] — (96)

in which m, and my, are nuclear masses of atomic centres A and B respectively.
The relation of this term to the nuclear reduced mass p, is [66]

W =1 — me(Zymylmy + Zymy/my)(m, + my))/p, 97)
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As the subtrahend in this numerator has clearly the form of a ratio of electronic
and nuclear masses, its effect can become absorbed within V”(R) that contains
contributions of like ratio of electronic and nuclear mass. Use of atomic rather than
nuclear masses in the adiabatic correction V/(R) in formula 31 yields an
analogous correction that becomes likewise absorbed within V”(R), and
eventually neglected at present. Practical application of an effective hamiltonian
for atoms with atomic number over a large range requires that one employ atomic
rather than nuclear masses because atomic mass is accurately measured directly in
experiment and because derivation of nuclear mass from such a quantity would
involve not only subtracting electronic mass but also taking into account the
binding energy of each electron. The latter quantity might have an associated error
much larger than the imprecision of known atomic masses [145]; the relative
precision of an atomic mass, 1.0X 10~ "', is best for '°0, and has typically a value
~ 1078 for other stable nuclides. For comparison the best measurements [146] of
frequencies associated with vibration-rotational transitions have a relative preci-
sion ~2X 10~ '°, although a relative precision for superior vibration-rotational
transitions is typically ~10~7, and approaches ~10~® for superior measure-
ments of pure rotational [147] and vibration-rotational [148] transitions. As these
relative precisions of measurements of mass and of frequency or wave number
have clearly comparable ranges, the numerical significance of parameters
independent of isotopic mass that are intended to reproduce accurate experimental
measurements of wave number demonstrably depends critically on the values of
atomic and electronic masses employed in deriving those parameters. Incorpor-
ation of precise further data into a set previously subjected to analysis typically
requires for their reproduction parameters of increased number and of various
types. For instance, for 17 pure rotational and 1223 vibration-rotational
transitions of **Na’>Cl and **Na*’Cl within ranges v<8 and J<120, six in-
dependent fitted parameters, specifically R, k. and c¢; — ¢4, with two constrained
parameters — tga’a estimated from electric dipolar moment and a rotational g
factor nearly zero, suffice to reproduce the wave numbers for which the best
relative precision is 3X 10~ 7 [81]. Addition of 189 pure rotational lines of these
isotopic species [149], within ranges v <4 and J <76 but with relative precision up
to 3X 10~ %, requires further parameters; not only cs and ¢ for potential energy,
reflecting enhanced sensitivity of the entire set of data to effects of centrifugal
distortion, but also a parameter " related to the rotational g factor and a parameter
u§' associated with adiabatic corrections, reflecting enhanced sensitivity of
additional data to isotopic effects associated with Cl, become evaluated. These
four additional parameters are essential even though all these further transitions
involve vibrational and rotational states well within the previously existing range;
there is no indication that further nonadiabatic effects, present in V”(R), are
required to be taken into account in this fit, consistent with (me/u)2~ 10~? for
NaCl being smaller than the best precision. Values of these parameters obtained
from fits of data with Radiatom I, with the corresponding reduced standard
deviations of the respective fits are presented in table 6; all parameters therein
convey the same significance as in preceding tables 1 — 3. Comparison of values of
the same parameters in the separate fits indicates that only small changes occur;
hence for corresponding parameters these fits are reasonably stable. Because the



Table 6. Coefficients of radial functions and other molecular parameters of NaCl X 'S*, depending on extent of data set and constrained

parameters

Parameter 1223 data, [, 5] 1412 data, [}, 5] 1412 data, [£)*]
co/m ! 15247257+ 18 15247401 +22 15247425424

¢ —2.07678540.000037 —2.0768284 +0.0000095 —2.0768239 +0.0000095
o 2.5416040.00027 2.5383640.00048 2.5383640.00048
s —1.8567+0.0020 —1.84459+0.00162 —1.84459+0.00162
4 —0.2888+0.0176 0.0198 +0.042 0.0195+0.042

cs 1.9740.29 1.975+0.29

Co —2.2140.41 —2.224041

5§ —0.238+0.032

e [0.81] [0.81] [0.727]

i§' [—0.77] [—0.77] —0.852740.0082

t?l —1.685+0.067

u§'/10%m ™! —1.24040.126
Up/m™'u 302.465982 40.000047 302.466455 +0.000039 302.467076 +0.000039
Upo/m™ " u” 135820.124+0.091 135820.873 +0.106 135821.120+0.115
RJ/107m 2.36080425 4+ 0.00000058 2.36080240 4+ 0.00000057 2.36079998 +0.00000057
k/Nm™! 108.687209 +0.000147 108.688406+0.000171 108.688801 +0.000184
6 0.921 0.880 0.881
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additional pure rotational data [149] are so precise, we avoided constraining a
value of tgl in a further fit. With a known precise value of pg of BNa*Cl [143] and
fitted value of tgl in formulae 66 and 67, we calculate g.(R.)=0.00741 40.00060
and £)%; the latter value was included as a constraint in the fitting until convergence
was attained. This value of g, for ?Na*>Cl is a genuine prediction as no value is
known from other experiment or calculation, but its reliability rests on the
assumption of negligible adiabatic corrections as explained above for GeS.

In contrast, the precision of measurement of intensity of spectral lines has
increased little in the past half century; most of that minor increase reflects
improved spectral resolution in the frequency domain, in many cases through
either a Fourier transform of interferometric measurements in a distance domain
with continuous sources of radiation or use of infrared lasers; in either case a
spectral feature associated with a particular transition between discrete
vibration-rotational states might be optimally isolated and well defined, with
minimal distortion of shape and area due to a measuring device. Even the best
strengths of individual isolated lines, measured essentially as an area under a
spectral curve, are likely to have a relative precision worse than 10™7; in cases
of weak lines for which merely increasing the concentration or length of
absorbing path is impracticable, or of difficult samples such as transient species,
one might have reluctantly to accept a relative precision even ~10~'. Under
these conditions one has clearly to accept that only the principal factor affecting
intensity, such as a matrix element for electric dipolar moment for a typical band
in absorption or emission or electric dipolar polarizability for a typical band
observed through Raman scattering, is a significant influence, and further
contributions related to adiabatic or nonadiabatic effects — or even magnetic
dipolar or electric quadrupolar contributions — must perforce be neglected during
reduction of experimental data. Measurements of frequency shifts on application
of external electric or magnetic field, relying on a Stark or Zeeman effect, might
attain greater precision, likely ~ 10~ * at best; as these measurements generally
imply a difference between two expectation values for the involved states, they
might be less sensitive to a desired property than a matrix element directly
proportional to that property. In such cases there prevails consequently little or
no need for a refined treatment of experimental data to encompass extra-
mechanical effects or theoretical quantities representing other than a smallest
order of approximation.

That effective hamiltonian according to formula 29, with neglect of V”(R),
appears to be the most comprehensive and practical currently available for
spectral reduction when one seeks to take into account all three principal extra-
mechanical terms, namely radial functions for rotational and vibrational g factors
and adiabatic corrections. The form of this effective hamiltonian differs slightly
from that used by van Vleck [9], who failed to recognise a connection between the
electronic contribution to the rotational g factor and rotational nonadiabatic terms
[150,56]. There exists nevertheless a clear evolution from the advance in van
Vleck’s [9] elaboration of Dunham’s [5] innovative derivation of vibration-
rotational energies into the present effective hamiltonian in formula 29 through
the work of Herman [60,66]. The notation g for two radial functions pertaining to
extra-mechanical effects in formula 29 alludes to that connection between
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nonadiabatic rotational effects and the magnetogyric ratio [56] that applies directly
to the rotational g factor; the vibrational g factor in a product with linear
momentum squared shares a similar designation [60] despite the lack of known
magnetic effect. If a need arise to include effects of V/(R) in formula 29, there
appears also to be a direct mechanism to extend its applicability in the following
way: for all contributions to V”(R) that have as factor the same dependence,
relative to V(R), on a ratio (me/m)2 of electronic and nuclear mass of individual
atomic centres, the algebraic form of contributions to Z;* and Zlfl’b would have
exactly the same form as those from V’/(R), through truncated polynomials
analogous to those in formula 47. (Further contributions within V”(R) with
dependence on m./m to greater than second power would naturally continue to be
negligible.) Any values of fitted coefficients in such polynomials would inevitably
contain, besides the additional nonadiabatic effects formally in V”(R), contri-
butions propagated from approximations involving use of atomic mass rather than
nuclear mass in relation to g(R), g,(R) and V'(R); the relative magnitudes of these
contributions and of V”(R) therein are difficult to predict. If concern about a
relation between fitted parameters and particular terms within an effective
hamiltonian be lacking, an alternative formulation [151] is likely practical. This
hamiltonian is based on Watson’s effective hamiltonian [152], in which, in a
derivation towards its ultimate form, a term related to the rotational g factor at R, is
set to zero; a use [90] of such a formulation as a basis to argue that one can not
deduce reliable estimates of electric dipolar moment and rotational g factor from
spectra without further information from either application of external fields or
theoretically calculated data is questionable. As the existence of the rotational g
factor through both experiment and a theoretical basis [56] was appreciated long
before Watson’s derivation [152], its neglect in that derivation is a serious
deficiency and an impediment to realistic application of that hamiltonian. A
justification of setting equal to zero that term related to g,.(R.) is spurious, as such a
criterion is both arbitrary and avoidable, as demonstrated in an alternative
derivation for the same objective [72]. With the ready availability of both many
experimental and calculated data for the rotational g factor [56] and computer
programs to undertake such a calculation, use of Watson’s hamiltonian should be
avoided if one seeks to deduce from spectra a value of R, maximally independent
of atomic mass. Application of Watson’s postulate [152] of a reduced mass for a
diatomic molecular ion that is inconsistent in having a mass of an atomic ion in the
denominator but masses of only neutral atoms in the numerator should likewise be
eschewed [66]; the g factors, vibrational and rotational, properly encompass such
effects for ions. Either the hamiltonian in formula 29 or an approximate variant
[66] are preferable for practical application in reduction of diatomic spectral data.

In our account here we neglect a third aspect of a spectral line, specifically its
shape, beyond its characteristic frequency and strength. A natural line shape is
almost impracticable to observe and would yield on analysis little or no additional
information about intrinsic molecular properties. Another shape merely reflects
components of molecular velocities in a direction parallel to the direction of
propagation. Apart from these effects, further broadening of spectral lines due to
finite durations, between collisions, of molecules in particular quantum states is
attributed to interactions between colliding molecules rather than directly to
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intrinsic molecular properties of an absorbing or emitting molecule of interest.
Analysis of such effects involving multiple oscillators is not only much more
complicated than a treatment of a single anharmonic oscillator from a theoretical
point of view that lends itself to definition of characteristic parameters useful in
fitting spectra, but has also received much less attention from a theoretical or
computational point of view. A relation between terms in an effective hamiltonian
for a system of only two diatomic molecules interacting during a collision and
observable effects of broadening of spectral lines and modification of the shape of
those lines is indirect, involving averages over several angular variables and over
time. Discussion of general aspects of these collisional effects appears elsewhere
[13].

A notable development since at least 1994 in relation to an application of
Dunham’s formalism in practical spectral analysis is a significant interplay
between quantum chemistry, in a form of sophisticated calculations of molecular
electronic structure and properties, and spectral reduction. In a few cases it has
proved practicable to deduce information about electric and magnetic properties
of diatomic molecules directly from spectral analysis through application of
Dunham’s formalism and its extensions, such as a significant estimate of the
rotational g factor of GaH [89] already mentioned. In another instance, estimates
of electric dipolar moment and rotational g factor of GeS relied upon an
assumption, justified above, that adiabatic corrections are less important than
nonadiabatic effects in relation to moderately massive atomic centres [153]. In
these cases no assistance to spectral analysis from quantum-chemical calculations
arose. In other cases [13] and likely a more typical situation, results for the radial
dependence of the rotational g factor and adiabatic corrections have been
incorporated within the reduction of spectral data of frequency type, enabling
evaluation of spectral parameters of maximal quasi-physical significance — within
a context of a traditional notion of molecular structure and its attendant
hamiltonian; both LiH, the first application [112] of this approach, and H,, as
discussed above, are significant examples of successful derivation of information
about adiabatic corrections and the vibrational g factor following an imposition of
information about the rotational g factor during fitting of frequency data. For H,
also, an imposition of information involving adiabatic corrections enabled
recovery of information from experiments without externally applied electric or
magnetic field about the rotational g factor. Although calculation of adiabatic
corrections was accomplished many years ago, for instance by Kolos and
Wolniewicz [108] for H, in 1964 through calculations of a nature specific for that
molecular target, a general approach to calculation of the rotational g factor
required further decades before suitable methods became developed; the first
calculation involved direct sums of electronic matrix elements over electronic
states [154], but a refined method, more practical for molecules containing many
electrons, involving a polarization propagator [155], ensued a few years
subsequently. A practical algorithm for calculation of the vibrational g factor
has subsequently been devised [107,108]. With an incorporation of computer code
required for all three extra-mechanical properties into computer program Dalton
[156] for general calculations of molecular electronic structure and properties, it
will have become practical to supplement point-wise calculations of a radial
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function for potential energy, with basis sets of great quality and taking into
account electronic correlation, with these auxiliary influences on vibration-
rotational energies; one can hence calculate the wave number of such a transition
almost within the accuracy of typical superior measurements. Likewise one can
calculate influences on intensities of transitions, such as not only the principal
factors of electric dipolar moment or electric dipolar polarizability but also
magnetic dipolar and electric quadrupolar moments; this information can much
assist the search for further transitions for known carriers of a vibration-rotational
spectrum or new transitions of uncommon species.

The result of this interaction between quantum chemistry, through methods to
calculate molecular electronic structure, of not merely gross determinants of
spectral features but even intimate details marks the emergence of an approach to
conduct of scientific research properly termed computational spectrometry.
Although calculations of electric dipolar moments of molecules have been
practised essentially since the earliest years after the evolution of quantum
mechanics in forms of wave mechanics and matrix mechanics, typical results
pertained to only a single internuclear distance, generally at or near a known R,, so
equivalent to pg; such a value pertains to the intensity of the pure rotational band
but not to vibration-rotational bands that are generally more readily measurable.
Early solutions for prototypical systems, including an anharmonic oscillator by
Heisenberg in his original treatment [157] that became matrix mechanics and a
rigid rotor by Dennison whose treatment according to matrix mechanics [158]
during work in Bohr’s institute in Copenhagen preceded Schrodinger’s treatment
of a rotating harmonic oscillator according to wave mechanics [159], continue
indeed to serve, with Bohr’s [160] and Schrodinger’s [161] treatments of the
H atom, as standard simple models for the interpretation of gross features of
atomic and molecular spectra. Even though radial functions for potential energy
were also calculated early, with typically only qualitatively correct results,
practical methods of calculating minor but significant contributions to discrete
energies of molecular states have been developed much more recently. The
principal factor governing the intensity of vibration-rotational transitions
observed in Raman scattering is the electric dipolar polarizability; unlike the
static polarizability, for which some early calculations were made, the dynamic
polarizability [162,163], which is dependent on the frequency of excitation of the
Raman scattering and which is consequently required to produce an accurate
comparison with or prediction for experiment, was a more recent target of
accurate calculations. As remarked above, measurement of intensities of typical
vibration-rotational and pure rotational spectra in absorption and emission and in
Raman scattering, whether by spontaneous or coherent mechanisms [13], yields
only modest accuracy, and hence requires only the dominant factors of electric
dipolar moment and polarizability quantities to be calculated, nevertheless
accurately, as a function of internuclear distance for an adequate theoretical
description or computational prediction of these spectral properties. In contrast
the great accuracy of measurement of wave number of radiation, or energy of
photons, corresponding to differences between spectral terms, or energies, of
vibration-rotational states, requires not only sophisticated calculation of radial
functions for potential energy but also for rotational and vibrational g factors
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and adiabatic corrections. With the accomplishment of the latter capabilities in
standard software one can consider computational spectrometry to have attained a
mature state. As a basis of application of Dunham’s algebraic formulation,
the effective hamiltonian in formula 29 is clearly well suited to the practice of
computational spectrometry because a direct relation exists between terms
in this hamiltonian and quantities readily subject to theoretical calculation [66].
In principle, even the generator-coordinate approach [74,75] constitutes a
mechanism for computational spectrometry still conforming to the Dunham
formulation because it is expected to be able to encompass intrinsically [164] what
are regarded as supplementary adiabatic and nonadiabatic corrections to
molecular energies according to a traditional separation of electronic and nuclear
motions. The rotational g factor seems to have been ignored in the development
of that generator-coordinate approach, despite a well founded connection of g,
to both experimental and theoretical quantities; because g, is just as much an
experimentally observable quantity, through the Zeeman effect, as a wave number
of a spectral line, this property warrants attention if the generator-coordinate
approach is to be considered a serious means to interpret molecular spectra.

11. CONCLUSION

Dunham’s expression in formula 8 for vibration-rotational terms is a double
expansion in vibrational and rotational quantum numbers based on the minimum
vibration-rotational energy in a particular electronic state; likewise his radial
function for internuclear potential energy V(x), in formula 16, which serves as a
basis to relate Dunham coefficients Y, is an expansion about the minimum
potential energy of that electronic state, which occurs at the equilibrium
internuclear separation R.: both expansions thus possess the disadvantages from
which all such truncated power series suffer. This property of a limited range of
convergence hence bestows emphasis on vibrational states with small values of
quantum number v — those states that with their associated rotational states
typically pertain to almost all measurements of infrared and Raman spectra of
gaseous substances containing diatomic molecular species, and even to many
electronic spectra of such samples in absorption. An alternative general formula
for vibration-rotational terms encompassing all states within a manifold up to a
dissociation limit has never been devised [13]. The exponentially increasing
extent of expressions for coefficients Yy, despite a powerful implementation of
symbolic software to their elucidation [44], with increasing terms or parameters in
V(x), and associated functions, remains a formal impediment to enhanced
application according to a theory based on an algebraic approach of Dunham and
his successors, although in practice a limiting condition has seldom if ever arisen.

An important fact underlying this approach to analysis of molecular spectra
based on a formalism arising from pioneering work of Dunham and van Vleck,
and advances contributed by their successors, or any other approach, is that not
merely coefficients AL, VAP, A%, By or their equivalents but also Y{;, various
Z, Uy, radial coefficients aj, ¢, i Sj» 1, u;j or their equivalent, and even R, and k.,
or fitted values that nominally represent prospective integral kernels in
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expressions for YGA according to the generator-coordinate theory [74,75], are,
first and foremost, merely fitting parameters; their particular numerical values
adopted according to a given fitting procedure reflect both the quality and
quantity of fitted data through extents both of ranges of vibrational and rotational
quantum numbers and of isotopic variants, as exemplified through results for
NaCl described above. Apart from representatives of integral kernels, the
coefficients g;...u; listed above pertain to radial functions that are artifacts of a
method of separate treatment of electronic and nuclear motions; those radial
functions, such as of potential energy or electric dipolar moment, are not
experimentally observable, even though they might be susceptible to calculation
according to some ansatz. Some fitting parameters of one or other type might be
more suitable to use for moderate extrapolation beyond those extents of data
than parameters of other types if a theoretically justified fitting model be chosen,
but any such extrapolation is fundamentally statistically unreliable and
susceptible to propagation of error associated with the original experimental
measurements, even if limiting forms or conditions be imposed on the fitting
formula; the reliability or accuracy invariably decreases with an increasing
extent of extrapolation beyond characterised states of molecular energies.
Although some parameters of selected type according to a selected model
might be amenable to comparison with quantities calculated theoretically, the
latter calculations involve both approximate models and approximations in
implementation that proscribe an exact comparison, because any diatomic
molecule must involve interaction of at least three elementary particles for which
the problem of many bodies fundamentally lacks an exact solution. Nevertheless,
a nominally theoretical — actually still semi-empirical in practice — calculation
of pertinent quantities can beneficially guide experimental measurements;
conversely, experimental measurements can guide development of theories, as
has occurred repeatedly since the first measurements of optical spectra. Of course
any ansatz of purported calculation from first principles or ab initio reflects,
implicitly, prior experimental information and influence. The development
of molecular spectrometry represents a prime confluence of theory, experiment
and computation — the latter through methods of quantum chemistry, and has
afforded many implications for our understanding of myriad chemical and
physical phenomena. An approach to a quantitative description of spectra of
diatomic molecular species through Dunham’s systematic algebraic formalism,
based naturally on Dunham coefficients Y,;, has served as a model for an area
of science much broader than the number of atomic centres in a molecule of a
size that attracted his attention might indicate.
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Abstract
Computational spectrometry, which implies an interaction between quantum chemistry and analysis
of molecular spectra to derive accurate information about molecular properties, is needed for the
analysis of the pure rotational and vibration—rotational spectra of HeH™ in four isotopic variants to
obtain precise values of equilibrium internuclear distance and force coefficient. For this purpose, we
have calculated the electronic energy, rotational and vibrational g factors, the electric dipolar
moment, and adiabatic corrections for both He and H atomic centres for internuclear distances over a
large range 10~ "’m [0.3, 10]. Based on these results we have generated radial functions for atomic
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uJH of z/ for *He'H™ for further spectral analysis.
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1. INTRODUCTION

Computational spectrometry [1] implies an interaction between quantum
chemistry, in a practice of calculations of molecular electronic structure, and
analysis of spectra of small free molecules so as to derive, from the latter,
information of maximal physical and statistical significance. The best relatlve
accuracy of measurement of spectral frequencies is about two parts in 10'° [2]; to
obtain a comparable accuracy in differences of quantum-mechanical energies still
exceeds the capabilities of algorithms and computer hardware, but the calculation
of other pertinent quantities can play a valuable role in the analysis of spectra.
For instance, an accurate knowledge of the dynamic electric dipolar polarisability
[3-7] of a particular molecular species facilitates the observation of that compound
through Raman scattering; likewise accurate data for the molecular rotational g,
factor [8—14] and electric dipolar moment [15] enable extraction of information
about the vibrational g, factor and adiabatic effects from frequency data for pure
rotational and vibration-rotational transitions [16—18] as well as an accurate
function for the internuclear potential energy, within a conventional treatment
involving separation of electronic and nuclear motions. Our work on LiH [17] was
undertaken before a comprehensive theoretical treatment relating the vibrational
g. factor and spectral parameters became available [19]. Afterward we developed
and implemented an algorithm for the calculation of the vibrational g, factor [18].
With a new implementation of the coding of adiabatic corrections in an
established suite of Fortran routines for quantum-chemical calculations in Dalton
[23], we are able to calculate to satisfactory accuracy the principal auxiliary terms
in an effective Hamiltonian for vibrational and rotational motion of atomic centres
in a diatomic molecule. Because these auxiliary terms have only a small, but
significant, effect on energies of molecular vibration—rotational states, there is no
necessity to attain an accuracy comparable with that of electronic energy.

Here we apply this quantum-chemical capability to provide quantitative
knowledge about these auxiliary quantities to assist the extraction of information
about equilibrium properties of helium hydride diatomic molecular cation, HeH "
By its ionic nature, this compound is highly reactive under laboratory conditions
and hence only a transient species in experiments in the gaseous phase, but
measurements of spectra have yielded moderately precise frequencies of pure
rotational and vibration—rotational transitions throughout energies in a range from
the ground state up to the dissociation limit — even beyond that limit for further
states quasi-bound within the centrifugal barrier — for both *He'H™ and “He’H ™,
as well as less abundant data for two analogous species containing *He. Because
the curve for the internuclear potential energy of this molecule in the ground
electronic state possesses both a broad and a shallow minimum, a radial function
to represent that potential energy encompasses internuclear distances over a large
range. To cover satisfactorily a corresponding range of energies and ancillary
molecular properties would require radial functions involving as parameters some
70 or 80 coefficients of a distance variable to various powers, which would require
fitting from known frequencies of only some 200 measured transitions within the
electronic ground state. In contrast, wave numbers of about 5500 transitions of
GeO are satisfactorily reproduced with only six fitted parameters [24], but these
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many transitions sample energy for only a small fraction of states below the
dissociation limit. Moreover, the small masses of both nuclei in HeH™" cause
intervals of energy between adjacent states in vibrational manifolds to be
relatively large, and likewise for rotational manifolds, such that below the
dissociation limit this curve for the potential energy supports only a few
vibrational states, with their associated rotational manifolds. For these reasons the
simultaneous reduction of all these spectral data of HeH™ is challenging to an
extent far beyond that associated with other and less elusive diatomic molecular
species existing in the gaseous phase. In contrast, the calculation of molecular
electronic structure and properties is greatly facilitated by the facts that there are
only two electrons associated with two atomic nuclei and that the symmetry class
of the electronic ground state of HeH™ is 'X7, implying that no important
magnetic effects need be included in the computation of those properties. In
summary, one can readily appreciate that this molecular species is an excellent
candidate for the application of the practice of computational spectrometry, so
that analysis of molecular spectra thus assisted can yield information about
equilibrium and other properties to serve both for characterization of this
molecular species and as reference for future calculations.

2. THEORY

As a point of departure we assume, within a conventional separation of nuclear
and electronic motions, an effective Hamiltonian for the motion of two atomic
nuclei and their associated electrons both along and perpendicular to the
internuclear vector, directly applicable to a molecule of symmetry class X% for
which magnetic effects are absent or negligible [25]:

. 1 . . n2JJ + 1
AR) = — P<1 + %gv(R)>P + <1 + %g,(R)> (—2)
2u m, my, 2uR

+ V(R) + V/(R) (1)

here P is an operator for linear momentum conjugate to internuclear distance R;
w= M,M,/(M, + M,) is the atomic reduced mass for atomic centres A and B and
their respective masses M, and M,; g,(R) and g,.(R) are, respectively, radial
functions for the vibrational and rotational g factors; J is a quantum number for
angular momentum of the molecule about the molecular centre of mass; V(R)
denotes internuclear potential energy independent of nuclear mass (including
relativistic corrections); and V/(R) denotes adiabatic corrections to take into
account a small dependence on nuclear mass that V(R) would otherwise exhibit.
Both rotational and vibrational g factors have an electronic contribution, which is
regarded to pertain to rotational and vibrational non-adiabatic effects, as discussed
below. An additional contribution to both the g factors, which is normally called
the nuclear contribution, arises on the transition from nuclear masses to atomic
masses in the effective Hamiltonian [18,19]. Energy values of this effective
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Hamiltonian are expressed in this form [25]

1 k
For =22 W+ 2 (v + 5) I+ 11 @

in which Dunham coefficients Y, result from the principal terms in the effective
Hamiltonian, equation (1), and Z; ; reflect the presence therein of auxiliary terms —
the rotational and vibrational g factors and adiabatic corrections.

2.1. The g, and g, factors

The electronic contributions to the g factors arise in second-order perturbation
theory from the perturbation of the electronic motion by the vibrational or
rotational motion of the nuclei [19,26]. This non-adiabatic coupling of nuclear and
electronic motion, which exemplifies a breakdown of the Born—Oppenheimer
approximation, leads to a mixing of the electronic ground state with excited
electronic states of appropriate symmetry. The electronic contribution to the
vibrational g factor of a diatomic molecule is then given as a sum-over-excited-
states expression

2h 3 Ko (7 R g W7 R} I

ARy ="
8 EPO(R) — EPO(R)

e M n#0

3)

whereas the electronic contribution to the rotational g factor of a diatomic
molecule consists of two contributions

g(R) = g™ (R) + g™ (R) (4)

The ‘paramagnetic’ contribution again involves excited states

para
g R)=——
me uR? EBO(R) — EBO(R)

n#0

m, 1 {Z ((wolZili,x(feo)lwnanlZili,x(iecM)l%)

(ol iy Read W)W | 3 by (Rl W o) )
E§°(R) — EX°(R)

in which for brevity 'Ifo|”({?,-}, R) is abbreviated in this equation as ¥, whereas
the ‘diamagnetic’ contribution is a simple average value over the electronic
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ground state:

m,

8 R =~ gz

{ <<lpo({r} R Z(hx Rem)(Rox — Rom )W ({7} R)
+<qj0({;t}’ R)l Z(ri,y - RCM,y)(Ro,y - RCM,)‘)llpO({?i}a R)))

(7L R D (1 — Rew) Rz — RCM,»IW()({?J,R»} ®)

The nuclear contribution to the rotational or vibrational g factor becomes
for a diatomic molecule AB containing nucleus A of protonic number Z, along
the z-axis at z,= |R RCM| and nucleus B with protonic number Z, at
2o = |Ry — Reml

Z.M; + ZM?

¢ =22z =m (7)
1 P M M, (M, + M)
in which the moment of inertia is
M. M, - -
[=uR =—""_(R, — Ry 8
u M.+ M, (R, b) (8)

The second form of g7 shows that the nuclear contribution, being independent of
internuclear distance, is constant for a particular molecular species in all its
electronic states.

Calculation of rotational and vibrational g factors by linear response methods
using multiconfigurational self-consistent-field wave functions is described in
detail elsewhere [18,27].

According to convention we suppose that the g factors of a neutral diatomic
molecule can be partitioned into a term depending on the electric dipolar moment d
or its derivative dd,/dR and an ‘irreducible’ non-adiabatic contribution g}, [19,28]

- 1 1
8 (R) = g"(R) — 2 2% (Rea, R) ( M, Mb> €))

g(R) = g"(R) —

my dd (Rew, R) ( 1 ) (10
e

R M, M,

in which the sign of the dipolar moment is chosen to be d, <0 for a molecule of
polarity + AB — and with the z-axis pointing from A to B. A detailed expression for
this irreducible non-adiabatic contribution to the rotational g factor has been
derived [29]

1
" (R) = (gr (R) + & (R)) (11)
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in which

A|B 713 % L Klp()({?t}’ R)l Zi li,x(iéalb)llpn({;i}, R))|2
B = ot e uke {Z ( EPO(R) — EEO(R)

@ RIS Ly R, ({741, R»P) }

n#0

EBO(R) EBO(R) (12)

A related function called R(”) = (,u/mp)gAIB was previously introduced [30].

For a molecular ion w1th charge number Q a transformation between isotopic
variants becomes complicated in that the g factors are related directly to the
electric dipolar moment and irreducible quantities for only one particular
isotopic variant taken as standard; for this species these factors become
partitioned into contributions for atomic centres A and B separately. For another
isotopic variant the same parameters independent of mass are still applicable, but
an extra term must be taken into account to obtain the g factor and electric
dipolar moment of that variant [19]. The effective atomic mass of each isotopic
variant other than that taken as standard includes another term [19]. In this way
the relations between rotational and vibrational g factors and d, and its
derivative, equations (9) and (10), are maintained as for neutral molecules. Apart
from the qualification mentioned below, each of these formulae applies
individually to each particular isotopic variant, but, because the electric dipolar
moment, referred to the centre of molecular mass of each variant, varies from
one cationic variant to another because the dipolar moment depends upon the
origin of coordinates, the coefficients in the radial function apply rigorously to
only the standard isotopic species; for any isotopic variant the extra term is
required to yield the correct value of either g factor from the value for that
standard species [19].

Although the relation between the vibrational g factor and the derivative of
electric dipolar moment, equation (10), is formally equivalent to the relation
between the rotational g factor and this dipolar moment, equation (9), there arises
an important distinction. The derivative of the electrical dipolar moment involves
the linear response of the ground-state wave function and thus a non-adiabatic
expression for a sum over excited states similar to electronic contributions to the g
factors. The vibrational g factor can hence not be partitioned in the same as was
the rotational g factor into a contribution that depends only on the ground-state
wave function and ‘irreducible non-adiabatic’ contribution. Nevertheless g, (R) is
treated as such. A detailed expression for g)'(R) in terms of quantum-mechanical
operators and a sum over excited states, similar to equations (11) and (12), is not
yet reported.

2.2. The adiabatic correction

The adiabatic correction to the Born—-Oppenheimer potential energy for a diatomic
molecule A-B is simply given by the sum of the expectation values of the nuclear



Analysis of Spectra of HeH™ 325

kinetic energy operators [20,21]:
VIR) = — AUMR) + — AUB(R) (13)
My My
in which (K=A or K=B)

1 1
M—AU R) =W, {r}.B| — AKW’O({F} R)). (14)
K

By calculating AU*(R) and AUB(R) separately, we can straightforwardly
calculate the total adiabatic correction V/(R) for any isotopes of A and B. The
adiabatic corrections are calculated by numerical differentiation of the multi-
configurational self-consistent field (MCSCF) wave functions calculated with
Dalton [23]. The numerical differentiation was performed with the Westa program
developed 1986 by Agren Flores-Riveros and Jensen [22].

3. COMPUTATIONAL DETAILS

Both the electronic energy and the electronic contributions to the rotational and
vibrational g factors, dipolar moment and derivative of the dipolar moment were
calculated with full CI wave functions using the aug-cc-pVTZ basis set of
Dunning and co-workers [31,32]. In the calculation of the rotational g factor we
used rotational London orbitals [27,33]. In the calculation of the adiabatic
correction to the potential energy surface we used an MCSCF wavefunction [34]
of the complete-active-space type (CASSCF) [35] with two electrons in nine
orbitals (5¢ and 27 orbitals) included in the active space and using the aug-cc-
pVQZ basis set. This model was verified for the iso-electronic H, molecule, for
which we found that the differences to the reference values by Kotos and
Wolniewicz [36] were up to the order of 0.5 cm ™', It was also verified that the
reported digits do not include any errors because of the numerical
differentiation. All calculations were performed with local development versions
of Dalton [23] and Westa [22]. In Table 1 and Figs 1 and 2 we present
calculated values of the total electronic energy ES° and of rotational and
vibrational g factors as a function of internuclear distance R from nearly a
putative united atom to barely interacting He and H atoms far apart. Each g
factor comprises two contributions, one from nuclei, equa‘uon (7) that depends
on only atomic numbers and masses and that has hence for “He'H™ the same
value 0.8997 at all internuclear distances, and another from electrons that is
related formally to non-adiabatic effects of either type. For g, the total value at a
particular R is just the sum of an electronic contribution, equation (3), that is
invariably negative, and the positive nuclear contribution; the net result is either
positive or negative depending on the relative magnitudes. For g,, equation (4),
the same positive nuclear contribution sums with a diamagnetic term, equation
(6), that is invariably positive, and a paramagnetic term, equation (5), that is
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Table 1. Calculated properties of *He'H™ in its electronic ground state X' as a
function of internuclear distance R — electronic energy, vibrational g factor, diamagnetic
and paramagnetic electronic contributions to rotational g factor, and total molecular
rotational g factor

R10™"m Energy/hartree g glia g g

0.3 —2.2315269416 0.6255 0.0023 —0.0328 0.8692
0.4 —2.6867512113 0.6489 0.0001 —0.0321 0.8676
0.5 —2.8713081448 0.6687 0.0002 —0.0336 0.8663
0.6 —2.9456497493 0.6814 0.0005 —0.0371 0.8630
0.7 —2.9713464311 0.6869 0.0008 —0.0416 0.8588
0.77438 —2.9753915000 0.6867 0.0010 —0.0451 0.8556
0.8 —2.9750955024 0.6858 0.0011 —0.0462 0.8545
0.9 —2.9692499440 0.6792 0.0011 —0.0506 0.8501
1.0 —2.9597610664 0.6683 0.0010 —0.0549 0.8458
1.1 —2.9495466617 0.6552 0.0009 —0.0590 0.8415
1.2 —2.9399959858 0.6431 0.0008 —0.0630 0.8375
1.3 —2.9316980164 0.6357 0.0009 —0.0669 0.8336
1.4 —2.9248160702 0.6354 0.0009 —0.0707 0.8298
1.5 —2.9192916304 0.6429 0.0009 —0.0743 0.8263
1.6 —2.9149610967 0.6568 0.0009 —0.0777 0.8229
1.7 —2.9116242596 0.6746 0.0009 —0.0807 0.8198
1.8 —2.9090833625 0.6938 0.0008 —0.0835 0.8170
1.9 —2.9071628083 0.7123 0.0007 —0.0859 0.8144
2.0 —2.9057163342 0.7288 0.0006 —0.0880 0.8123
2.25 —2.9034704823 0.7590 0.0004 —0.0919 0.8081
2.5 —2.9023290253 0.7758 0.0003 —0.0945 0.8054
3.0 —2.9013546908 0.7894 0.0002 —0.0975 0.8024
4.0 —2.9008220843 0.7958 0.0002 —0.0998 0.8001
5.0 —2.9006867790 0.7976 0.0002 —0.1006 0.7993
10.0 —2.9006033488 0.7991 0.0001 —0.1013 0.7985

invariably negative. For *He'H™ net values of g, are invariably positive, but
another molecular species might have a negative or positive value.

Equations (9) and (11) indicate how the auxiliary radial function for the
rotational factor g, becomes separable into contributions from atomic centres of
types A and B. An analogous separation is practicable for both the vibrational g
factor and the total adiabatic corrections; for the latter quantity this separation is
effected in the original quantum-chemical calculations. Accordingly we express
these calculated values of rotational and vibrational g factors, presented in Table 1,
and adiabatic corrections, presented in Table 3, of “He'H™ to generate coefficients
of radial functions for atomic centres of either type, He or H. The most useful
variable for these functions is z, defined in terms of instantaneous R and equilibrium
R, internuclear distances as

: 5)
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Fig. 1. Energy of “He'H™ as a function of internuclear distance R; circles denote points
from quantum-chemical calculations.

We have for adiabatic effects [26]

Uw(R) V(Z) He_j H_j
—_—— E +— iz 16
he he e MHC = u . uj . ( )

for non-adiabatic rotational effects [26]

e me 1 He H
8 (R =g, (2) = me | o Z +— E el (17)
my mp, He =5
0.90
O vibrational g factor
0.85 1 x o rotational g factor
0.80 ] o ° g =@ o
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Fig. 2. Rotational and vibrational g factors of “He'H™ in electronic ground state X ' XV as
a function of internuclear distance R; points from quantum-chemical calculations (o for

gAR) and o for g,(R)).
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Table 2. Calculated electric dlpolar moment ¢, and derivative of dipolar moment
dd,/dR, both in atomic units, of “He'H™ in electromc ground state X ' X as a function of
mternuclear distance R. The origin of the coordinate system is located at the centre of
atomic mass.

R107"m d.a.u. dd,/dR a.u. 10" m
0.3 0.135301 0.722545
0.4 0.217406 0.918361
0.5 0.318590 1.102836
0.6 0.437390 1.269955
0.7 0.571942 1.418063
0.77438 0.681154 1.517001
0.8 0.720432 1.548979
0.9 0.881192 1.663442
1.0 1.052533 1760218
1.1 1.232545 1.836251
12 1.418970 1.887935
1.3 1.609252 1.913332
1.4 1.800798 1.913702
1.5 1.991305 1.893508
1.6 2.179027 1.859144
1.7 2.362884 1.817262
1.8 2.542417 1773467
1.9 2.717648 1731718
2.0 2.888907 1.694312
2.25 3.303014 1.624030
2.5 3.703300 1.582100
3.0 4.483148 1.543951
4.0 6.013826 1.522514
5.0 7.532529 1515933
10.0 15.092297 1.510389

and for non-adiabatic vibrational effects [26]

me me _ 1 He _j 1 H_j
m—gv(R)_)m_gv(Z) = Me <M—e ZSj 4 +M— Zsj ZJ) (18)

p

The coefficients of z/, sJ and sJ for the vibrational factor g,, ¢ J ¢ and t for the
rotational factor g,, and uj ¢ and uj for adiabatic corrections, are obtalned from
fitting corresponding data in Tables 1-3. The resulting values of coefficients are
presented in Table 4, and they reproduce satisfactorily the computational results

within the likely precision for internuclear distances over the entire specified range.

4. RESULTS AND DISCUSSION
4.1. Electronic structure calculations

The most striking features of the radial function for the vibrational g factor, gU(R)
are a minimum at an internuclear distance of about 1.4 X 10~ '° m and a maximum
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Table 3. Calculated adiabatic corrections for He and H, and total adiabatic correction for
“He'H™ according to equation (19)

R107""m AU™ 102 um™! AU 10°um™! V/(R) 10> m ™!
0.3 357.53 58.81 147.68
0.4 345.30 43.68 129.61
0.5 338.95 32.73 117.16
0.6 336.66 24.88 108.80
0.7 337.04 19.17 103.23
0.77438 338.43 15.89 100.32
0.8 339.06 1491 99.51
0.9 342.08 11.66 97.04
1.0 345.65 9.15 95.43
1.1 349.40 7.18 94.42
12 353.07 5.63 93.79
1.3 356.42 4.39 93.40
1.4 359.33 3.39 93.14
1.5 361.74 2.60 92.95
1.6 363.64 1.96 92.79
1.7 365.11 1.45 92.66
1.8 366.22 1.06 92.54
1.9 367.04 0.76 92.46
2.0 367.65 0.54 92.39
2.25 368.58 0.23 9231
2.5 369.03 0.09 92.29
3.0 369.41 0.02 92.31
4.0 369.61 0.00 92.35
5.0 369.67 0.00 92.36
10.0 369.70 0.00 92.36

at an internuclear distance of about 0.7 X 10~ '* m (Fig. 2). We note, furthermore,
that the derivative of the electric dipolar moment, dd,/dR, has a maximum at about
the same internuclear distance as that minimum in the vibrational g factor (Fig. 3).
From equation (10) we discern that this condition implies that the maximum in the
vibrational g factor at about 0.7 X 10~ '" m is due to g'™ whereas the minimum at
about 1.4X 10~ ' m must have a common origin with a maximum in the dipolar
gradient at the same internuclear distance.

We learn about the origin of these extrema through an expression for the
sum over excited states for the electronic contribution to the vibrational g factor
in equation (3). For that purpose we calculate the excitation energies,
EBO(R) — EBO(R), of excited states of least energy but the same symmetry as
the ground state and the corresponding transition moments

WL R S R .

Excitation energies are readily obtained as poles of a polarization propagator
[37—-40], whereas the transition moments are known as first-order non-adiabatic
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Table 4. Fitted coefficients of z/ in the radial functions for vibrational (s;) and rotatlonal
(¢, g factors and adiabatic corrections (u;) of “He'H™ in its electronic ground state X'IF

j sy sH e ' w® 10°m~" ' 10°

0 0.10804 0.82887  —0.06000 0.87112 61.69249 2.89692
1 —1.00630 0.21951 —0.56414 0.10765 320200 —5.61943
2 —1.00294 0.23343  —0.14567 0.02173 7.72925 3.19362
3 —1.07478 0.26823  —0.04424 0.01772 1.29965  —0.24166
4 0.28861 —0.06439 —0.11731 —0.00518  —1.81693 —0.23783
5 1.79498  —0.42044 0.40975 —0.10477 —16.78919  —2.60926
6  —5.31950 1.23250 0.47226  —0.02612 4.92581 3.98440
7 —1.36709 0.32900 —0.61852 0.14400 19.19119 2.29043
8 1215919  —2.82900 —0.21459 0.03022 —15.70526  —7.17792
9  —6.49368 1.52457 0.38251  —0.08647 3.49290 4.42733
10 —6.77346 1.58536  —0.10033 0.02491 0 —0.87705
11 742127  —1.75617 0 0 0 0

12 —1.94495 0.46452 0 0 0 0

coupling matrix elements (NACME) of which the calculation is also implemented
in the Dalton program [41].

In Fig. 4 we present the energies and matrix elements for the first three excited
states and in Fig. 5 we show the contributions of the five lowest excited states to
the electronic contribution of the vibrational g factor, equation (3). The terms with
n=1, 2, 3 in equation (3) are displayed with hollow symbols, whereas the solid
symbols and lines are the result of summation over n from 1 to 2, from 1 to 3, from
1 to 5 and all n in equation (3). According to Fig. 4 the energy of the first three
excited states exhibits no atypical behaviour, but that the NACME to the first
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Fig. 3. Electric dipolar moment d, and derivative of dipolar moment dd,/dR of “He'H™ in
electronic ground state X'X1 as a function of internuclear dlstance R; points from
quantum-chemical calculations (X for d, and A for dd,/dR). The origin of the coordinate
system is located at the centre of atomic mass.
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Fig. 4. Calculated energies (solid lines with filled symbols) and first-order non-adiabatic
coupling matrix elements (NACME) (dotted lines with empty symbols) of the first three
excited states in “He'H™ as a function of internuclear distance R.

excited state has a clear maximum at an internuclear distance of 1.4X 10~ ' m
and a minimum at about 0.6X 10~ '© m. The NACME to the second and third
excited states show disparate behaviour: the first falls steeply and goes through a
minimum at about 2.0X 10~ '° m, whereas the latter has a minimum at about
0.7X 10~ ' m, increases to a maximum at 2.0 X 10~ '* m and then decays slowly.
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solid lines and symbols are the sum of the contributions up to and including the given
excited state. The total electronic contribution (dashed line with o) is shifted by 1.3.
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According to Fig. 5 the maximum and minimum in the NACME to the first
excited state produce a minimum and maximum in the corresponding contribution
to the electronic contribution to the vibrational g factor. The extrema are at the
same internuclear distances and have positions near the extrema in the total
electronic contribution to g,(R), but are not as steep. The contributions from the
second, third, and up to the fifth excited states modify slightly the position and the
form of the extrema but introduce no fundamental modification. We, therefore,
conclude that the extrema in the vibrational g factor reflect extrema in the first-
order NACME to the first excited state, and not in the energy of the excited state.
The exact position of the minimum in the vibrational g factor is, however,
influenced by more highly excited states.

Figure 2 shows directly that both rotational and vibrational g factors of
“He'H™ approach a common value of 0.8 as R becomes large. This behaviour is
characteristic of “He'H™, as for both neutral diatomic molecular species 'H,
[18] or 'Li'H for which we have undertaken analogous calculations the
asymptotic value of both g, and g, is zero. For *He?H™ the corresponding value
of g, at R=10""m is 0.3.

The adiabatic corrections for the individual atomic centres He and H, listed as a
function of R in Table 3, are combined in the final column of that table into a total
correction according to this formula

V/(R) <AU“6(R) AUH(R)>
= me +
hC MHC MH

(19)

in which m, is the electronic rest mass. The total adiabatic correction for *He'H™
approaches the value for the helium atom that reflects a difference in electronic
energy calculated with the reduced mass of that atom in terms of nucleus and
electrons and with the centre of coordinates at the position of the nucleus, because
HeH ™ in its electronic ground state X' X dissociates into a neutral helium atom
and an ionized hydrogen atom or bare proton.

4.2. Preliminary analysis of spectral data

As an application of this implementation of computational spectrometry, we
present preliminary results of analysis of frequencies of pure rotational and
vibration—rotational transitions, from the literature, of HeH" in four isotopic
variants formed from *He, *He, 'H and “H in appropriate combinations.
With the values of s]HeIH, t]HelH and «™™ in Table 4, we evaluated the auxiliary
coefficients Z, ; in equation (2) and fitted available spectral data to obtain values of
the Dunham coefficients Y; ;. From Y, ; and Y| o, respectively, in equation (2) or
equivalent quantities independent of nuclear mass, the equilibrium internuclear
distance independent of nuclear mass has a value R, 10~ '° m=0.7743424+
0.0000020, and the force coefficient has a value k, N m ™~ '=491.536 +0.022. For
comparison, corresponding values for H, from spectral analysis [18] are
0.741414440.0000020 and 576.0854 +0.0090, respectively. The equilibrium

distances for these two molecular species in which the binding involves in each
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case only two electrons are hence almost identical, whereas the smaller force
coefficient for HeH ™ likely reflects that its equilibrium binding energy is less than
half that of H,. From interpolation of the three, or five, points of least energy in
Table 1 the corresponding value of R, 10~ '° m is 0.77843, or 0.77595, but these
quantum-chemical computations are not intended for this purpose. Results from
quantum-chemical calculations in Tables 1 and 2 will be applied in further
analysis of spectra of HeH™.

5. FINAL REMARKS AND CONCLUSIONS

Computational spectrometry can serve as a powerful adjunct in analysis of
molecular spectra, especially in a challenging case such as HeH™" . Even for less
esoteric diatomic molecules such as H, and LiH, the results of this approach are
essential to allow an analyst to disentangle the effects of auxiliary terms in the
effective Hamiltonian, equation (1), because of three auxiliary terms — rotational
and vibrational g factors and adiabatic corrections — coefficients in only two such
radial functions can, in general, be evaluated from data of only spectral
frequencies of pure rotational and vibration—rotational transitions for samples
without applied electric or magnetic field. In such circumstances these quantum-
chemical calculations serve as a substitute for information from experiments
involving applied fields, but they are able to generate satisfactorily accurate data
for internuclear distance over a range much greater than has ever been derived
from such experiments.
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Abstract

The energy deposited by swift atomic-ion projectiles when colliding with a given target material has
been a topic of special scientific interest for the last century due to the variety of applications of ion
beams in modern materials technology as well as in medical physics. In this work, we summarize
our contributions in this field as a consequence of fruitful discussions and enlightening ideas put
forward by one of the main protagonists in stopping power theory during the last three decades: Jens
Oddershede. Our review, mainly motivated by Jens” work, evolves from the extension of the orbital
implementation of the kinetic theory of stopping through the orbital local plasma approximation, its
use in studies of orbital and total mean excitation energies for the study of atomic and molecular
stopping until the advances on generalized oscillator strength and sum rules in the study of stopping
cross sections. Finally, as a tribute to Jens’ work on the orbital implementation of the kinetic theory
of stopping, in this work we present new results on the use of the Thomas—Fermi—Dirac—Weizsicker
density functional for the calculation of orbital and total atomic mean excitation energies. The
results are applied to free-atoms and and extension is done to confined atoms — taking Si as an
example — whereby target pressure effects on stopping are derived. Hence, evidence of the far-yield
of Jens’ ideas is given.
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1. FOREWORD

It is a pleasure and honor for us, who are friends, colleagues, and collaborators of
Jens Oddershede, to offer this contribution in his honor on the occasion of his
60th birthday. One of Jens’ major interests has been the study of energy deposition
to a material target by swift projectiles. Particularly the applications of the
response theory, the use of the kinetic theory of stopping to the description of the
stopping cross section, and the study of the Bethe and Thomas—Reiche—Khun sum
rules. Applications to molecular targets required the introduction of a simplified
view of the system, thus the introduction of cores and bonds in the treatment of
energy deposition was required. In this overview, we summarize our contributions
motivated by Jens’ work. Mostly, we are happy to take this opportunity to thank
Jens for his help, inspiration, and friendship for all over these years.

2. INTRODUCTION

Few people have the ability to influence the field of their research, and Jens
Oddershede is one of them. As a quantum chemist, he began in the 1970s to tackle
fundamental problems within the response theory that later allowed him to
implement it in the field of energy deposition. It will take a big part of this article
to summarize all his contributions. It is our intention to celebrate his 60th birthday
with a review of the consequences of his ideas in a concise way. Tillykke med
fodselsdagen, Jens

3. THE ORBITAL IMPLEMENTATION OF THE KINETIC THEORY
OF STOPPING AND ITS CONSEQUENCES

Stopping power theory has been developed during nearly nine decades after the
pioneering work of outstanding scientists who — among others — contributed
prominently also to the foundations of modern physics, to wit, Sir Ernest
Rutherford and his work on alpha-particle scattering experiments [1], Niels Bohr
and his fundamental contributions to the problem of charged particle penetration
in matter [2-4] and Hans Bethe with his first quantum approach to the problem
[5,6]. The problem, being of such a complex many-body nature, attracted — since
then — the interest of other bright physicists like Felix Bloch [7], Ugo Fano [8],
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Enrico Fermi [9], Jens Lindhard [10-12] and Oleg B. Firsov [13], all of whom
contributed with different views and approaches to a better understanding on the
mechanisms through which an ion loses energy while traversing matter. On the
other hand, the advent of ion-beam accelerators made it possible to develop
controlled experiments whereby the fundamental feedback between theory and
experiment was enhanced. In general, three well-defined regions were recognized
experimentally in the behavior of the electronic stopping cross section (S,) as a
function of projectile energy: the low, intermediate and high-energy regions.
Before 1982 the theoretical treatment of stopping was largely focused to two main
energy regions: the low-energy region, which considered the stopping process as a
drag-force effect explained either as the collective response of the medium
through its dielectric function (Lindhard—Scharff theory [10—12]) or as that due to
a momentum exchange between projectile and target electrons (Firsov theory
[13]). On the other hand, stopping in the high-energy region has been attributed to
ionization processes ruled by the Bethe-Bloch theory, which properly accounts
for the main contribution to the electronic stopping cross section (S,) in that
region. In the intermediate energy region more complex energy loss processes
such as excitation, charge exchange and ionization compete and although some
refinements were introduced to the low and intermediate region by Barkas to
account for Z° effects [14], before 1982 there was not a satisfactory theory to
properly account for all these processes which only recently have been tackled
through sophisticated approaches [15-18].

As is usually the case, experimental evidence has been a guiding means to
improve the theoretical approach to a particular problem and — as more refined
stopping experiments were developed — the details of more subtle effects started
appearing in the behavior of the energy loss of ions traversing matter. One of the
first observed effects at low energies is the oscillation of the electronic stopping
cross section of different ions (Z;) traversing different target materials (Z,) — the
Z,, Z, oscillation effect — which was definitely related with the electronic shell
structure of both projectile and target within different implementations of low-
energy stopping theory [19]. Another important effect on S, evidenced by
experiment — mainly at intermediate energies — is that due to chemical binding and
physical-phase state of the target material [20-25]. With two different approaches:
one for high and another for low-energy stopping, the challenge to theory was
monumental and new ideas had to be put forward to explain the observed effects.
It was first necessary to yield a theory which could establish a reasonable bridge
between low and high-energy stopping.

In 1982, Peter Sigmund developed the kinetic theory of stopping (KT) [26],
based on the binary encounter approximation, whereby the energy loss problem is
treated through individual scattering events between projectile and target
electrons. The KT accounts for the velocity distribution of scatterers in the target
material (electrons), which is an important aspect to consider, so that when the
projectile velocity becomes large enough the scatterers may be considered at rest
and the Bethe stopping cross section is recovered. Otherwise the momentum
distribution of target scatterers will noticeably affect the stopping dynamics. The
development of the KT established a reasonable framework to bridge between the
low and high-energy stopping regions, since it incorporates in an ad hoc manner
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the characteristics of momentum transfer at low-energies and ionization processes
at high-energies through the Bethe term. Although the KT lacks of a formal
quantum basis to account for charge-exchange and excitation mechanisms, it may
be considered as a physically appealing interpolating theory.

In dealing with the electronic stopping cross section of atoms and molecules for
the simplest projectiles (protons), Jens Oddershede together with Jack Sabin
recognized the important role of shell-wise contributions to stopping. Oddershede
and Sabin proved that the KT accounts very well for atomic stopping, provided it
is implemented on an orbital by orbital basis [27-31]. Within this scheme, the
total electronic stopping cross section is expressed as

shells

Se0) =Y S.4(v) (1)
k
with §, 4(v) the orbital contribution to S,(v) for a projectile moving with velocity v,
i.e.

4me'ZiZ
SealV) = ——==Li(v) @

with

® vt g, 2mu”? v
L) =T d —1In 1 +— ——=|dv 3
(V) L pr(v2)vy duy J|UU2| A < A ) [ 2 v’z} v (3)

the orbital stopping number. Z;, and Z, are the projectile and target atomic
numbers, respectively, and pi(v,) is the target electron velocity distribution in
orbital k such that

4nJ P03 duy = 1 )
0

The orbital mean excitation energies, I;, given in equation (3) are defined by
requiring that the total mean excitation energy is written as

1
Inl =— In/ 5
n Z Xk:wk n fy (%)
with w, the orbital weights
wp = (n +mfi) /2 6)

given in terms of the orbital occupation numbers n,; and total oscillator strengths
ny fi of all optical transitions from level k into the unoccupied states (both discrete
and in the continuum) [27].

Equations (1)—(6) constitute a remarkable contribution by Oddershede—Sabin
to the improvement of the KT in the analysis of atomic and molecular stopping.
The partitioning in the stopping contributions from different atomic/molecular
orbitals requires the fundamental assumption implied by equation (5) whereby
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the total mean excitation energy is decomposed into orbital mean excitation
energies [; with the orbital weight factors w, derived from corresponding Hartree—
Fock orbital oscillator strengths. Formally, the calculation of f; requires an
ab initio treatment of atomic/molecular orbitals which, even for small systems
becomes intricate.

3.1. Atomic stopping

In the case of atomic stopping, the orbital implementation of the KT brought as a
natural consequence the ability to calculate shell correction terms as [27,32]

2mv?

Ci(v) = wy ln<
Iy

)—@q@ %)

with the orbital stopping number and weight factors given by equations (3) and
(6), respectively. Oddershede and Sabin made a thorough study for proton
stopping in a wide range of target elements (Z, <36) [33] yielding in general
excellent predictions — relative to experiments in gaseous target materials — for the
qualitative and quantitative behavior of proton stopping cross sections and shell
corrections for the whole range of non-relativistic velocities. Their treatment was
done on the basis of Hartree-Fock wavefunctions to generate the momentum
distribution profiles of target electrons and using the orbital oscillator strengths f;
calculated by Inokuti et al. [34-36] to obtain the orbital weight factors w;
necessary for the computation of orbital and total mean excitation energies
according to equation (5). The relevance of this contribution stems on their use of
a purely theoretical input — free of arbitrary parameters — using accurate atomic
wavefunctions and oscillator strengths, hence constituting an important reference
to calibrate alternative implementations of the KT.

3.1.1. Birth of the orbital local plasma approximation

One of the first consequences of the above ideas was the development of the
Orbital Local Plasma Approximation (OLPA) by Meltzer et al. [37-39]. The main
ingredients in the OLPA consist in approximating the orbital weight factors by the
orbital occupation numbers and adapting the Lindhard—Scharff Local Plasma
Approximation (LPA) [10-12] to an orbital scheme whereby the orbital mean
excitation energy was originally defined as [37,38]

) 12
mu=%jmm4neﬁﬁ@>]&r ®)

k

where p.(r) is the local electronic density of orbital k£ and v, the corresponding
scaling parameter as proposed in the LPA to account for polarization effects.
In a more recent analysis on density decomposition options in the OLPA,
Meltzer et al. [39] have refined their original OLPA treatment making a physically
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more consistent evaluation of the plasma frequency as determined by the total
electron density at the point of consideration. Accordingly, instead of equation
(8), the recommended expression for the OLPA treatment of I is

2 172
i, =— jm(r) In [vk (@) ]d3r ©)

ny

where p(r) is the local total electron density obtained after taking the angular
average of each orbital charge density. Without going too much into the details
[25,37-39] we note here that equations (5) and (9) constitute the backbone of the
OLPA for the computation of orbital and total mean excitation energies which,
together with equations (1)—(4) render the stopping cross section. Noteworthy, the
OLPA brings the stopping cross section expression as a functional of the density.
This idea was certainly exploited by Meltzer et al. by constructing the orbital
densities through the local-spin-density approximation to density functional
theory (LSDA-DFT) with the aim to treat mean excitation energies for either
atoms or extended systems, the latter being in the domain of DFT treatments.
Using Kohn—Sham orbitals, the results for atomic systems [37,38] rendered very
good agreement with tabulated results by Oddershede and Sabin [33]. Also, an
important extension was done for the treatment of condensed matter targets, like
ultra-thin solid films [40] with encouraging results to distinguish differences in
proton stopping between bulk and first surface layers in the material. Indeed,
differences in proton stopping between gas-phase and condensed-phase target
materials may be deemed with this approach, as originally suggested by
Oddershede and Sabin [33,41]. This set of studies clearly demonstrates the far-
yield of the orbital implementation of the KT by Oddershede and Sabin, which is
flexible enough to allow for alternative adaptations as is the case of the OLPA.

3.2. Molecular stopping

A major advantage of the orbital decomposition scheme of the KT is its ability to
deal with orbital contributions to S, from molecular targets. This virtue has been
particularly useful to theoretically analyze [25,33,40,41] the origin of the
experimentally observed chemical binding effects and physical phase-state effects
in the stopping power of light ions in compounds in the gas or in the condensed
phase [20-24].

The orbital calculation of the atomic stopping cross section (equation (1)) was
generalized by Oddershede and Sabin [29,30] to the case of the molecular
stopping cross section as

cores bonds

Sznolecule(v) — ZS?ON:S(U) + Z S]bonds(v) (10)
i J

where explicit consideration is given now to the contributions from core and bond
(CAB) orbitals. Accordingly, the total mean excitation energy / corresponding
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to equation (5) was cast in terms of CAB contributions, i.e.,

cores bonds

1
Inl=— Z:wﬂnﬁ““+-%:@ﬂn¢““ (11)

where N is the total number of electrons and w); the corresponding orbital weight
factors which satisfy the sum rule:

cores-+bonds
w; =N (12)

i

With these assumptions, Jens Oddershede and Jack Sabin brought to land the
first firm theoretical basis for the treatment of CAB contributions to stopping from
molecular targets. Indeed, equation (10) is the equivalent to a Bragg-like sum of
molecular orbital contributions, as clearly discussed in one of their seminal papers
[29]. The key aspect here is the consistency required in the calculation by
introducing the appropriate molecular wavefunctions — obtained from an ab initio
procedure — which properly describe the isotropic Compton profiles for molecular
valence electrons (bonds) and the corresponding mean excitation energy
calculated according to equation (11). The task was not simple, since it is not
always possible to extract this information, except for small molecular systems,
and recourse to experimental information was necessary. In spite of this, the ideas
put forward on this aspect by Oddershede and Sabin once again paved the way for
further developments.

3.2.1. Development of the OLPA/FSGO treatment of molecular stopping

The appealing results obtained by the above mentioned studies motivated us
[25,42] to use simpler analytical representations for the molecular orbitals, which
would allow to explore the predicting capability of the theory for other systems.
To this end, we used localized molecular orbitals based on floating spherical
gaussians (FSGO) proposed by Frost [43] in his ab initio studies of closed-shell
molecules. The advantage in using the FSGO rests on the possibility to identify
each core, bond and lone-pair doubly occupied orbital with a very simple minimal
representation:

o\
W,(r,R,) = <%> o Ri)z’ 13)

where «; is the square of the inverse of the orbital radius and R; is the position
vector of the orbital center. The value of these parameters were optimized through
a self-consistent energy minimization procedure described by Frost [43]. We note
at this stage that the FSGO are generated through a purely ab initio process and
hence no ad hoc quantities are introduced.

A further simplification was introduced in Ref. [42] by performing the cal-
culations equivalent to equations (2) and (3) in the frame of reference moving with
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the projectile whereby S, was cast as

/
n Y1V

S,(y) = — Jf(vl —v)

So(v)d*v' (14)

v v

where Vv’ is the velocity of target electrons relative to the projectile, v, — V') is the
target electron velocity distribution in the laboratory frame and Sy(v') is the value
for S, when the scatterers are at rest, i.e., the Bethe term

47} 7,e* <2mv' 2>
In

Sov) = (15)

mu'? 1

Using equation (14) and assuming isotropic orbital velocity distributions
fi(vi— V') the corresponding expression to equation (2) for the orbital contribution
to the molecular stopping was obtained as

4t Zi oy, J°° n [2mv’2] O

Se,k(vl) =

m B k

XJ fk<\/v% + v — 2u;v' cos 0>d(sin20) (16)
0

where [, is the orbital mean excitation energy, w; the orbital population and
By = /I,/2m. The function fi(|v, —v’|) in equation (16) corresponds to the Fourier
transform of the FSGO (equation (13)) and the total stopping being given by
equation (1).

In these first studies, resort was done to the OLPA scheme to estimate I for the
CAB contributions to the molecular mean ionization energy. By combining
equations (8), (11), and (13) I, was obtained using the scaling parameter v, =1
yielding the following simple expression in terms of the orbital parameters [42]:

Ik — 211/47'5_]/4(62/200)w11/2€_3/4a2/4 (17)

Equations (16) and (17) were then used to calculate the molecular orbital
contributions to S, and — just as Oddershede and Sabin did in their more accurate
calculations — a table for the velocity-dependence of core, bond, and lone-pair
contributions to S, for protons was constructed [25,42]. These results together
with equation (10) lead to the calculation of the proton stopping cross section in
compound materials with chemical binding effects incorporated.

Using the so-obtained values for the various CAB contributions to S, for
protons [42] — as a sample calculation of the above procedure — we choose oxygen,
for which Oddershede and Sabin do not report the O=0O contribution. Figure 1
displays the velocity dependence of S, for protons on atomic oxygen (continuous
line) (one half of the stopping cross section of the O, molecule) as compared with
the fit to a database of corresponding experimental results compiled by Berger
(dashed line) [44,45]. General qualitative and quantitative agreement is observed
between theory and experiment, with the theoretical values slightly greater
(~15%) than the experimental ones. This behavior is consistent with the same
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Fig. 1. Velocity dependence of the electronic stopping cross section for protons in atomic
oxygen. (—) prediction by the OLPA-FSGO treatment [42]. (- --) best fit curve to
experimental data from Refs. [44,45].

type of calculations reported before for other systems [42]. Note, however,
that Barkas and Bloch terms have not been accounted for in these and
the following calculations, hence, care must be taken in making proper
comparison with experiment in the velocity region below and around the
maximum of the stopping curve.

As a further example, using the OLPA-FSGO orbital contributions (Table 3 in
Ref. [42]) and those originally obtained by Oddershede and Sabin (OS) (Table 2 in
Ref. [29]), we have calculated the corresponding curves for protons in propane.
Figure 2 shows the results of this calculation for the OLPA-FSGO treatment
(continuous line) as compared with the original OS treatment (dotted line).

120 T T T T
100
80
60

ol [/

S, (107 eV cm? / molecule)

20/

VN,

Fig. 2. Velocity dependence of the electronic stopping cross section for protons in
propane. (—) prediction by the OLPA-FSGO treatment [42]. (- - -) Oddershede and
Sabin calculations [29]. (- - -) best fit curve to experimental data from Refs. [44,45].
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The dashed curve in this figure corresponds to Berger’s fit to experimental data
[44,45]. As may be gathered from this figure, the OS results show a better
agreement with experiment than the OLPA-FSGO ones, the latter being ~20%
too high relative to experiment in the low and intermediate-energy region.

It is interesting to observe from this and the previous studies, that — although a
fair qualitative agreement is observed between the OLPA-FSGO and the OS
calculations —in general the former curves lie systematically above (~25%) those
from OS in the low and intermediate-energy regions. This may be further
recognized from Fig. 3, where we have plotted the velocity dependence of S, for
protons incident on propane and its derivates (propylene: C3Hg and allene: C3Hy)
as predicted by the OS and OLPA-FSGO treatments. The different description of
the input wavefunctions and computation of total and orbital mean excitation
energies (equation (8)) may be the cause for the quantitative differences between
both types of calculations. In this connection, it has been recently shown [25] that
the alternative choice given by equation (9) for the estimate of the orbital mean
excitation energies yields OLPA-FSGO S, values closer to those by OS, as
indicated in Fig. 4 for the case of protons in methane. In this case, however,
equation (9) cannot be reduced to a simple expression as equation (17) and must
be done numerically since the angularly averaged total local electron density
entering the argument of the logarithm in equation (9) now becomes

p(r) =2( W] R ROT ), (18)
J.k

with ¢, given by equation (13) and Tj, the elements of the inverse overlap
matrix [25].

Since the formal settlement of the CAB approach was advanced by Sabin and
Oddershede on firm theoretical grounds using the kinetic theory of stopping, its
adequacy has been shown in reproducing with reasonable success the

120

CsHg

100 |

— OLPA-FSGO

]
o
T

Se (10'15 eVem?/ molecule)
N o
o o

20

o

0 2 All é é 10
VN,
Fig. 3. Comparison between OLPA-FSGO and OS predictions for the velocity

dependence of the electronic stopping cross section for protons in propane (C3;Hg),
propylene (C3Hg), and allene (C3Hy).
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Fig. 4. Comparison of theoretical predictions for the electronic stopping cross section of
protons in methane using the OLPA-FSGO treatment with [, given by equation (8) (- - -)
and using equation (9) (—). The dotted line corresponds to reference calculations by
Oddershede and Sabin [29]. Symbols represent experimental values from Ref. [46] (4);
Ref. [47] () and Ref. [48] (A).

experimentally observed proton electronic stopping curves for various molecular
targets in the gaseous phase. Furthermore, it has been shown that the use
of approximate molecular wavefunctions such as the FSGO, together with the
OLPA, provide a useful means to extend the predictions of the CAB approach-
based theory to other molecular systems.

4. EXPLORING THE ORBITAL DECOMPOSITION OF THE KINETIC
THEORY WITH STATISTICAL ATOMIC MODELS

The OLPA implementation to the KT follows closely the original ideas by
Oddershede and Sabin and represents an important simplification to the various
ingredients required in the original theory without significant loss of the relevant
qualitative and quantitative predictions for proton stopping cross sections. In this
section we use basic DFT through the Thomas—Fermi-Dirac—Weizsidcker
(TFDW) energy-density functional [49-52] using known properties of the atomic
orbital electron densities, originally put forward by Wang and Parr [49,50]; further
extended by Hernandez and Gazquez [51] and recently advanced for the study of
free and confined many-electron atoms [52]. Our aim here is to show that even
with a lower-level self-consistent DFT approach — as compared to the Kohn—
Sham treatments — the OLPA predictions for proton stopping cross sections in
atomic targets show good agreement with those obtained by Oddershede and
Sabin [33] and Meltzer et al. [37-39] discussed before. Moreover, the TFDW
treatment of confined many-electron atoms allows for the study of target pressure
effects on S, in the case of atomic targets, as a counterpart of what has been done
for the molecular case using FSGO [25]. Here we shall concentrate mainly on
proton stopping by free-atoms and some advances will be given for stopping by
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atoms under pressure. In all cases, the orbital decomposition of the KT proposed
by Oddershede and Sabin will play the central role in the evaluation of S,, thus
highlighting the importance of their contribution. For completeness, let us briefly
summarize below the main aspects concerning the generation of orbital densities
through the TFDW-DFT.

4.1. Generation of orbital densities for free and confined atoms
through the TFDW-DFT

Let us assume a many-electron atom enclosed within an infinitely hard spherical
cavity of radius R and develop the method and calculations so that we may recover
the free-atom case when R— o. This procedure also allows to look at the
evolution of its ground state energy as the cage volume shrinks as has been done
elsewhere [25,53]. The TFDW energy-density functional for an atom enclosed
within a spherical cavity of radius R is written as

Elp,R] =T[p,R] + Ven[p. R] + Veelp. R] 19)

where T[p, R] is the kinetic energy given here as the well-known first two terms of
its gradient expansion [49-51,54]

Tlp.RI = Tlp.R] + Xy lp.R] 20)
with
3
Tolp. K] = 15 G [ 57 dr @
r

the free-electron gas kinetic energy [55,56], and
1 J Vp-Vp

: dr (22)

T

the inhomogeneity correction introduced by Weizsdcker [57]. I' indicates the
domain of integration within the cavity volume. The factor A in equation (20) has
been established formally as A=1/9 arising from the second-order correction to
the gradient expansion of the Thomas—Fermi kinetic energy [58]. However, other
values for A have been proposed empirically when equation (19) is optimized to
yield energies close to their Hartree—Fock value [54,59]. In the present
calculations we shall use A= 1/8 which has been shown to yield optimum overall
energy values [52]. For this reason, the functional described here will be referred
to as TFD(1/8)W.

The electron—nuclear attraction energy V.,[p,R] and electron—electron repul-
sion energy Ve.[p, R] in equation (19) are given, respectively, as

Vo.[p.R] = —ngdr (23)
I
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with Z the nuclear charge and

1

Vel RI =3 [ o a7 + X1, R 4
T

where the first term is the classical Coulomb repulsion, with ¢ the electrostatic

potential due to charge density p and the second term is the Dirac exchange-only

energy [60] given as

X[p,R] = —%(3/7@“3 Jp4/3 dr (25)

r

According to Wang and Parr, a variational optimization procedure for the
energy functional given by equation (19) may be defined by an appropriate ansatz
representation for the electron density p(§y, ...,&, : r, R) where &; are variational
parameters such that

OE
a_gizo’ i=1,...n (26)

with the constriction

Jp dr =N, 27)
I

where N is the total number of electrons. In our case we shall deal only with
neutral atoms (N=2Z).
For the atomic density of the confined system we use

p(r,R) =" py(r, R £p) (28)
k

where p, is the density of orbital k given as
pr(r.R.E) = Ner™ 27 (1 — riR) (29)

where v, the principal quantum number associated to orbital k, &, a variational
parameter and N, the normalization factor such that

R
L pu(r.R.E)dT = g (30)

The multiplying factor in equation (29) is chosen so that the Dirichlet boundary
condition is satisfied for each orbital density, i.e., p(r=R)=0.

Given a confinement radius, R, the orbital density parameters &, are allowed to
evolve freely until the total energy given by equation (19) becomes a minimum
subject to the normalization constraint indicated in equations (27) and (30). An
auxiliary condition for the free-case (R— o) is the fulfillment of the Virial
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theorem [49,50]. The interested reader is kindly addressed to Ref. [52] for a
detailed analysis.

4.2. The case of free atoms

We have applied the above procedure to a selected number of free atoms with
Z <36 not reported in Ref. [52]. Table 1 displays the optimized orbital parameters
and total ground state energies as compared to corresponding Hartree—Fock
estimates [61]. Note that for most of the systems, the TFD(1/8)W energies are
systematically below the HF values by about 0.1% difference indicating a possible
best value for the A parameter close to A=1/8.

4.2.1. Calculation of OLPA-TFD(1/8)W orbital and total mean excitation
energies

Using the obtained values of the orbital parameters contained in Table 1 and those
reported in Ref. [52] for all atoms with 2<7Z,<36 we have calculated the
corresponding orbital and total mean excitation energies using equations (5), (9),
(28), and (29). Table 2 shows the results calculated here (TFDW) as compared to
those by Oddershede and Sabin (OS) and Meltzer, Sabin, and Trickey (MST). In
general, the 1s, 2s, 3s, and 3p orbital mean excitation energies obtained through
the TFDW method are closer to the OS values as compared to the MST estimates.
Major differences are observed for the 2p, 3d, 4s, and 4p orbitals, with the MST
values closer to those by OS except for the 4s orbital for atoms from Zn to Kr.

For purposes of comparison with the other calculations, the set of calculated
orbital mean excitation energies shown in Table 1 were grouped in shell-like
contributions as suggested by Chen et al. [62], i.e.,

1
In I, =z Z_:w,.s In I ;g (31)

where S stands for shell K, L, M; Zg is the number of electrons in shell-S and the
sum is done over orbitals composing that shell with corresponding orbital
population wg and mean orbital excitation energy I;s.

Figure 5 shows the mean excitation energies of the K, L, and M shells as a
function of atomic number obtained in this work (TFD(1/8)W) (solid circles) as
compared to calculations by Oddershede and Sabin (OS) [33] (open squares) and
the original OLPA method developed by MST [37,38] based on the LSDA-DFT
(open diamonds). It seems clear from this figure that the predictions of the TFD-
(1/8)W-based OLPA method for the shell (and orbital) mean excitation energies
are in reasonable agreement with the other — more elaborate — calculations. We
note that all the OLPA-based calculations use y;=1.

Interestingly, the K-shell predictions of this work are overall in better
agreement with the calculations by OS. This may be related with the adequate
description of the TFD(1/8)W cusp density at the origin for the 1s orbital [52].
Yet, some quantitative discrepancy between this work and the others in the case



Table 1. Best orbital parameters £ and total energies Etgp(1/s5yw for the ground state of selected free atoms obtained through the TFD(1/8)W
energy density functional

Atom €1s &as §ap €36 €3p €4s €3a ap — Etep1/gyw —Eur

C 5.57071 2.70341 1.23256 37.68 37.689
(0] 7.61733  4.06832 1.66998 75.28 74.809
F 8.6437 4.7712 1.86817 99.83 99.409
Na 10.7118 6.15307 2.47578 1.07516 161.67 161.858
Al 12.8044 7.46971 3.32896 1.57429 1.57831 241.79 241.877
P 14.9065 8.78573 4.18635 2.44164 1.71034 340.99 340.719
S 15.9625 9.4184 4.62600 2.93838 1.84711 398.09 397.505
Cl 17.0184 10.0609 5.06203 3.41489 2.00982 460.34 459.482
Sc 21.2703 12.5746 6.89391 2.12451 4.12047 1.69448 2.18517 763.98 759.736
Ti 22.3332  13.2109 7.34191 5.15813 3.73474 2.27649 1.34953 853.90 848.406
Cr 24.4656 14.4582 8.27156 3.58654 5.17946 1.29270 2.07146 1051.58 1043.355
Mn 25.5337 15.0478 8.75252 4.38297 5.42326 1.59037 2.33871 1159.40 1149.866
Co 27.6706 16.3119 9.68135 5.23572 6.12408 1.49034 2.61877 1393.58 1381.414
Ni 28.7401 169366 10.1505 5.83133 6.42687 1.46584 2.74813 1520.07 1506.871
Ga 31.9502 18.8269 11.5519  7.33281 7.42716 1.65382 3.27974 1.65448 1938.28 1923.260
As 34.0943 20.0710 12.5011 8.17960 8.11828 2.30744 3.82669 1.84567 2250.38 2234.238
Se 35.1671 20.6919 12.9777 8.58089 8.46897 2.73512 4.09702 1.95180 2416.57 2399.866
Br 36.2406 21.3169 13.4547 8.79710 8.87983 3.16591 4.36472 2.08233 2589.62 2572.441

The corresponding Hartree—Fock energies Eyg are shown from Ref. [61].

All quantities are given in atomic units.
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Table 2. Orbital (/) and total (/) mean excitation energies (in eV) for atoms with 2 <Z <36 obtained in this work (TDFW) as compared with
calculations from Ref. [33] (OS) and Refs. [37,38] (MST)

Atom Source Ils 125 1213 I3s I3p 145 I3d I4p 1
He TFDW 38.36 38.36
oS 38.83 38.83
MST 33.66 33.66
Li TFDW 74.36 7.40 34.50
oS 109.32 3.29 34.00
MST 69.73 3.17 24.90
Be TFDW 127.77 15.43 44.40
oS 203.78 7.32 38.62
MST 113.91 7.81 29.80
B TFDW 171.12 17.08 37.72 50.30
(ON) 320.21 16.33 11.55 50.22
MST 164.39 12.14 8.07 31.70
C TFDW 257.76 50.90 14.33 57.30
(0N 451.34 27.57 20.97 61.95
MST 220.78 19.93 17.19 40.00
N TFDW 336.32 74.73 21.20 66.90
oS 590.00 41.24 32.68 76.79
MST 283.07 21.82 27.59 50.20
0 TFDW 422.19 102.18 28.87 77.40
(0N 729.41 56.86 46.64 93.28
MST 349.72 27.33 40.82 63.20
F TFDW 514.78 13291 37.28 88.60
(ON) 861.33 74.04 62.86 111.31
MST 421.58 32.80 54.78 76.90
Ne TFDW 613.56 166.58 46.24 100.30
(0N 982.68 92.22 81.37 130.94
MST 497.75 38.35 70.81 92.50
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Mg

Al

Si

Cl

Ar

Ca

TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST

720.60
1110.36

577.82

833.89
1243.15

661.87

953.13
1373.04

749.74
1078.10
1497.54

841.22
1208.67
1618.33

936.24
1344.30
1733.73
1034.70
1485.02
1844.43
1136.50
1629.91
1948.72
1241.21
1781.80
2055.32
1349.55
1937.50
2161.01
1460.60

204.51
119.24

47.12
244.72
151.05

56.77
287.09
187.14

66.87
331.50
226.08

77.39
378.79
266.84

88.56
427.11
308.23
100.29
477.82
349.09
112.49
530.26
388.29
125.13
585.20
429.39
138.35
641.30
472.33
151.92

63.31
124.41

93.51

82.56
169.86
118.75
104.06
221.15
145.18
127.69
278.63
172.81
152.72
342.50
201.65
180.57
412.71
231.89
209.83
489.36
263.31
240.19
572.56
295.87
274.80
662.36
329.70
310.80
759.01
364.80

5.30
2.46
2.98
9.86
4.45
6.08
15.02
9.01
8.40
25.30
14.56
10.75
37.58
21.30
13.15
52.85
29.40
15.57
69.46
38.91
17.99
87.62
49.93
20.53
103.30
60.43
23.95
118.30
72.49
27.67

15.10
4.85
4.48

16.10
8.87
9.06

19.27

13.71

14.24

23.26

19.37

20.06

28.34

25.76

26.46

33.92

32.95

33.17

45.70

48.78

42.14

58.90

64.83

50.69

5.30
1.60
2.27
9.30
2.70
4.35

97.30
123.14

84.00
102.10
120.74

85.20
109.70
123.67

81.90
117.20
131.04

85.20
124.50
140.34

90.70
132.80
151.26

97.40
141.80
162.87
105.00
151.10
175.35
113.00
150.60
168.20
106.40
155.70
163.52
105.40

(continued)
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Table 2. (continued)

Atom Source Ils IZS [2]3 I3S I3p I4s I3d I4p 1
Sc TFDW 2098.20 698.40 350.10 32.80 102.40 11.80 34.50 161.50
oS 2262.31 519.23 847.49 82.66 77.32 3.15 42.69 171.63
MST 1574.70 165.93 401.10 30.84 57.64 491 13.04 105.60
Ti TFDW 2262.60 758.40 388.30 148.10 89.90 22.70 12.75 168.60
(0N 2433.00 582.70 933.14 91.65 90.43 3.51 56.31 182.05
MST 1691.70 180.34 438.50 33.67 62.95 3.52 19.25 103.50
v TFDW 2431.90 819.20 429.60 161.90 107.20 14.50 28.80 176.90
(0N 2539.60 625.00 1012.46 102.22 103.49 3.79 69.43 191.70
MST 1811.50 195.11 476.86 36.84 69.68 3.76 27.39 108.60
Cr TFDW 2605.50 883.30 472.30 87.00 154.90 5.97 32.80 180.30
(O] 2652.59 692.84 1081.66 109.28 112.68 3.23 65.38 211.19
MST 1934.10 210.25 516.23 40.06 76.49 4.00 36.22 125.90
Mn TFDW 2782.90 945.90 517.50 122.30 169.80 10.70 41.60 187.70
(0N 2811.39 746.73 1159.55 12.96 129.90 4.57 99.38 215.75
MST 2059.20 225.75 556.50 43.62 84.67 6.49 52.52 130.40
Fe TFDW 2965.30 1015.90 561.50 120.70 195.60 9.50 48.90 193.60
(0N 2881.38 792.34 1224.75 138.00 140.53 4.92 113.89 226.42
MST 2187.10 241.68 598.30 46.77 91.18 5.83 58.95 139.60
Co TFDW 3151.00 1081.90 610.00 166.80 210.10 9.10 53.20 200.60
(0N 3023.68 875.16 1263.85 148.13 153.46 5.17 132.33 239.56
MST 2317.60 258.17 641.12 49.97 97.49 4.76 65.99 151.20
Ni TFDW 3341.00 1151.80 658.70 199.10 229.00 8.70 59.30 208.00
(0N 3227.87 906.75 1315.15 158.33 163.22 5.50 149.45 251.64
MST 2450.80 274.81 684.71 53.29 104.37 4.62 75.09 160.80
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Cu

7Zn

Se

Br

Kr

TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST
TFDW
oS
MST

3534.50
3382.26
2586.00
3732.20
3449.96
2723.80
3933.70
3642.55
2864.10
4138.90
3650.25
3006.50
4421.70
3852.74
3151.30
4559.90
4022.64
3298.40
4775.93
4150.43
3447.60
4995.30
4229.23
3599.10

1224.00
1010.46
291.90
1297.60
1089.16
309.15
1372.60
1100.06
326.78
1449.20
1185.35
344.69
1680.50
1202.15
362.88
1605.70
1286.55
381.43
1686.50
1282.35
400.28
1768.40
1353.15
419.46

708.00
1336.95
729.22
759.60
1372.04
774.23
812.80
1416.84
819.73
867.30
1434.24
866.93
919.50
1484.64
914.58
980.90
1541.54
963.06
1039.40
1545.54
1012.40
1099.40
1588.54
1062.50

240.40
165.20
56.43
263.90
179.44
60.54
290.10
206.97
64.66
312.30
214.33
68.85
348.20
237.50
73.57
378.60
264.87
78.24
397.80
277.06
83.12
428.20
290.12
88.12

245.80
165.69
111.18
270.50
181.11
120.25
295.20
199.95
129.53
322.30
225.58
139.49
344.70
249.84
149.93
372.00
277.32
160.83
402.80
315.34
172.06
431.00
344.29
183.57

4.70
5.52
4.50
8.20
6.19
7.79
12.10
9.67
9.33
18.30
13.91
10.89
26.90
18.60
12.52
38.30
24.07
14.14
51.30
30.77
15.72
66.30
38.22
17.27

61.50
144.29

90.75

72.70
188.44
105.64

84.90
240.33
125.28

97.90
295.59
147.10
111.90
353.88
163.94
126.60
415.85
183.80
142.00
477.69
203.67
158.00
564.77
224.99

12.10
4.84
4.74

14.40
8.13
8.77

16.50

11.79

13.10

19.10

15.21

17.43

22.40

19.72

22.10

27.20

23.81

27.07

221.90
268.50
173.60
224.50
278.84
174.40
229.90
283.42
172.20
236.70
290.81
175.80
244.90
300.39
179.30
250.80
310.38
184.40
258.50
319.73
190.20
268.60
329.59
196.70
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Fig. 5. Mean excitation energy (eV) of the K, L, M shells and 4s—4p orbitals for He
through Kr obtained through equation (31) and 7, values from Table 2. () this work; ([1)
Oddershede and Sabin [33]; (&): Meltzer et al. [37,38].

of the L-shell for Li, Be, and B and in general for the M-shell and the 4s—4p
contributions remains still to be explained. In spite of this, the total mean
excitation energies obtained through equation (5) show the right qualitative
behavior and an improved quantitative trend over other OLPA-based methods
as may be verified from Table 2 and Fig. 6, where we have plotted
the corresponding values by OS and those by MST. Hence, we may deem the
TFD(1/8)W method as promising means to treat, with some confidence, the
orbital and total mean excitation energies.

4.2.2. Calculation of proton electronic stopping within the OLPA-TFD(1/8)W
scheme

Using the orbital implementation of the kinetic theory together with the derived
TFDW mean excitation energies obtained in the previous section, we have
calculated the proton stopping as a function of projectile velocity for a selected
number of elemental target materials in the gas phase (O, Ar, and Br) and in the
condensed phase (Si, Ni, and Ga), as an example. Figures 7 and 8 show the results
of this calculation (continuous curves) as compared with the predictions by OS
[33] (solid circles) and with the corresponding empirical fit to experimental values
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Fig. 6. Total mean excitation energies (eV) for first and second-row atoms obtained
through equation (5) and the 7; values from Table 2. (®) This work; ([J) Oddershede and
Sabin [33]; (&) Meltzer et al. [37,38].

obtained from the code SRIM-03 by Ziegler and Biersack [63] (chain curves). For
the purposes of discussion, in what follows we shall refer to the SRIM values as
‘experiment’, considering that these values represent the average over a wide
database of experimental results for a given target material [64].

From Fig. 7(a)—(c) we note that for the gaseous targets a reasonable general
qualitative and quantitative agreement between the OLPA-TFD(1/8)W and OS
calculations as compared with experiment. Major differences between theory and
experiment are observed in the region around the maximum of the stopping curve.
This is expected, since important correction terms for this region — such as the
Barkas effect [33,65] — have not been incorporated in the theory. Note, however,
that the OLPA-TFD(1/8)W calculations tend to overestimate the stopping values
relative to those by OS — particularly for heavier target gas atoms — while keeping
slightly overall better agreement with experiment.

On the other hand, for targets in the condensed phase, such as Si, Ni and Ga
(Fig. 8(a)—(c)), the OS values show good agreement with experiment for projectile
velocities v/vy> 5, with marked differences in the low and intermediate-velocity
region. A similar behavior is observed for the OLPA-TFD(1/8)W values, with a
more rapid rise in the stopping values as the projectile velocity is reduced and with
a better correspondence with the position of the experimental stopping maximum.
Note however that — as in the OS calculation — also in this case the predicted
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Fig. 7. Proton stopping cross section in atomic gaseous targets: (a) Oxygen, (b) Argon, (c)
Bromine as a function of projectile velocity (atomic units). (—) OLPA-TFD(1/8)W
calculation. (-—-) SRIMO3 empirical fit to experimental data [64]. (e) Theoretical

calculation from Oddershede and Sabin [33].

values for the stopping cross section in the low and intermediate-velocity region
differ substantially from experiment. As pointed out by Oddershede and Sabin
[33,65], this is not surprising, since for targets in the condensed phase the
atomistic description of valence electrons (which render the most important
contribution to stopping in this velocity region) is no longer the most adequate one
to estimate /; and other criteria — within the same level of theory — must be used to
account for this phase-effect [40].
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Fig. 8. Proton shopping cross section in solid targets: (a) silicon, (b) nickel and (c)
gallium as a function of projectile velocity. Lines and symbols have the same meaning as

in Fig. 7.

This aspect, in addition to the neglect of the Barkas effect, may explain the
differences observed with experiment in Fig. 8(a)—(c). The corresponding
differences between the OS and OLPA-TFD(1/8)W stopping curves may be
explained by recognizing that the outer-shell (valence) orbitals contribute
dominantly to stopping in the low and intermediate projectile velocity range
[37,38]. Inspection of Table 2 indicates that the OLPA mean excitation energies
obtained in this work (TFDW) for the outermost orbitals in Si, Ni, and Ga show
marked differences with those by Oddershede and Sabin (OS) and Meltzer,
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Sabin and Trickey (MST). This behavior is also expected mainly for elements
with 19 <Z, <30, as may be gathered from Fig. 5.

4.3. The approach to pressure effects on stopping

So far we have given evidence for the flexibility and adequacy of the orbital
implementation of the KT by Oddershede and Sabin to study atomic and
molecular stopping through different approaches. A major breakthrough based on
this theory is the OLPA put forward by Meltzer et al., since it incorporates the
simplicity — yet physically sound basis — of the LPA for the calculation of mean
excitation energies.

In this section, we shall briefly discuss recent developments on the application
of the OLPA-TFD(1/8)W approach for the study of proton stopping in elemental
targets under pressure. The relevance of this class of studies is not only academic,
but may be of importance in defining the role of pressure on fission-fragment track
registration lengths in materials exhumed from deep boreholes in the earth crust
for purposes of geological dating [66,67]. Also, the role of pressure on stopping
cross sections may be of interest in astrophysical problems dealing with
acceleration mechanisms of charged particles in dense stellar atmospheres.

Pressure effects on stopping cross sections have been recently addressed within
the OLPA-FSGO scheme for molecular targets [25] and preliminary calculations
have been reported for stopping and total path ranges of He™ and Li™ ions in
compressed solid water and methane [68], where total path ranges were found to
be predominantly decreased in comparison with those at normal pressure.

As discussed before, a major advantage of the OLPA is the representation of
orbital and total mean excitation energies in terms of the electronic density.
Accordingly, changes in the electronic density in matter under high pressures may
render changes in the mean excitation energy and consequently in S.. Here we
study these changes by resorting to the OLPA-TFD(1/8)W approach and the model
of atomic confinement briefly introduced in Section 4.1 whereby energy and
electron density are self-consistently obtained for a given confinement radius R.

The effect of pressure on the ground-state electronic and structural properties of
atoms and molecules have been widely studied through quantum confinement
models [53,69,70] whereby an atom (molecule) is enclosed within, e.g., a
spherical cage of radius R with infinitely hard walls. In this class of models, the
ground-state energy evolution as a function of confinement radius renders the
pressure exerted by the electronic density on the wall as P= —0E/0V. For atoms
confined within hard walls, as in this case, pressure may also be obtained through
the Virial theorem [69]:

E(R) + K(R
) — ER K 32)

with R the cage radius, V its volume and E(R), K(R) the corresponding total
ground-state electronic and kinetic energy, respectively, which are self-
consistently obtained for each cage radius, as described in Section 4.1.
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According to equation (26), given a confinement radius R, energy optimization
implies a change in the orbital parameters &; and consequently a change in the
electron density as pressure increases. Hence, the OLPA as given by equations (5)
and (9) will reflect corresponding changes in the orbital and total mean excitation
energies. Thus, by virtue of equations (1), (16), and (32), the electronic stopping
cross section becomes explicitly pressure-dependent.

As a sample calculation, we have applied the OLPA-TFD(1/8)W approach —
as described above — to a Si target at P=11.6 GPa (R=6a.u.) and 160 GPa
(R=4 a.u.). For completeness, we give in Table 3 the corresponding orbital and
total mean excitation energies as well as those calculated for the free-atom [71].
Note that as the confinement radius decreases (increasing pressure) a monotonic
increase in the orbital mean excitation energies is expected. However, for R=6
(11.3 GPa), the 3s orbital shows a slight decrease relative to the free-atom value
and then increases for R=4a.u. (160 GPa). While this behavior may be
attributed to the non-orthogonal and nodeless character of the orbitals used to
construct the ansatz density given by equation (29) [52], this behavior may be
related to the so-called ‘orbital collapse’ discussed by Connerade et al. [70]
whereby the filling order of shells is strongly influenced by confinement. It is
deemed that the source of this phenomenon is the energy-level crossing induced
by confinement where — for instance — a 3d state corresponds to a lower energy
than a 4s state. Therefore, a regular behavior of mean excitation energies should
not be expected for confined systems as the one discussed here.

Figure 9 shows the OLPA-TFD(1/8)W predictions for proton stopping in
compressed a-Si at P=11.3 (dashed curve) and 160 GPa (dotted curve) as
compared to the pressure-free target (continuous curve). The major differences
between the free-system and the compressed ones ~25% for 11.3 GPa and 50%
for 106 GPa appear in the low and intermediate projectile velocity regime together
with a shift of the maximum of the stopping curves towards higher projectile
velocities. Since the rate of energy loss (stopping power) of an ion traversing a
medium with atomic number density is related to the electronic stopping cross
section through the well-known relation

dE _ S 33
© ns, (33)
the pressure-induced differences in S, compete with corresponding pressure-
induced changes in bulk density n, so that the resulting rate of energy loss
(stopping power) no longer remains the same for any pressure. For instance, in the
case of a-Si under high pressures, ab initio simulations of pressure-induced
amorphous—amorphous phase transitions [72] indicate bulk density changes from
p=2.69 g/cm” at normal pressure up to p=3.02 g/cm® at 11.3 GPa. Thus for, e.g.,
P=11.3 GPa the relative increase in bulk density becomes of the order of 12%
while the corresponding reduction in S, is of the order of 25%. Accordingly, ion
ranges in compressed target materials should not necessarily remain the same as
for the same target material at normal pressures [68].

Thus far, an account of developments based on the Oddershede—Sabin orbital
implementation of the KT for stopping has been briefly reviewed. Although the



Table 3. Optimized orbital exponents (&), orbital (I;), and total (/) mean excitation energies of Si for confinement radii R (a.u.) =4, 6, and o

R (a.u.) §1s §as §p &3 3p D (V) Erepasyw (€V) P (GPa)
ed 13.86020 8.12421 3.76604 2.00485 1.60051
117.20 —7858.95 0
(—7856.83)"
I (eV) 1078.10 331.50 127.70 25.30 16.10
6 13.7765 8.03791 3.67982 1.80613 1.80652
123.30 —7852.91 11.30
I (eV) 1078.40 332.10 129.50 23.60 23.60
4 13.7353 8.00241 3.63377 2.02159 2.02164
136.00 —7826.31 160
I (eV) 1079.30 334.00 133.80 31.50 31.50

The corresponding total energies (Etpp(i/syw) and pressure (P) are shown. Values are taken from Ref. [71].
4 Hartree—Fock value [61].
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Fig. 9. Pressure dependence of the proton stopping cross section in Si as obtained in this
work.

KT has a strong basis on classical mechanics, Oddershede and Sabin had the
insight to incorporate into this theory the necessary quantum ingredients to
account for the contribution from the internal degrees of freedom of the target
scattering components. Clearly, the mean excitation energy is the relevant
quantity to consider in the mechanisms of energy loss and its proper evaluation
requires of a formal quantum treatment, which currently involves consideration of
the Generalized Oscillator Strength (GOS) Distribution. In the following section,
we shall briefly summarize some of the relevant contributions by Jens, Jack and
one of the present authors (RCT) on this aspect.

5. THE BETHE SUM RULE IN THE RPA

In the Bethe theory of stopping, the GOS characterize the excitation spectrum of a
target for a given momentum transfer ¢ and they are given by

(o)

The sum is over all the target electrons N with coordinates r;. Of particular interest
is the fact that the GOS satisfy the Bethe sum rule, i.e.,

N 2

2"

2( Eo)

Fo,(q) = (34)

> Foq) =N (35)
n=0

for all the momentum transfer q, and in the optical approximation
(small momentum transfer) (¢ '4% =1 —iq-r;) reduces to the well-known
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Thomas—Reiche—Kuhn (TRK) sum rule
> fon=N (36)
n=0

with fy, the dipole oscillator strength. Both of these sum rules state that for a
complete basis the oscillator strength for the system sum to the number of
electrons. However, complete basis sets are hard to come by in practical
calculations. Thus, one is required to truncate basis sets, thus introducing
inaccuracies into the problem. Nevertheless, the TRK sum rule has been used as a
necessary condition to test basis set completeness in the random phase
approximation (RPA) [73-75]. However, the fulfillment involving finite
momentum transfer in the RPA was not warrant. In 1999, one of us, Oddershede
and Sabin [76] proved that also the Bethe sum rule is satisfied in a complete basis
set in the RPA. The idea is based on that — in the RPA — the transition amplitude
from state |0) to |I) for any one electron operator O is written as

©lol)y =~ [(plolhY X, + hlOIpY Y] (37)
h.p

where |h) and |p) are the complete sets of occupied and unoccupied orbitals which
are solutions to the Hartree—Fock equation

[ho +J — K1li) = &li) (38)

with &, the kinetic energy and nuclear attraction operator while J and K are the
Coulomb and exchange operators, respectively. The coefficients X,Z,l,p and Y,ll’p are
solutions of the RPA for the /th transition with excitation energy w; and are written
as

WXy = (& — e)Xny + > [OH X +pp IR 4] (39)

h/,p,
—Yhy = (&5 = en)Vip + > [(Bp'lIphYYjy 4+ 0 llpp")Xe ] (40)
hl’pl

Thus, in this representation, the energy weighted sum of the transition matrix
element can be written as [76]

23 wlolol® =(c", 710, -0) (41)
>0

where C=[h,,0] and w; the excitation energy for the /th transition in the RPA. It
can be verified that for O=r and O = ¢ 9%, the TRK and the Bethe sum rule are
fulfilled.

6. SUM RULES WITH AN EXTERNAL ELECTROMAGNETIC FIELD

One of the questions that arose during the investigation of the fulfillment of the
Bethe sum rule, is its validity when the target system in question (atom or
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molecule) is under a static, external, electromagnetic field. In 1998, one of us
(RCT), Sabin, Ohrn, and Oddershede [77] demonstrated that in fact the Bethe and
TRK sum rules are not affected by the electromagnetic field.

The idea behind this conclusion was obtained as follows. The non-relativistic
Hamiltonian for a system under an external electromagnetic field is given by

1
H=) ——(pi+eA) +V—ep (42)

where A and ¢ are the vector and scalar potential, respectively, and V is the
electronic potential.

The Schrodinger equation for the system in the presence of the electromagnetic
field is

H|n) = E,|n) (43)

where |n) is the complete set of solutions >, [n) (n| = 1. Applying this last two
properties to the Bethe sum rule (equation (35), one obtains
> (44)

ZFOn(q) < —iq [H S e 'rf]

By performing the calculation of the commutator, and using the current density
for the Hamiltonian of equation (42) one obtains

ZFOn(q) — N2 oha N fdr ey (45)

JjFk

The superscript in the current density denotes that it is defined for the ground state,
and can be shown then that J? = 0. Thus, the Bethe sum rule in the presence of a
constant electromagnetic field is fulfilled [77].

7. POLARIZATION PROPAGATOR METHOD

In order to calculate the GOS, one requires the excitation energies and the
generalized transition moments. Oddershede and Sabin had already started in
1992 the investigation of the GOS and the stopping cross section in the first Born
approximation by means of the polarization propagator method [78].

The energy representation of the propagator method is

{(OIAIn) (nlBl0)  (0IBln) (nIAIO)}
—(E, —Ey) E+(E, —E)

@By ="

n#0

(46)

where A and B are two property operators. The polarization propagator describes
the linear response of the time-dependent average value of A when the system is
under a perturbation described by the operator B. For the operators A and B, we
see that the first order poles and the corresponding residues of the polarization
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propagator are the excitation energies and the generalized transition moments.
Thus, when A=e 9" and B=A", one is able to calculate F,(q).

However, the assumption on the idea behind the use of the polarization
propagator is based on the use of a complete basis set. In practical terms that is not
possible and one has to resort to truncated basis set. The question that arises then is
how large is the angular momentum required in the basis set to satisfy the Bethe
sum rule within the polarization propagator in the RPA approximation?

In 1998, as a consequence of the RPA study, one of us (RCT), Sabin,
Oddershede, and Sauer [76], set out to study the criteria for a basis set choice in
the study of the Bethe sum rule and in the stopping cross section.

The main result is that if we consider a calculation where the orbitals are
expanded in a basis

) = culowd (47)
k

of Cartesian Gaussian functions of the form
_ 2
P kalkymkznk e Tl (48)

then the integrals we need to evaluate can be written in terms of primitive integrals
over basis functions

(ple™TIn) =) cjpeud jle™IR) (49)
Jj.k

For simplicity, if we restrict the momentum transfer to the z-axis, then one can
prove

. —ig- —g?
KGle T ~ G, (32) = e} () (50)
with a= , /a; + oy and w=n;+n;. One immediately can notice that the function

G,(Q) is an oscillating function that decays exponentially for large Q values.
However, one can find relations that depend on the orbital exponents and the
angular momentum of the basis such that there is a constructive summation of the
maxima of the G, (Q) function when it is added [See Ref. [76] for a detailed
explanation].

The problem has not been easy to solve and even today is an open field of research,
particularly for time-dependent processes where truncated basis sets are in use.

8. CONCLUSIONS

Jens Oddershede’s ideas on stopping power theory and their impact and
consequences have been briefly reviewed. We have centered our analysis on
the relevance of the orbital implementation of the kinetic theory (KT) of stopping
and the Bethe and Thomas—Reiche—Khun sum rules, since they have influenced
profoundly the development of our research along these lines.
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The orbital implementation of the KT has established a firm theoretical basis for
the CAB formalism whereby chemical binding effects on proton stopping cross
sections may be estimated. Furthermore, we have given evidence on the flexibility
of this theory to allow for the incorporation of alternative descriptions of orbital
and total mean excitation energies — such as the OLPA scheme — which may be
adapted for the study of energy-loss problems in matter under different conditions
(i.e., gases, solids, and matter under high pressure).

For gas targets (atomic and molecular) the theory yields quite reasonable
predictions of proton stopping cross sections as compared with experiment.
Moreover, since chemical binding effects are naturally incorporated in the theory,
the construction of tables of the velocity-dependence of CAB contributions to S,
for different compounds allows — once and for all — the estimate of S, for
protons in materials with similar CAB components without resource to Bragg’s
additivity rule.

For materials in the condensed phase, the orbital implementation of the KT —
when based on an atomistic description — overestimates in general the values of
S, relative to experiment in the low and intermediate projectile velocity region.
Since the KT is based on the binary encounter approach, this result is expected
since the electronic states in a solid are mainly of a collective character and
cannot be fully described by local atomic properties. However, the orbital
implementation of the KT may be adapted for solid targets by introducing band
states instead of atomic states.

In the case of matter under high pressure, although its description corresponds
more closely to the condensed phase, an atomistic view based on the orbital
implementation of the KT renders useful information on the effects of pressure on
stopping. We have shown here that this theory together with the TFDW density-
functional method adapted to atomic confinement models allows for the estimate
of pressure effects on stopping, as well as for stopping due to free-atoms.

Finally — and equally important — Jens’ contribution to the formal treatment of
GOS based on the polarization propagator method and Bethe sum rules has been
shown to provide a correct quantum description of the excitation spectra and
momentum transfer in the study of the stopping cross section within the Bethe—
Bloch theory. Of particular interest is the correct description of the mean excitation
energy within the polarization propagator for atomic and molecular compounds.
This motivated the study of the GOS in the RPA approximation and in the presence
of a static electromagnetic field to ensure the validity of the sum rules.

To conclude, the great benefit that Jens’ ideas have brought to the advance in
fundamental aspects of atomic collision processes makes this a special occasion to
celebrate his 60th birthday.
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Abstract
Two recently proposed formally exact theories for the relativistic calculation of nuclear shielding
tensors are numerically evaluated for the xenon atom and the hydrogen fluoride and hydrogen iodide
molecules. Both theories are shown to yield significantly different shieldings and partitionings into
diamagnetic and paramagnetic contributions. A short analysis is given and directions for further
research are indicated.
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1. INTRODUCTION

Recently, there has been discussion about the validity of the Sternheim [1]
approximation in the relativistic calculation of NMR shielding constants. This
approximation is invoked to avoid the use of extended small component basis sets
that are necessary for an accurate solution of the linear response equations based
on the Dirac Hamiltonian. The magnetic balance functions increase the cost of the
calculations and may also lead to numerical instabilities due to the near-linear
dependencies with the kinetic balance functions. The generalized Sternheim
formalism was initially presented in the calculation of NMR indirect spin—spin
coupling constants by Aucar et al. [2] where it gave results in good agreement
with the full linear response formalism. It was later incorporated as a standard
procedure in the 2000 version of the DIRAC program [3]. The formalism was then
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also applied to compute relativistic effects on the shielding constants by Visscher
et al. [4]. In these calculations, the results of the relativistic calculation with the
generalized Sternheim approximation were found to lie close to the values that
were obtained by an perturbative approach with the relativistic correction
operators proposed by Fukui et al. [5]. The full response formalism suffered from
basis set incompleteness problems, however. It thus appeared reasonable to
invoke the Sternheim approximation also as a method to improve both the
efficiency and the accuracy of relativistic NMR shielding calculations. A few
years later Vaara and Pyykko [6] used the linear response formalism with larger
basis sets to establish an absolute shielding scale for the noble gas elements. In
these calculations, with a nearly complete basis set, they found a large difference
between the Sternheim approximated result and the full response approach,
especially for the heavier elements. The same picture appeared in the later
calculations of Manninen et al. [7] on the shielding tensors of the hydrogen
halides and water analogues. On the basis of these results, Manninen et al.
concluded that the good agreement between the Sternheim approximation and the
results obtained on the basis of perturbation theory was coincidental and that the
full linear response approach is to be preferred. This conclusion is supported by
the recent calculations by Fukui et al. [8] on the basis of an infinite order Foldy—
Wouthuysen transformed Hamiltonian [9] and by Melo et al. [10,11], who used
perturbation theory, that also give shieldings considerably below the Sternheim
approximated values. The widely varying range of results asks, however, for a
more detailed study of the effect of the generalized Sternheim and related
approximations in order to establish a preferred method. Experimental data is
unfortunately of little help in this discussion because the differential effects on the
shielding are likely to be cancelled in the measured chemical shifts. It is even so
that the computed diamagnetic term will affect the ‘experimental’ absolute
shielding scale, since the extraction of absolute shielding constants from
experimental nuclear spin-rotation constants is usually done by the method of
Flygare [12,13] that needs as input an accurately calculated diamagnetic value.

Another aspect is the interpretation of the diamagnetic contribution in
relativistic theory. Kutzelnigg [14] proposed an alternative derivation based on
the minimization of the coupling of large and small components through the
magnetic field in the Dirac Hamiltonian. The resulting transformed Hamiltonian
includes a term that is quadratic in the vector potential and can be readily
interpreted as the ‘missing’ diamagnetic operator in the Dirac theory. This
transformed Hamiltonian is given in terms of a nonterminating series in powers of
the magnetic field strength so that higher derivatives (e.g., hypermagnetizabilities)
are difficult to obtain and molecules in very strong magnetic fields cannot be
treated. For the calculation of second order properties, like shieldings, the
Kutzelnigg formalism has the advantage that the perturbative operators closely
resemble those used in nonrelativistic theory, which facilitates implementation
and analysis.

In the present paper, these formalisms for the relativistic calculation of
shielding tensors are discussed and numerically evaluated by calculation of the
heavy element shielding tensors of HF, HI and Xe.
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2. THEORY

All equations are written in the atomic unit systems in which the mass of the
electron and Planck’s constant are equal to one. The speed of light, ¢ is
approximately 137 in this unit system. We consider magnetic fields that can be
represented by a vector potential A that is the sum of the vector potential A**" for
the homogenous external magnetic field B*'

A% =_B Xr (1)

| =

and the vector potential A™ for the internal magnetic fields caused by the nuclei

nuclei

A=Y Y_g I Xrg 2)
C
K

where I is the spin and yg the gyromagnetic ratio for nucleus K, and rg and rg
are the position of the electron relative to the gauge origin O and the nucleus K,
respectively. By applying the principle of minimal coupling [15,16] p—p+eA
to the nonrelativistic Hamiltonian

== +vV 3)

one obtains a new Hamiltonian H = H® + H" 4+ H® that has a term linear in the
vector potential

HY =(A-p+5-B) 4
and a term that is quadratic in the vector potential

1
H? =A% (5)
2
The diamagnetic contribution to the shielding tensors can be defined as the
derivative of this Hamiltonian with respect to the magnetic moment g =ygIg of
nucleus K and the external magnetic field B*
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The paramagnetic contribution can be defined as the linear response function or
polarization propagator [17]

oHY oHWD IR0 9n°%
Tkw =5 )= o ) ©
' o, 0B, du, 0B,

hPSO

The definitions of the paramagnetic spin orbit (PSO) and the orbital
Zeeman (OZ) h°% operators are given in Appendix A. This response function is
nowadays usually computed using gauge-including atomic orbitals to remove the
dependence on the gauge origin of the external magnetic field. In order not to
complicate the discussion we will use the position of the heaviest nucleus as the
common gauge origin in the present work, however.

In relativistic theory, we apply the minimal coupling recipe to the Dirac
Hamiltonian

DY = Bmc* + c(a-p) + V. (10)

and obtain a Hamiltonian D=D‘”+ D" that depends only linearly on the vector
potential

DY = ¢(a-A), D? =0. (11)

The definitions given above would thus imply that the diamagnetic contribution
is absent and that all contributions to the shielding tensor are to be classified as
paramagnetic. This makes the comparison of nonrelativistic and relativistic theory
rather awkward. One may, for instance, consider closed shell atoms for which
nonrelativistic theory contributes all shielding to the diamagnetic term. In
relativistic theory, there is no diamagnetic term which makes the whole shielding
paramagnetic. This is an extreme case of the so-called ‘picture change’ [18] that
needs to be applied in the analysis of molecular properties when going from four-
component to one- or two-component theories. The two pictures may be
reconciled by approximating the relativistic paramagnetic contribution. It was
shown by Sternheim [1] that a diamagnetic operator can be derived from D in a
second order perturbation expansion if negative energy states are included in the
sum-over-states expression for the second order energy. This diamagnetic term
has the same form as the nonrelativistic expression (5), the generalization needed
to apply it to four-component wave functions is to multiply the scalar operator by
the four-component unit matrix. The use of this Sternheim operator in many-
electron calculations was recently criticized by Kutzelnigg [14] who pointed out
that its derivation via the summation over negative energy states is unphysical
since a proper theory for an electron should not depend on such states.
Summations over the negative energy states do occur in the framework of
quantum electrodynamics (QED), but then the energy difference between the
ground state and states with a positron—electron pair is of the order of +2mc? and
not —2me? as in the case of a simple application of perturbation theory along the
lines of Sternheim. The root of the problem lies in the fact that the Dirac theory for
the electron is a single particle theory that cannot be straightforwardly generalized
to many-electron systems. In order to do so one must carefully take into account
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the underlying theory, QED, and make sure that no unphysical steps are taken. In
his criticism Kutzelnigg does also refer to the paper by Aucar et al. [2] that was
mentioned in Section 1. In this paper, the Sternheim derivation was, however,
only reviewed for the one-electron case after which it was demonstrated that the
same formula can be derived in the many-electron case using response theory. In
the latter derivation one keeps the no-pair approximation that neglects electron—
positron pair creation processes but allows for the dependence of the second
quantized QED Hamiltonian on the external electric and magnetic fields through
the electron creation operators. If one takes the relaxation of the these operators
into account and approximates the response function

. oD 9D
0K, tu _<<6—,U,t’8—Bu>> (12)

one may also obtain the Sternheim operator in a theoretically sound manner. This
is a justification for the use of the Sternheim formula in many-electron
calculations: it can be considered as a well-defined simplification of the exact
linear response formalism. The first step in the series of approximations that leads
to the Sternheim expression is a decoupling of the positive—positive (pp) and
positive—negative (pn) energy orbital rotation parameters in the Hessian

o-i(,tu = 0-1[;,1111 + de(l,tu (13)
(1) (O (PP)
TR = <<—af - >> (14)
’ M u
1 Dy (pn)
o = <<%D—U;‘ZD—;>> . (15)
:u’t u

After this step one may already identify the paramagnetic and diamagnetic
terms as arising from the pp and pn first order orbital corrections to the zeroth
order wave function. The o' contribution is then further approximated by
neglecting all off-diagonal terms in the pn—pn part of the Hessian

a 82 occ.orbitals n.e.orbitals <l|01 . A|S)(S|Oé A All)

~

g -~
Ktu autaBu

(16)

B & T &

The resulting equation is identical to the expression from which Sternheim
started. We may thus proceed by approximating the energy differences between
positive and negative orbital energies by the constant value —2c2. This step
gives an overestimation of contributions from highly localized negative energy
orbitals (that have energies &, much lower than —2c¢?) and gives an explanation
for the observed discrepancies between the unapproximated response formalism
and the Sternheim result. The final approximation is

62 occ.orbitals <l|A2|l)

dl

= . 17
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in which the incomplete sum over negative energy orbitals is replaced by a
complete sum to make closure possible. This step corrects for basis set truncation
errors in the original sum but introduces a spurious contribution of order ¢~ due
to the summation over positive energy orbitals. I will numerically analyze the
consequences of these steps in Section 4.

Although the formal objections against the use of the Sternheim operator may
thus be overcome it is still true that the approximations made in its derivation
introduce significant errors. An efficient alternative for the evaluation of the
diamagnetic term is therefore welcome and the new approach of Kutzelnigg, that
was presented in Ref. [14], looks quite promising. He suggests to solve the
problem of the ‘missing’ diamagnetic term in relativistic theory by first
performing a unitary transformation of the full Dirac Hamiltonian D that reduces
the order to which the vector potential couples the large and the small components
of the wave functions

i ‘A A P
D =exp (%)D exp <—&'2‘—c> =D + PV + 5V +0@4d. (18

The terms linear in A appear now on the diagonal positions of the transformed
Hamiltonian D

b =pH® (19)

while quadratic terms are found both at the diagonal and at the off-diagonal
positions

. 1
p? — gH® — ; [HD, a-Al,. (20)

c
The paramagnetic contribution can again be defined as a response function
involving the terms linear in A. We write it as a sum of six terms

o2 — Gﬁ(]).@ 1)
K,tu a,ut ’ aBu

_ << 8 I +h + P 8 I(hy” + hﬁz)>> 22)
a:ut , aBu

= OB+ o+ A @3)

+oiw >+ ok F Ok (24)

to indicate the close resemblance to nonrelativistic theory. The superscripts
indicate the partitioning of H" in terms of the magnetic perturbation operators
defined in Appendix A. The difference with nonrelativistic theory is that all
operators are multiplied by the four-component matrix (8. If the small component
part of the wave function plays a minor role and the large component resembles
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the nonrelativistic wave function, as is the case in light elements, results will be
close to those obtained using nonrelativistic theory. For light systems, the
p.PSO-OZ __ . . . o
contribution a% B will dominate because this is the only term that survives in
the nonrelativistic limit. For heavier elements the other terms may be important
as well.
The diamagnetic contribution to the shielding tensor consists of two terms

DSO 62D(2) DSO1 DSO2
aK,tu = 0 0 = JK,tu + oK,tu (25)

OudB,
aZhDSO
DSOI _ < ‘ g™ > (26)

K,tu a#[aB
O*(HY, a- Al |
a“taBu

(27)

1
DS02

o =——{(0
K,tu 4C <
The diagonal term ¢”%°" resembles the Sternheim formula but instead of by the
identity matrix the nonrelativistic operator is now multiplied by the 8 matrix. This
is important for heavy elements for which the small component density becomes
substantial. The off-diagonal term ¢°5°? has no counterpart in nonrelativistic
theory.

2.1. Evaluation of the contributions in the Kutzelnigg formalism

Most of the necessary integrals for the terms in the Kutzelnigg formalism could be
evaluated using the Hermit integral evaluator that is contained in DIRACO04
electronic structure ¢ program [19]. The appearance of the beta matrix instead of the
unity matrix in D' required a trivial generalization of the input section for the
molecular property module. In the calculation of the response functions (21) we
considered only pp orbital rotations because inclusion of pn rotations, although
possible in practice, would lead to a mixing of the order to which the couplings
between large and small components through the magnetic perturbations are taken
into account. The first part of the diamagnetic contribution is trivial, but the
integrals needed to evaluate 0”5°% were not available yet. We implemented these
in our local version of HERMIT as follows. The anticommutator in the second
term in equation (25) reduces to

[H", a-Al; = (a-A)(A-p) + (p-A)(a-A) (28)
since
[6:B,a-A], =2(A-B) =0, (29)

and we may employ the Coulomb gauge V-A=0. We define the vectors

I
p, = ok (30)
'k
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rklou
Q, =5 31)
e

so that we can write the expectation value as
1
R = 520l X P, + (@ X Qu)I0) (32)

Routines to take the expectation value of such a four-component vector
products were already available in the DIRAC program, and the evaluation of the
P and Q primitive integrals was done by modifying an existing HERMIT routine
for the evaluation of shielding tensor integrals with London atomic orbitals in
which the same scalar integrals are combined into a different vector.

3. COMPUTATIONAL DETAILS

All calculations were performed with a local version of the Dirac04 electronic
structure program [19] that included the modifications outlined above, running on
a single processor of a 1.8 GHz Macintosh G5 computer. Basis sets and structures
for HF and HI were taken from our earlier work [4], whereas the basis set from Xe
is the Dyall valence triple zeta set [20], used in uncontracted form. The speed of
light was set to the value of 137.0359895 a.u., instead of the more recent 2002
value of CODATA [21] to remain consistent with earlier work. Both the Hartree—
Fock (HF) and the response equations were solved without applying any
approximations in the evaluation of the integrals over small component functions.
In the calculations where we explicitly include pn-rotations we employed the
unrestricted kinetic balance scheme to provide approximate magnetically
balanced small component functions. In all other calculations we employed the
restricted kinetic balance scheme. The Gaussian finite nuclear model [22] was
used in the generation of the zeroth order wave function, whereas the point dipole
model was used to represent the nuclear magnetic field.

4. RESULTS AND DISCUSSION

Isotropic shielding constants for the heavy elements are listed in Table 1 and show
a consistent picture. In all cases we find that relativity reinforces the shielding,

Table 1. Isotropic shielding constants (ppm) for F, I and Xe calculated
with different response formalisms (see text)

Formalism HF HI Xe

Nonrelativistic 414.3 4541.3 5642.3
Kutzelnigg 414.9 5436.6 5939.1
Sternheim 423.3 6768.4 7976.5

Full response 418.5 5855.3 7011.6
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which can be qualitatively related to the relativistic contraction of the core
orbitals. The Sternheim approximation gives a much larger relativistic effect than
the full response formalisms, whereas the Kutzelnigg formulation gives a smaller
relativistic effect. For Xe the full response results can be compared to the results of
Vaara and Pyykko [6] who used the same formalism with restricted kinetic
balance for the small component and a larger basis with more high exponent
high-{ functions. They report a value of 6938 +21 ppm that should be converged
with respect to basis set extensions. This value is in reasonable agreement with
our value. One may observe the large influence of completeness of the small
component basis set: with the Dyall basis and the restricted kinetic balance
approach a value of only 6451.6 ppm is obtained. This large difference relative to
the two other response calculations may be attributed to the magnetically balanced
functions that the unrestricted kinetic balance procedure provides in this case. If
the gauge origin of the external field coincides with the center of a large
component basis function all functions that are generated by magnetic balance

ex 1 ex
P (ro) = 0- A% (1o) = — B (0 X o)X (x0) (33)

can also be represented by a linear combination of the three functions that are
generated by unrestricted kinetic balance on a Gaussian type function

x>V B (rg) = Pxt(ro). (34)

This is not the case for the restricted kinetic balance scheme
P (o) = a7 (ro). (35)

in which only a fixed linear combination of the three functions is included in
the small component basis. This means that the restricted balance scheme
requires larger basis sets to reach convergence in the computed shieldings.
The particular advantage of the unrestricted kinetic balance scheme does,
however, only hold for atomic or nearly atomic systems like the hydrogen
halides.

The Sternheim approximated result may be further analyzed by considering the
steps taken in the derivation of equation (17). Decoupling the blocks of the
Hessian that connect the pp and pn orbital rotations, equation (13), does hardly
influence the computed shielding parameters. The same is true for the subsequent
approximation (16) in which only diagonal elements of the pn—pn part of the
Hessian are retained. This observation may be valuable in practical calculations
because equation (16) makes evaluation of the pn response function an
inexpensive one-step procedure that does not involve the construction of the
perturbed Fock operator. This procedure may thus replace the Sternheim approach
that indeed leads to large errors as is seen in the last rows of Table 2. Both the
replacement of the actual orbital energy differences by the common denominator
—2¢? as well as the subsequent resolution of identity approximation give errors of
the order of a few hundred ppm in the computed iodine and xenon shielding
parameters.
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Table 2. Contributions to the isotropic shielding constants (ppm) for F, I and Xe
calculated with the generalized Sternheim series of approximations (see text)

HF HI Xe

Total shielding

Full response formalism, 418.5 5855.3 7011.6
equation (12)

Decoupled response 418.5 5855.9 7012.6
functions, equation (13)

Diagonal approximation 418.5 5858.2 7015.0

Common denominator 420.7 6190.4 7370.5
approximation

Resolution of identity 423.3 6765.7 7973.0

Paramagnetic contribution
Decoupled response —59.7 966.8 2019.8
function, equation (14)

Diamagnetic contribution

Decoupled response 478.2 4889.1 4992.8
function, equation (15)

Diagonal approximation, 478.2 4891.4 4995.2
equation (16)

Common denominator 480.4 5223.6 5350.8
approximation

Resolution of identity, 483.0 5799.0 5953.2

equation (17)

We now turn to further analysis of the results obtained with the Kutzelnigg
formalism. This approach gives contributions from six individual response
functions (although the FC and SD part will usually be combined for
computational efficiency) and two expectation values. In Table 3, we see that
for the lightest element, fluorine, only the relativistic effect due to the FC terms
makes an appreciable contribution and increases the shielding slightly relative to
the nonrelativistic value. The same small relativistic effect is seen for Xe where
the Kutzelnigg formalism gives a much smaller relativistic effect than the other
approaches. For the heavier elements the FC terms become larger in magnitude
than the PSO-OZ contribution indicating the importance of relativity in
calculation of heavy atom shieldings. The difference in diamagnetic contribution
when compared to the Sternheim formula is caused by the small component
contribution that counteracts the dominant large component contribution in the
Kutzelnigg formalism while enlarging the shielding in the Sternheim formalism.
The main reason for the observed difference between the two response formulas
appears to be the larger relativistic effect on the paramagnetic contribution in the
unmodified Dirac formalism. It would be interesting to compare the individual
terms in the Kutzelnigg approach to the outcome of the perturbative quadratic
response approaches by Manninen et al. [7] and Melo et al. [10,11], since these
approaches give an identification of passive or active spin—orbit and scalar
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Table 3. Contributions to the isotropic shielding constants (ppm) for F, I, and Xe
calculated within the nonrelativistic and Kutzelnigg formalisms (see text)

HF HI Xe
Nonrelativistic
PSO-0Z —67.86 —966.4 -
DSO 482.18 5505.4 5642.3
Kutzelnigg paramagnetic terms
PSO-0Z —68.11 —1464.7 —214.8
SD-0Z 0.05 —2334 —236.3
FC-0Z 6.40 3359.9 2836.5
PSO-SZ 0.02 275.1 340.5
SD-SZ —0.03 304.7 393.7
FC-SZ —5.68 —2410.7 —2928.5
Total paramagnetic —60.88 —169.2 191.1
Kutzelnigg diamagnetic terms
DSO1 482.24 5558.5 5696.8
DSO2 0.04 473 51.2
Total diamagnetic 482.28 5605.8 5748.0

relativistic corrections on the FC, SD and PSO terms. Such an analysis requires,
however, a more detailed study of the similarities and differences between the
various response functions for the four-component wave functions and the
perturbative relativistic operators, than was intended in this pilot application of
the Kutzelnigg formalism. One will thereby, e.g., need to assess the effect of the
nuclear model that is used to generate the zeroth order wave function. We
employed a finite, Gaussian, nuclear model, while in most perturbative
approaches one does assume a point charge model that may enhance relativistic
effects. Basis set incompleteness effects due to lack of tight high-£ functions in the
Dyall can also play a role. It is unlikely, however, that such effects will fully
explain the observed differences between the outcomes of the various approaches.

5. FINAL REMARKS AND CONCLUSIONS

The situation with respect to establishing a reliable absolute shielding scale for
heavy elements remains somewhat unclear. Two methods that are both in
principle exact give significantly different results, whereas more approximate
methods give yet another result. As the quantity of interest is difficult to measure
experimentally, it will be necessary to analyze the causes for the discrepancy in
more detail, both theoretically and numerically. Another interesting study could
be the analysis of the effects that the differences between the Kutzelnigg and
unmodified Dirac response formalisms will have on chemical shifts. In that case,
one could use experimental data to decide upon a preferred formalism.
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APPENDIX A

The definitions of the first and second order magnetic perturbation operators are
given below. In the nonrelativistic formalism these operators are two-component
operators, in the Kutzelnigg formalism all operators are to be multiplied by the
four-component @ matrix. All operators are given in the atomic unit system and
we do not apply QED corrections so that the free electron g-factor g, is precisely
equal to 2.

The Orbital-Zeeman operator

1
W% = EBG’“-QO (A.1)
The Spin-Zeeman operator
1
¥ = EBe“-a (A.2)

The Paramagnetic Spin-Orbit operator

vk Ik %
o =15 (A.3)
2c? r]3(
The Fermi Contact operator

YK 47
he =

— g 0)o(rg) (A4)
¢ 3
The Spin Dipolar operator

sD _ YK 3(I r)(o 1) — (g 0)rg

A5
K 2C2 }’15( ( )
The Diamagnetic Spin-Orbit operator
I 'BeXt . _ I . ‘BeXt
pSO — 7_1(2 (Ix -B™)(rg -ro) : Ik rg)(ro-B™) (A6)

2¢ e
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Spin-Interactions and the Non-relativistic Limit
of Electrodynamics

Trond Saue

UMR 7751 CNRS/Université Louis Pasteur, Laboratoire de Chimie Quantique
et de Modélisation Moléculaire, 4 rue Blaise Pascal,
67000 Strasbourg, France

Abstract

This chapter discusses how to extinguish spin—orbit interactions and/or scalar relativistic effects
from four-component relativistic molecular calculations in order to assess their importance on
molecular properties. It is pointed out that standard non-relativistic calculations use the non-
relativistic free-particle Hamiltonian ﬁp, but the relativistic Hamiltonian H,, which describes the
interaction between particles and fields. In the strict non-relativistic limit, electrodynamics reduce to
electrostatics, that is there are no effects of retardation and no magnetic interactions. It is, however,
perfectly reasonable from a pragmatic point of view to introduce both scalar and vector potentials in
a non-relativistic framework. Non-relativistic theory can perfectly well accommodate magnetic
sources, including spin, but does not provide a mechanism for generating them. We demonstrate that
the pragmatic approach leads to some inconsistencies in that non-relativistic theory cannot describe
spin—same orbit interactions, but spin—other orbit interactions. We also emphasize that the
distinction between spin—orbit interactions and other spin interactions is somewhat artificial and
highly dependent on the chosen reference frame.

In a previous paper [L. Visscher and T. Saue, J. Chem. Phys., 2000, 113, 3996] we demonstrated
how to eliminate spin—orbit interaction from four-component relativistic calculations of spectro-
scopic constants by deleting the quaternion imaginary parts of matrix representations of the modified
Dirac equation. In this chapter, we discuss the extension of this approach to second-order electric
and magnetic properties. We will demonstrate the elimination of poles corresponding to spin-
forbidden transitions from the dispersion of the dipole polarizability of the mercury atom. More care
is needed when considering second-order magnetic properties in that the elimination of quaternion
imaginary parts will extinguish all spin interactions. A procedure is developed which allows us to
demonstrate important spin—orbit effects on the NMR shielding polarizabilities of the xenon atom. It
is also possible to extinguish all spin interactions in relativistic calculations, but only within the
framework of the Sternheim approximation, that is when calculating the diamagnetic contribution as
an expectation value.
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1. INTRODUCTION

With the exception of recent extensions to electroweak theory [1] chemistry deals
exclusively with electromagnetic interactions. The starting point for a quantum
theory to describe these interactions is the Lagrangian formalism since it allows the
correct identification of conjugated momenta appearing in the Hamiltonian [2].
Full-fledged quantum electrodynamics (QED) is based on a Lagrangian of the form

L= Lp +Lint +L]t (1)

where L, and Ly describe particles and fields separately and L;,, their interaction.
More approximate theories can be discerned that retain only the degrees of freedom
associated either with fields or particles. Maxwell’s equations allow the
determination of electric and magnetic fields generated by specified sources
(particles). In quantum mechanics, on the other hand, it is the external fields that are
fixed and Hamiltonians can be derived from only a knowledge of L,+ Li,. The
overwhelming majority of quantum chemical calculations are carried out using
non-relativistic theory. However, we shall see that what is normally called non-
relativistic theory is based on the non-relativistic Lagrangian L, for the particles
combined with the relativistic interaction term L;,,.

Relativity and the lanthanide contraction [3] are the major factors explaining
the deviations of trends in the lower part of the periodic table. Relativistic effects
can be defined [4] as the differences between our world with a finite speed of light
¢=137.0359998 a.u. [5] and a theoretical world for which ¢ — o . Relativistic
effects can be divided into scalar relativistic and spin—orbit effects. Scalar
relativistic effects are due to the relativistic mass increase and change in
kinematics of electrons. In hydrogen-like atoms, the average speed of the Is
electron is Za.u. The Lorentz factor can thereby be expressed as y = (1 —Z/c*) ~ '/
which shows that relativity rapidly becomes important as the nuclear charge
Z increases. The dominant scalar relativistic effects can be included in standard
non-relativistic quantum chemical codes at almost no extra cost through the use of
relativistic pseudopotentials [6] or scalar relativistic (spinfree) versions of
approximate relativistic Hamiltonians such as the second-order Douglas—Kroll-
Hess Hamiltonian [7-9] or the zeroth-order regular approximation (ZORA)
[10,11]. The spin—orbit interaction, on the other hand, leads to the introduction of
complex algebra, couples the spin and spatial degrees of freedom, thus breaking
non-relativistic symmetry, and therefore generally requires dedicated code.

Four-component relativistic molecular calculations are based directly on the
Dirac equation. They include both scalar relativistic effects and spin—orbit
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coupling and provide benchmarks for more approximate methods. However, there
are situations where one would like to eliminate spin—orbit coupling from
calculations. The comparison of calculations with and without spin—orbit coupling
allows the assessment of its importance. Furthermore, in situations where the
effect of spin—orbit coupling is small, one would like to eliminate it in order to
reduce computational cost. Computational savings are also possible by including
spin—orbit coupling only at the correlated level.

In this chapter, we therefore consider whether it is possible to eliminate spin—
orbit coupling from four-component relativistic calculations. This is a situation
quite different from that of more approximate relativistic methods where a
considerable effort is required for the inclusion of spin—orbit coupling. We have
previously shown thatitis indeed possible to eliminate spin—orbit coupling from the
calculation of spectroscopic constants [12,13]. In this chapter, we consider the
extension of the previous result to the calculation of second-order electric and
magnetic properties, i.e., linear response functions. Although the central question of
this article may seem somewhat technical, it will be seen that its consideration
throws considerable light on the fundamental interactions in molecular systems. We
will even claim that four-component relativistic theory is the optimal framework for
the understanding of such interactions since they are inherently relativistic.

This chapter is outlined as follows: in Section 2.1, we discuss the basic
mechanism of the spin—orbit interaction. We then, in Section 2.2, consider the
proper non-relativistic limit of electrodynamics. This is an important result in
itself and is a key to a deeper understanding of the interactions in chemistry.
In Section 2.3, we review the relativistic Hamiltonian and the interactions it
describes. In Section 2.4, we show how a non-unitary transformation of the Dirac
equation leads to the so-called modified Dirac equation from which the spin—orbit
interaction can be eliminated. We then, in Section 2.5, apply this theory to the
calculation of second-order electric and magnetic properties. We will demonstrate
the elimination of poles corresponding to spin-forbidden transitions from the
dispersion of the dipole polarizability of the mercury atom. On the other hand, in
the consideration of magnetic properties we encounter a fundamental difficulty
and enlightenment: all spin interactions can be considered as spin—orbit
interactions. We are, however, able to develop a procedure that allows us to
demonstrate important spin—orbit effects on the shielding polarizabilities of the
xenon atom. Final remarks and conclusions are given in Section 3. Throughout
this chapter we will employ SI-based atomic units [14,15] and implicit summation
over repeated Greek indices.

2. THEORY
2.1. The physics of the spin—orbit interaction
In this section, we will review basic features of spin—orbit interaction. Most of

what follows is standard textbook material, but will be reviewed for notation,
clarification and self-consistency, as well as to prepare the ground for the ensuing
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discussion. Excellent reviews of spin—orbit coupling in molecular systems have
been given by Marian and co-workers [16,17].

It is often stated that the phenomenon of spin—orbit interaction arises from the
coupling between the spin and the orbital angular momentum of an electron
(see, e.g., Ref. [18]). However, this is not a very satisfying explanation since it
completely neglects the dependence on the presence of other charges moving
relative to the electron under consideration. In the Breit—Pauli Hamiltonian [19],
one usually distinguishes three forms of spin—orbit interaction: the one-electron
spin—orbit (SO) term

. 1 Z Z

h(l)so = W(Si'(Ei Xpi) ¢ = Zi Zm(ﬂ'(rm Xpi), )
A L A |2
N

due to the presence of the nuclear framework, and the spin—same (SSO) and spin—
other (SOO) orbit terms

ASSO
P0G i = —
(@-)) 4m>c?r}

~S00, . . 1
;- (ry Xp); h ()= P c; (r; Xp;), (3)
ij ij

due to the presence of other electrons.

The basic mechanism of spin—orbit coupling is magnetic induction. It is
therefore a truly relativistic effect, as will be discussed shortly. The potentials of a
moving charge can be found from Maxwell’s equations, as direct solutions or
from Lorentz transformations of potentials of a static charge to a moving frame.
Maxwell’s equations can be divided into the homogeneous pair

oB

and the inhomogeneous pair
1 0E 4w
V-E =4mp; VXB—— —=—]
p3 X v (5)

containing the sources, that is the charge density p and the current density j. With
the introduction of potentials

0A
E=-V¢——: B=VXA (©)

the homogeneous pair (4) is automatically solved and the inhomogeneous pair (5)
becomes

Vg — (%(V-A) = —4mp,
(7

, 1 9°
V-5 oz AV |(VA) +

1 6¢] 47,

=R s
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The solution of these equations can be simplified with the proper choice of gauge
[20]. In Coulomb gauge, V-A =0, one obtains the Poisson equation for the scalar
potential ¢
p(r27 t)

Y

W¢=—Mwsﬂmﬂ=] ar, ®)

whereas all the complicated effects of magnetic interactions and retardation are
buried in the equation for the vector potential A. In Lorentz gauge

1 9¢
Maxwell’s equations reduce to the very compact form
4 .
%A, = — i (10)

where [12= V2 — (1/¢*)(3%*/97*) is the d’Alembertian. These four-dimensional
Poisson equations have general solutions

j(r27 [r)

P2t g, Mm0=Jz dr, (11)
C°ryn

2

amn=J

where f.=1—r,/c is retarded time, that is the time of emission of the signal. In the
case of a moving point charge in some frame K the solutions reduce to the
Liénard—Wiechert potentials

_ q . _ M
d)(l'], t) - iy — (V2-r12)/c s A(l'], t) C2 (12)

tr ll"

where position r, and velocity v, of the charge are to be evaluated at retarded
time. In the rest frame K’ of the particle the vector potential is zero and the scalar
potential reduces to a standard Coulomb potential

Pl =—1: Al =0 (13)
12

This magnetic induction is the mechanism behind the spin—orbit interaction: in the
rest frame of a nucleus only a static electric field is observed, whereas an electron
in relative motion will experience a magnetic field with which it can interact
through its spin.

The Liénard—Wiechert potentials (12) can also be derived from a rotation-free
Lorentz transformation (boost) of the four potential of a static charge (13) to the
moving frame at retarded time. For a charge moving at constant velocity the
potentials can also be expressed in terms of the current position giving [21]

q

¢(ry, 1) = ;
Vi + (v rp)?ye?

an=§wmn (14)
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Subsequent expansion in terms of v/c and transformation to Coulomb gauge gives

bt =L A(rl,t)={ vz +qr12(r12-vz)+0[<g>4]} (15)

12 2czr12 26‘27'%2

These expressions are quite useful in that the effects of acceleration does not enter
to this low order, as first shown by Darwin [22], yet the straightforward
calculation of the magnetic field and subsequent spin—orbit interaction from the
above potentials led to fine structure splittings that were a factor two larger than
experiment. The missing factor two was explained by Thomas as a kinematic
factor due to the accelerated motion of the charges [23,24]. The accelerated
motion of the charge due to the presence of other charges has to be treated by a
succession of Lorentz transformations, thus introducing rotations and the Thomas
precession [25,26]. A number of simple approximate derivations of the Thomas
precession have been given in the literature [27-30], whereas the exact derivation
of the product of two boost takes considerable more work (see Ref. [31]). A
particularly elegant exact derivation has been given by Baylis and Jones [32]
using Pauli algebra.

2.2. The non-relativistic limit of electrodynamics

Although the null result of the Michelson—Morley ether-drift experiment is often
cited as an important motivator for the development of the special theory of
relativity, Einstein himself seems to have been hardly aware of it in 1905 and
was more puzzled by the appearance of seemingly different forces, electric or
magnetic, depending on the choice of reference frame [33]. The theory of special
relativity lead to significant modifications of non-relativistic Newtonian
mechanics, but left classical electrodynamics almost unscathed, being already a
full-fledged relativistic theory. It is perhaps for this reason that the non-relativistic
limit of electrodynamics is rarely considered [15,34-36], yet it is important for the
formulation of a rigorous and consistent non-relativistic theory of particles and
fields and will be the subject of this section.

Maxwell’s equations, as well as the Lorentz force, can be derived from the
Lagrangian density

C2

L=Ly+ Ly Ly =JjAy L= _16—77FaﬁFa6

in which appears the electromagnetic field tensor F,z3=d,Ag— dgA,. The
interaction part of the Lagrangian, first suggested by Schwarzschild [37],

L= [Lndr = [(-A = pp)dr (16)

may furthermore be combined with the Lagrangian for a free particle to give
the Hamiltonian of a charge g in the presence of specified fields. It is found that
the resulting Hamiltonian can be obtained from its free-particle counterpart by the
substitutions
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P > P—dA

Pu™ Py qAM*{E L E—go (17)
called the principle of minimal electromagnetic coupling [38]. The same
substitutions are obtained whether one starts from a relativistic or a non-
relativistic free-particle Lagrangian. However, the interaction Lagrangian itself
was obtained in a relativistic framework and is Lorentz covariant. Its introduction
in a non-relativistic framework is therefore inconsistent, albeit perfectly
reasonable from a pragmatic point of view.

In order to develop a fully consistent non-relativistic theory for particles and
fields we must first determine the non-relativistic limit of Maxwell’s equations.
This is to some extent hampered by the fact that the equations, and in particular
the occurrence of the speed of light ¢, change according to the unit system chosen,
a situation that has been analyzed by Jackson [25] and Kutzelnigg [15,35]. In
SI-based atomic units, the non-relativistic limit is obtained directly as the limit
c¢— oo and leads to the equations

0B

V-B=0; VXE+—=0
ot (18)
V-E=4mp; VXB=0

The same conclusion was reached by Lévy-Leblond [34] and Kutzelnigg [15,35],
but these authors do not seem to appreciate the full implications of the result.
Maxwell’s equations constitute a set of coupled first-order differential equations
and boundary conditions are therefore necessary to ensure the unique
determination of electric and magnetic fields for given sources. For finite systems
the boundary condition is that the electric and magnetic fields should go to zero
at infinite distance from the sources; the uniqueness of the solutions is then
guaranteed by the Helmholtz theorem. In the case of the non-relativistic
Maxwell’s equations, the Helmholtz theorem leads us to conclude unequivocally
that the magnetic field B is zero everywhere in space. A strong argument in favor
of this rather drastic conclusion is that the Liénard—Wiechert vector potential (12)
is at least a factor ¢ smaller than the corresponding scalar potential in any unit
system. In the non-relativistic limit, electrodynamics is thereby seen to reduce to
electrostatics. There are no effects of retardation or any magnetic interaction.
Electric fields are purely longitudinal and vector potentials as well as the concept
of gauge becomes superfluous.

2.3. The relativistic Hamiltonian

In this section, we review the relativistic Hamiltonian with special emphasis on
how interactions are introduced. Within the Born—Oppenheimer approximation
the electronic Hamiltonian, relativistic or not, has the generic form

H = Zﬁ(i) +% D_&ED) +Van: Vi = % >

i#] K#L Ry
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where Vy is the classical repulsion of nuclei. Four-component relativistic theory
starts from the free-particle Dirac operator

ho(i) = B'mc + c(op) (19)

where the Dirac 8 matrix is replaced by the matrix 8’ =8 —mc? to align relativistic
and non-relativistic energy scales. As it is well known this operator includes spin.
It does not commute with orbital angular momentum 1 alone

~ 1 ~
Lyl = i(ca X p) = — S[=. hol, (20)

rather with total angular momentum j=1+ (1/2)2. In contrast, the non-
relativistic free-particle operator commutes separately with orbital angular
momentum and spin

"] = i(% ><p> =0 = [0, "] Q1)

The commutators of the relativistic and non-relativistic free-particle operators
with orbital angular momentum look rather different, but can be recast in the same
mathematical form using the velocity operators of respective domains

W= i, i = co; V™R = —i[r, i =% (22)
obtained from Heisenberg’s equation of motion.

External fields are introduced in the relativistic free-particle operator by
the minimal substitutions (17). One should at this point carefully note that the
principle of minimal electromagnetic coupling requires the specification of
particle charge. This becomes particularly important for the Dirac equation which
describes not only the electron, but also its antiparticle, the positron. We are
interested in electrons and therefore choose g= —1 in atomic units which gives
the Hamiltonian

AN = B'mc* + c(o-p) + c(a-A) — ¢ (23)

All solutions of this Hamiltonian are thereby electronic, whether they are of
positive or negative energy and contrary to what is often stated in the literature.
Positronic solutions are obtained by charge conjugation. From the expectation
value of the Dirac Hamiltonian (23) and from consideration of the interaction
Lagrangian (16) relativistic charge and current density are readily identified as

OFE ; OF +
p= % =YLy, j= T SA = —y cay (24)
In the non-relativistic domain the Coulomb term is chosen as the two-electron
operator g(i,j), which is fully consistent with the non-relativistic limit of
electrodynamics discussed in the previous section. In the relativistic domain the
two-electron interaction is considerably more complicated since it contains all
effects of retardation and magnetic interactions. It can therefore not be written on
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closed form. In Coulomb gauge it is written as a perturbation expansion in terms
of ¢~ 2 with the Coulomb term

as the zeroth-order term. The first-order term is the Breit term [39]

it _ {(cai)-(ca,-) N (coci-ri,-)(cocj-rly)}

v 2c2 rij 202 rl.3j

It can also be rearranged and expressed as the sum of the Gaunt term

AGaunt _ (Cai) : (Cdy)

i =
J c2 rij

and the so-called gauge-dependent term
Agauge __ (Cal' . VZ)(CGJ . V])rlj
ij - 202
The Breit term can be derived from QED, but can also be obtained in a simpler
and heuristic manner by inserting the relativistic velocity operator cot (22) into
the vector potential (15) and then introduce the resulting potential into the Dirac
operator, which is indeed how Breit obtained the first-order correction to the
non-relativistic two-electron interaction. Comparison with the relativistic charge

and current density, equation (24), shows that the Coulomb and Gaunt term
has the form of charge—charge and current—current interactions, respectively. By a

. . ., ~SSO . .
Foldy—Wouthuysen transformation the spin—same orbit 4~ and spin—other orbit
~S00 . . L

h~ " operators of the Breit—Pauli Hamiltonian can be extracted from the Coulomb
and Gaunt terms, respectively [39—41]. An immediate conclusion is that the spin—

. . SO0 .. . . .
orbit coupling 4™ arising from the nuclear framework is of the spin—same orbit
type and that spin—other orbit type interactions can be envisaged beyond the
Born—-Oppenheimer approximation.

2.4. Eliminating relativistic effects

We now consider how to eliminate either all relativistic effects or exclusively the
spin—orbit interaction from the relativistic Hamiltonian. We start from the Dirac
equation in the molecular field

v v

v ] ) [ws

14 c(c-p)
c(op) V— 2mc?

V(1) = —ZZAV’M) dr, (26)
A

r2

E (25)

where
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and p, is the normalized charge distribution of nucleus A. We start from this
equation and not the more general form with arbitrary electric and magnetic fields
since we will later consider the calculation of electric and magnetic properties in
the framework of perturbation theory. It is not possible to obtain its proper non-
relativistic limit by simply setting c — o0 since the speed of light appears linearly
and even quadratically in the operator. Instead, a non-unitary transformation is

introduced

yr L 0, yr

s - 0, ¢ 'L [x er
giving the equation

Vv (o-'p) Y- _ L 0 e
(o'p) Ve ?—2m||y® 0, ¢?L||x®

The limit c— % can now be taken provided that (1) V is everywhere non-singular,
which is true for finite nuclei [42] but not point nuclei, and that (2) |E| << ¢? which
is true for the (shifted) positive-energy solutions only. With this procedure all
relativistic effects are eliminated and one obtains the four-component non-
relativistic Lévy-Leblond equation [34,43]

% . L L
(o P)] [\P ] =E[12 02] [¢ ] 29)
(c'p) —2m || S 0, 0] |x°
which can be shown to be equivalent to the Schrédinger equation.

We now consider how to eliminate the spin—orbit interaction, but not scalar
relativistic effects, from the Dirac equation (25). The straightforward elimination
of spin-dependent terms, taken to be terms involving the Pauli spin matrices,
certainly does not work as it eliminates all kinetic energy as well. A minimum
requirement for a correct procedure for the elimination of spin—orbit interaction is
that the remaining operator should go to the correct non-relativistic limit.
However, this check does not guarantee that some scalar relativistic effects are

eliminated as well, as pointed out by Visscher and van Lenthe [44]. Dyall [12]
suggested the elimination of the spin—orbit interaction by the non-unitary

transformation
¢L 12 0 wL
s| 1 - S (30)
v 0 5 —(ap| [¢
mc

leading to the so-called modified Dirac equation

(28)

E (3D

1% T o 10 L
P — _(cpViep T LsS] “ o r L;S
4m?c? P P 2mc?
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where T is the non-relativistic operator of kinetic energy. Further manipulation of
the spin-dependent term using the Dirac identity gives

(o-p)V(c-p) = (32)

422

The second term on the right—hand side of the equation gives for point nuclei
directly the one-electron spin—orbit operator (2) of the Breit—Pauli Hamiltonian
and can be eliminated to give a spin-free equation that becomes equivalent to the
Schrodinger equation in the non-relativistic limit. In a quaternion formulation of
the Dirac equation the elimination becomes particularly simple. The algebra of the
quaternion units is that of the Pauli spin matrices

v

i—io, je—io, ke<—io, (33)

In the quaternion modified Dirac equation the spin-free equation is thereby
obtained simply by deleting the quaternion imaginary parts. For further details,
the reader is referred to Ref. [13].

2.5. On the elimination of the spin—orbit interaction from electric
and magnetic properties

2.5.1. General considerations

On matrix form the non-unitary transformations (27) and (30) of the previous
section are easily extended to the complete Hamiltonian and have therefore
allowed relativistic and non-relativistic spin-free calculations of spectroscopic
constants and first-order properties at the four-component level (see, for instance,
Refs. [45-47]). In this section, we consider the elimination of spin—orbit
interaction in four-component calculations of second-order electric and magnetic
properties. Formulas are restricted to the Hartree—Fock [48] or Kohn—Sham [49]
level of theory, but are straightforwardly generalized.

Second-order molecular properties can be defined as second derivatives of the
(time-averaged) quasienergy Q with respect to frequency-dependent perturbation
strengths e (wy,) at zero perturbation (€=0)

d’Q o
de s (w,)deg(wr) = (H 5 Hp)y, 0(w, + wy). 34
derondenton) | = CHas Hedu, 3w + o) (34)
They reduce to regular energy derivatives in the static limit [48,50]. The linear
response function

(A, Hg),, = —EL(EY) — wSPHT'EY (35)

corresponds to the polarlzatlon propagator in the energy representatlon at the
RPA level [51,52] and is constructed from property gradlents E and E[”
as well as the perturbatlon independent resolvent (Em wS)™! Wthh contains
the electronic Hessian Eo and the generalized metric S™®!. The linear response
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function is generally constructed by a two-step procedure. In the first step,
the response equation

(Ey! — wShXp(w) = —EY’ (36)

is solved by expanding the solution vector Xp(w) in trial vectors. The computer-
intensive part of the calculation is the construction of the g-vector, that is the
contraction of the Hessian E([)z] with a trial vector b,. This operation may be
expressed as the sum of a one-index transformed regular Fock-matrix F''! and a
two-electron Fock matrix G generated from the first-order perturbed density

Opg = ZE([JZ;I]JqJSbrS == FE]} + Gpy)- (37

In the second step, the solution vector Xz(w), corresponding to the first-order
response of the wave function, is contracted with property gradient Egﬂ to form the
linear response function. For further details the reader is referred to Refs. [48,49].

A variety of properties can be defined and calculated; I will restrict attention to
the operators involved in the calculation of dipole polarizabilities and NMR
parameters, corresponding to the introduction of a uniform electric field E
represented by the scalar potential

¢(r;) = —r;-E, (38)
a uniform magnetic field B represented by the vector potential
1
A(l‘i) = E(B X rio); Lo =T; —Ip, (39)

where rg is the chosen gauge origin, and the magnetic dipole moment Mg= 1zl
of nucleus K represented by the vector potential

MK >< l‘l-K

2.3
Crig

Ag(r) = (40)
All potentials satisfy Coulomb gauge. The corresponding potentials are
introduced into the relativistic Hamiltonian, and the perturbation operators are
obtained as

. dhG)

A (41)

dsA £=0
The resulting property operators at the four-component relativistic level are listed
in Table 1. From the property operators associated with uniform electric and
magnetic fields one may directly read off the relativistic operators of electric
dipole moment p,= —r; and magnetic dipole moment miz—%c(rio X o),
respectively [36].

These operators may be contrasted with the property operators obtained at the
non-relativistic level. The Lévy-Leblond equation given in (29) is consistent with
the rigorous non-relativistic limit in that only scalar potentials are included. We
now follow the standard, pragmatic approach and consider the operator form
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Table 1. First-order relativistic one-electron perturbation
operators H d(i’f’) «—o irom the introduction of a uniform
electric field E, a uniform magnetic field B and a nuclear

magnetic dipole moment Mg

€A

E r;

B %C(ro X d'i)

Mg - (rg X o)
iK

when both scalar and vector potentials are included. The equlvalence of the Lévy-
Leblond and Schrddinger equations is based on the identity p —(6 p)(o-p).
Using the right-hand side of the identity for minimal substitution (17) gives the
Hamiltonian

2 1 A2 1
h  =——¢+—Ap +—+—(c-B) (42)
m m 2m  2m

assuming Coulomb gauge. If the left-hand side of the identity is used, the final
term of spin-Zeeman type in the Hamiltonian disappears. This term has the
electronic g. factor of two from Dirac theory; in non-relativistic quantum
chemistry codes the experimental g.=2.0023193044 is often used instead. First-
order property operators derived from the total operator is given in Table 2. The
electric dipole operator is identical to its relativistic counterpart, which is not
surprising since there is nothing inherently relativistic about electrostatics.
Magnetic operators are on the other hand quite different, although the connection
is made more clear by identification of the velocity operators (22) of respective
domains. The orbital Zeeman term hB is proportional to the electronic magnetic
dipole moment induced by molecular rotation such that in closed-shell molecules
the electronic contribution to the spin-rotation tensor is proportional to the
paramagnetic part of the NMR shielding tensor

Table 2. First-order non-relativistic one-electron pertur-
bation operators H, = dh(’) o from the introduction of
a uniform electric field E a umform magnetic field B and a
nuclear magnetic dipole moment Mg

€a
: T
B hy" = (3) (Tio X p;)
hg" = (3) 0,
Mi i = (e 7K)<rlx Xp)
ﬁ;? — _( 1 '2) 07,-1(*3(‘:1 rig i
2mc i
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K
Mj =2vyxa;

PIL;. (43)
Likewise the electronic contribution to the rotational g tensor is proportional to the
paramagnetic part of the magnetizability

gy = 4mEril;. (44)
The above equations assume that the gauge origin is chosen as the molecular
center-of-mass and are defined in the principal axis system of the moment of
inertia tensor /. In a linear molecule, the parallel component of paramagnetic
shielding and magnetizability is zero so that the perpendicular components can be
determined from experimental measurements of the spin-rotation constant and the
rotational g factor, respectively [53]. However, in relativistic systems there is
no longer proportionality between the electronic magnetic dipole moment and
angular momentum and so the parallel component of shielding and magnetiz-
ability is generally non-zero and not accessible by such measurements [54,55].
Also the explicit relativistic operator for the rotationally induced magnetic
moment may need further clarification [56].

The presence of the diamagnetic term gives rise to second-order operators as
well, of which some examples are listed in Table 3. In relativistic theory, the
diamagnetic contribution is formally absent, but can be associated with rotations
between occupied positive-energy and virtual negative-energy orbitals upon the
response of the wave function to a magnetic perturbation [57]. It can be introduced
explicitly by a Gordon decomposition [58,59] or by a unitary transformation of
Foldy—Wouthuysen type, as suggested by Kutzelnigg [60].

The Hamiltonian in equation (42) contains magnetic interactions, but no spin—
orbit interaction. This shows that magnetic fields can be introduced in non-
relativistic theory, but there is no mechanism to generate them; magnetic induction
is absent. As shown by Lévy-Leblond [43,61], spin can be accommodated by the
non-relativistic Galilean group. Still, it appears more reasonable to classify the
magnetic moment of the electron as a relativistic effect along with other magnetic
interactions, even though the mechanism of spin remains a mystery.

The distinction in standard non-relativistic theory between spin—orbit
interaction as relativistic on the one hand and other spin interactions as
non-relativistic on the other hand does lead to some inconsistencies. Consider,
for instance, a hydrogen-like atom where the coordinate system is shifted from the

Table 3. Second-order non-relativistic one-electron
perturbation operators H,p = ggj’é?ﬂ |¢=¢ from the intro-
duction of a uniform magnetic field B and a nuclear

magnetic dipole moment My

€A ¢B
B B pdia 2 T
hgp = g, 37 — 1,717 ]
B Mg ﬁdia — 1 [Brrg)-rrg
BK 2mc? r?‘K

M, M, pdso _ (L) {M}
- 4

TikTiL
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nucleus to the electron. Then, inserting the potentials (15) and replacing the
velocity of the nucleus by the negative of the non-relativistic electron velocity
operator (22), a spin—orbit interaction term appears in the non-relativistic
Hamiltonian. One might argue that the change of frame has been accompanied
by a Lorentz transformation of potentials and that the vector potential goes to zero
in the non-relativistic limit due to its ¢~ dependence. However, the same ¢ >
dependence is found in the vector potential of the dipole magnetic moment of
nuclear spin (40), yet the corresponding property operator is widely used in non-
relativistic calculations. A uniform magnetic field, equation (39), is generated by
moving charges and the spin-Zeeman interaction would therefore have been
regarded as a spin—orbit interaction if the coordinate system had been placed on the
moving charges. These are clearly awkward choices of reference frames, but
inconsistencies remain even if one stays within a coordinate system fixed on
the nuclear framework. Consider the introduction of a second electron. In the
molecule-fixed frame its potentials are given by equation (15). Insertion into the
non-relativistic Hamiltonian now gives the complete spin—other orbit interaction

~S00 . . . ~8SO . . .
k" (3), but no spin—same orbit interaction 4~ . The spin—other orbit interaction

~SO . . . . . .
h™ " also appears if one inserts the vector potential associated with the magnetic
dipole moment of the electron, obtained from the substitution My — — % c
in equation (40), into the orbital paramagnetic term % (A-p) of the non-relativistic
Hamiltonian (42). This contribution can, however, be eliminated as redundant
since it is just another way of viewing the first interaction. The vector potential of
the second electron appears in the nuclear frame to the same order in ¢~ as the
vector potential associated with nuclear spin (40) and gives rise to exactly the same
kind of interaction. It is therefore hard to justify that it is normally neglected from
the standard non-relativistic Hamiltonian.

2.5.2. Sample calculations

The somewhat artificial separation between spin—orbit interaction and other spin
interactions leads to difficulties when one tries to eliminate the former interaction
in four-component calculations of magnetic properties by the procedure outlined
in Section 2.4, that is by eliminating the quaternion imaginary parts of matrix
representations of the modified Dirac equation. This can be illustrated by a simple
test calculation. Unless otherwise stated, the calculations reported in this chapter
have been carried out using a development version of the DIRAC code [62]. We
will, however, first show the elimination of the spin—orbit interaction from
calculations of electric properties. Figure 1 shows the frequency-dependent dipole
polarizability of the mercury atom calculated at the four-component relativistic
DFT level using the BLYP functional [63,64] and the basis uncDZ* of Ref. [49],
derived from the relativistic finite nucleus Gaussian basis sets developed by Dyall
[65]. The full calculation (SR+SO) gives a static dipole polarizability of
33.60 a.u., to be compared with the value 33.92 a.u. from experiment [66]. When
all spin—orbit interaction is eliminated, the calculated value is modified only
slightly to 33.57 a.u. On the other hand, the full calculation shows two poles
corresponding to excitations 'Sy—>P; and 'S;— 'P; (experimental values are
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Fig. 1. BLYP/uncDZ* mean dipole polarizability of the mercury atom as a function of
frequency. All values in atomic units. SR + SO refers to calculations based on the Dirac—
Coulomb Hamiltonians, whereas SR refers to calculations in which all spin—orbit
interaction has been eliminated.

0.1796 and 0.2464 a.u., respectively [67]), whereas the first, spin-forbidden
transition is absent in the spin-free calculation.

The difficulties encountered in the calculation of magnetic properties are
illustrated by a series of Hartree—Fock calculations of the indirect spin—spin
coupling constant of the "'B'H molecule at the experimental geometry
1.232425 A using the cc-pVDZ [68] basis set in uncontracted form. The results
are given in Table 4. For reference, we have given the result obtained by the non-
relativistic bALTON code [69]. The paramagnetic contribution to the coupling may
be split into a Fermi-contact (FC) contribution, a spin-dipole (SD) contribution
and a paramagnetic spin—orbit (PSO) contribution, the former two contributions
being spin dependent. In these latter two contribution, we have used g.=2 for
direct comparison with Dirac theory. Four different calculations have then been
carried out using the DIRAC code, a point nucleus and the Lévy-Leblond
Hamiltonian with the diamagnetic contribution calculated as an expectation value.
In the first (LLI) calculation, the quaternion imaginary parts have been eliminated
from the regular Fock matrix prior to the one-index transformation in the
construction of the g-vector (37) in the solution of the response equation (36). The
results are then in perfect agreement with the results obtained with the pALTON
code. However when quaternion 1mag1nary parts are deleted from the property
gradients E\}; as well (LL3) all spin-dependent contributions are deleted, and the
paramagnetic contribution reduces to the PSO contribution. The result can be
readily understood by application of the transformation (30) for the modified
Dirac equation to a general relativistic magnetic operator

0  c(c-A)
c«(c-A) 0

1
0 2—(6-A)(6-p)
~ | mn (45)
2—(c-p)(c-A) 0
m
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Table 4. The isotropic indirect spin—spin coupling constant of ''B'H calculated at various
levels of theory. ‘LL’ refers to the Lévy-Leblond Hamiltonian. ‘std’ refers to a full
relativistic calculation using restricted (RKB) or unrestricted (UKB) kinetic balance.
‘spf” refers to calculations based on a spin-free relativistic Hamiltonian. Columns F, G and
EL, refer to whether quaternion imaginary parts are deleted (0) or not (1) from the regular
Fock matrix F prior to one-index transformation, from the two-electron Fock matrix G
constructed from the first-order perturbed density or from the property gradients EE/]B

DALTON Total  Paramagnetic Diamagnetic FC SD PSO
8e=2 52.6562  53.1201 —0.4639 52.9694 1.0485 —0.8977
DIRAC Total Paramagnetic =~ Diamagnetic F G EE,‘%
LL1 52.6549  53.1188 —0.4639 0 1 1
LL2 19.0402  19.5041 —0.4639 0 0 1
LL3 —1.3616 —0.8977 —0.4639 0 1 0
LL4 —1.3616 —0.8977 —0.4639 0 0 0
DIRAC Total ~‘Paramagnetic’ ‘Diamagnetic’ F G ElL
std (RKB) 52.4885  53.0398 —0.5520 1 1 1
std (UKB) 52.6047  53.0398 —0.4351 1 1 1
spfl 52.5586  53.1098 —0.5512 0 1 1
spf2 18.9620 19.5145 —0.5526 0 0 1
spf3 —1.0149 —0.9019 —0.1130 0 1 0
spf4 —1.0149 —0.9019 —0.1130 0 0 0

Using the Dirac identity then gives
1 1
—(o'p)(c-A) = —p-A+iocX(pXA) (46)
2m 2m

and comparison with equation (42) shows that the contributions of spin-Zeeman
type have been eliminated. The procedure outlined in Section 2.4 for the
elimination of the spin—orbit interaction is therefore incapable of distinguishing
this interaction from other spin interactions and perhaps justly so, since they can
all be considered spin—orbit interactions. If the quaternion imaginary parts are
retained in the property gradients, but eliminated from the G matrix of the
o-vector (LL2), a non-sense result is obtained. This is because the wave function
is not allowed to respond properly to the spin interactions described by the
property operators. If these spin interactions are already eliminated from the
property gradient (LL4) a result identical to that of calculation LL3 is obtained,
since no response to spin interactions is required. We have also carried out a series
of four-component relativistic calculations. The division between paramagnetic
and diamagnetic contributions is now based on the contribution to the final
response functions from rotations (+-+) between occupied and virtual positive-
energy orbitals on the one hand and the contributions from rotations (+ —)
between occupied positive-energy and virtual negative-energy orbitals on the
other hand, in agreement with the conclusions of Ref. [57]. We have carried out
full four-component relativistic calculations using restricted (RKB) and unrest-
ricted (UKB) kinetic balance. One may observe that whereas the ‘paramagnetic’
contributions are identical some discrepancy occurs in the ‘diamagnetic’
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contribution with the UKB result being closest to the non-relativistic result. This
can be understood from the fact that the diamagnetic contribution is obtained from
the (+ —) rotations in the non-relativistic limit from a resolution of identity

Re |y Wh(o- AN 1o AWM | = @A lyh) (47)

which requires magnetic balance that is a coupling between the large and small
components different from that of RKB [57]. UKB is as such more flexible and
allows a better realization of magnetic balance. Unfortunately, our present
implementation in DIRAC allows only the use of RKB in spin-free calculations. In
Table 4 one may observe that the various flavors of spin-free calculations give
results close to the corresponding Lévy-Leblond results. A significant difference,
though, is that ‘diamagnetic’ contributions are significantly modified when
quaternion imaginary parts are deleted from the property gradients. This can be
understood from consideration of equation (47) which shows that the spin-free
diamagnetic contribution, which contains no spin, is obtained from a resolution of
identity involving quantities with spin dependence. Note, however, that it is now
the magnetic operator (46) of the modified Dirac equation that should be employed.

From the above discussion it becomes clear that in order to eliminate the spin—
orbit interaction in four-component relativistic calculations of magnetic properties
one must delete the quaternion imaginary parts from the regular Fock matrix and
not from other quantities appearing in the response function (35). It is also
possible to delete all spin interactions from magnetic properties, but this requires
the use of the Sternheim approximation [57,73], that is calculating the
diamagnetic contribution as an expectation value.

We apply this technique to study the effect of the spin—orbit coupling on an
NMR shielding tensor and the shielding polarizability of the xenon atom. The
shielding polarizabilities are defined as the second derivatives of nuclear shielding
constants with respect to an electric field E

K" 62 O'IIJ((E)

i = 4
ik = BEAE |p (48)

In a previous publication [70], we calculated the shielding polarizabilities of all
noble gases from helium to xenon at the Hartree—Fock level using a mixed
analytic-numerical approach, that is calculating the shielding tensor as a linear
response function and then performing numerical differentiation with respect to an
applied uniform electric field along the x-axis. We found that relativistic effects on
the shielding polarizabilities were quite sizable and larger than for the shielding
tensor itself. Due to opposing trends in the parallel and perpendicular components,
the relativistic effect on the mean shielding polarizability

B = — L (0 + 20K, “9)
is somewhat quenched. The parallel shielding polarizability ¢”,., forms a rather
regular monotonically decreasing sequence with increasing noble gas nuclear
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charge, but for the perpendicular component a;’yxx this trend is broken when going
from krypton (—7944.8 ppm/(au ﬁeldz)) to xenon (+3468.9 ppm/(au ﬁeldz)). In
order to investigate this irregularity, we subsequently calculated second- and
third-order relativistic corrections to the shielding polarizability starting from
the non-relativistic HF wave function and following the approach of Ref. [71], but
the results were not entirely conclusive. In the present chapter, we show that the
observed irregularity in the perpendicular shielding polarizability a;’yxx is a
spin—orbit effect.

We have carried out a sequence of Hartree—Fock calculations of the shielding
polarizability of the xenon atom using the methodology of Ref. [70]. We used the
large uncontracted Gaussian basis set of Ref. [72], but supplemented with a
diffuse s-exponent (0.01491595) to give a total large component 25s19p22d11{8g
basis set. Results are given in Table 5. The extra diffuse s-exponent shifts the
value of the shielding constant by +93 ppm from the value 6938.0 ppm in the
original basis [72] and is needed for a proper description of the shielding
polarizability. The SO effect on the shielding constant is quite small — 16.3 ppm —
compared to a scalar relativistic effect of 1371.8 ppm and an order of magnitude
smaller than the SO effect (303.51 ppm) given by Manninen et al. [71]. The effect
of spin—orbit coupling on the shielding polarizability is on the other hand
substantial, being —21110.6 ppm/(au field*) and 29598.5 ppm/(au field?) for the
parallel and perpendicular components, respectively. Whereas SO effects
completely dominate relativistic effects on the parallel shielding polarizability

Table 5. The NMR shielding constant and shielding polarizabilities of the xenon atom
calculated at the Hartree—Fock level using the Dirac—Coulomb Hamiltonian (SR + SO),
its spin-free version (SR) as well as the non-relativistic Lévy-Leblond Hamiltonian.
The shielding constant is given in ppm and shielding polarizabilities in ppm/(au field2)
(1 a.u. field=5.14220642X 10" vm ™)

Total ‘Paramagnetic’ ‘Diamagnetic’
SR+SO
g 7030.4 2031.4 4999.0
ol —21,395.2 —21,082.9 —312.3
Ol 2940.2 3260.6 —321.2
B, 2585.8 2427.0 159.1
SR
o 7014.1 2011.6 5002.6
ol —284.6 16.2 —300.7
Oyyrx —26,670.9 —26,349.1 —322.2
B, 8933.5 8776.2 157.5
Non-relativistic
o 5642.3 0.00 5642.3
Ol —293.8 0.00 —293.8
T —12,2184 —11,909.9 —308.5

B, 4121.8 3970.0 151.8
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Oheee> @ large scalar relativistic effect of —14439.9 ppm/(au field?), opposing the
SO effect, is observed for the perpendicular component o)yxx Whereas large SO
effects explain the irregularities observed for the perpendicular shielding
polarizability of the noble gases, their elimination introduces irregularities for
the parallel component, and a more extensive study is therefore required to
fully untangle the various effects contributing to the calculated shielding

polarizabilities.

3. FINAL REMARKS AND CONCLUSIONS

The electronic Hamiltonian within the Born—Oppenheimer approximation may be
split into two parts

A

IA{ - Hp +ﬁint

It is pointed out in this chapter that standard non-relativistic calculations use
the non-relativistic free-particle operator H combined with the relativistic
Hamiltonian H;, which describes the 1nteract10n between particles and fields.
This observation prompted us to look for the rigorous non-relativistic
electronic Hamiltonian. We find that in the non-relativistic limit of Maxwell’s
equations both the divergence and the curl of the magnetic field B is zero.
From the boundary conditions on Maxwell’s equations combined with the
Helmholtz theorem we are then led to the conclusion that the magnetic
field B is zero all over space, and that electrodynamics reduce to electrostatics
in the non-relativistic limit. However, from a pragmatic point of view it is
perfectly reasonable to introduce both scalar and vector potentials into the
non-relativistic Hamiltonian, simply because it gives a better description of
our physical world. However, this approach does lead to some inconsistencies.
We show that the pragmatic approach is unable to describe spin—orbit
interaction arising from the nuclear framework or the spin—same orbit
interaction arising from the presence of other electrons, but can perfectly well
describe the spin—other orbit interaction which is an interaction equivalent to
the interaction with nuclear spins. We also point out that all spin interactions
can be considered spin—orbit interactions depending on the reference frame
chosen.

We then turn to the question of how to eliminate the spin—orbit interaction in
four-component relativistic calculations. This allows the assessment of spin—orbit
effects on molecular properties within the framework of a single theory. In a
previous publication [13], we have shown how the spin—orbit interaction can be
eliminated in four-component relativistic calculations of spectroscopic properties
by deleting the quaternion imaginary parts of matrix representations of the
quaternion modified Dirac equation. We show in this chapter how the application
of the same procedure to second-order electric properties takes out spin-forbidden
transitions in the spectrum of the mercury atom. Second-order magnetic properties
require more care since the straightforward application of the above procedure
will extinguish all spin interactions. After careful analysis on how to proceed we
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demonstrate the effect of spin—orbit coupling on the NMR shielding and shielding
polarizability of the xenon atom. It is also possible to calculate magnetic
properties with all spin interactions eliminated, but only within the framework of
the Sternheim approximation [57,73], that is by calculating the diamagnetic
contribution as an expectation value.
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Abstract

There is particular value in having wavefunctions for multielectron systems which are compact
but nevertheless have the features needed to capture the essence of electron correlation effects.
For few-electron systems, explicit use of the interelectron distances has proved to be an
indispensible component of highly accurate wavefunctions, but such wavefunctions contain
hundreds or thousands of terms (configurations). We show here that for two-electron systems (the
He isoelectronic series), expansions in which all the interparticle distances occur exponentially
converge extremely rapidly if the nonlinear parameters occurring therein are very carefully
optimized. Compact expansions of this kind give excellent values of the total energy
(four-configuration functions exhibiting energy errors between 32 and 38 microhartree), and
give other properties, including those arising entirely from electron correlation, with very small
errors. These functions are highly suitable for visualizing the wavefunctions and for performing
other analyses.
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1. INTRODUCTION

Two-electron systems, i.e. the He atom and its isoelectronic ions, are the
simplest species exhibiting electron correlation, and ever since the earliest days
of quantum mechanics there has been interest in finding simple, yet accurate
descriptions of correlation effects in such systems. Independent-particle
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methods are of course inherently incapable of treating electron correlation, and
expansions based on orbitals do not converge rapidly. The first significant
contribution toward an efficient treatment of electron correlation was the
introduction by Hylleraas, in 1929 [1], of a basis that included the interelectron
distance ri, as an explicit coordinate in He. This was a precursor to more
accurate studies on He in terms of r;, and the electron—nuclear distances r;, r»;
the study that gained the most attention was that of Pekeris [2], who formed
basis functions by appending powers of ri, r,, and ri, to an orbital product
exp(—e[r+r2]). His most accurate wavefunction of this type consisted of
1078 terms. A few years later Frankowski and Pekeris [3] investigated basis
sets that also included powers of (7 + r3)"? and In(r, +r,); with 246 terms of
this sort they obtained a wavefunction with even less error in the energy than
before.

Much more recently, extremely accurate studies on He-like systems have been
reported, including that of Frolov [4] on H™ and He, an even more precise study
of He by Schwartz [5], and computations on the He-like positive ions with nuclear
charges Z=3-10 by Frolov and Smith [6]. While these investigations
quantitatively reproduced the energy and other properties of He-like systems,
the wavefunctions which did so contained thousands of terms, making an
understanding of their features less than apparent. The situation corresponds well
to an observation made by Mulliken [7] (and resuscitated in a recent paper by
Scully et al. [8]):

...the more accurate the calculations become the more the concepts tend to
vanish into thin air.

An early attempt to find more compact, but still accurate He-like wavefunctions
was reported in 1977 by Thakkar and Smith [9]. An interesting feature of that
work was the use of basis functions that depended exponentially on all three
interparticle distances, of the generic form exp(— ary — Br, —yr;»). They showed
that the essential features of the He-like systems could be reproduced using as few
as 66 exponential-basis terms; such wavefunctions typically gave the energy to
within about 1 microhartree, and yielded excellent values of other properties as
well. These wavefunctions were certainly more compact than those mentioned in
the previous paragraph, but were hardly simple enough to address Mulliken’s
concern.

More recently, Kleinekathofer, Patil, Tang, and Toennies (KPTT) [10]
proposed a far more compact wavefunction for He-like systems, based on the
use of a functional form that is essentially completely determined by requiring
proper behavior of the wavefunction at small and large-r limits. The KPTT
wavefunction is more complicated to use than the functions entering the large-
scale accurate computations and from the perspective of the present authors is
comparable in utility to a moderate-length configuration expansion. Its virtue is its
lack of arbitrary parameters.

The present contribution investigates compact wavefunctions for the He
isoelectronic series from a more pragmatic viewpoint, with the goal of finding
functional forms that are easy both to use and to understand.
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2. PROBLEM FORMULATION

We consider systems consisting of two electrons and an infinitely massive nucleus
of charge Z, moving subject to the nonrelativistic Hamiltonian (in hartree atomic
units, m,=h=e=4mey=1)

1 Z Z 1
H=——(Vi+V) ———Z+—. (1)
2 Iy Iy I
Here r; (with magnitude r;) describes the position of electron i relative to the
nucleus, ry, is the interelectron distance |r; —r,|, and V; is with respect to the

coordinates of r;, We will later refer to the momentum operators p;= —iV,.

2.1. Basis set

The ground-state wavefunction will be antisymmetric in the spin coordinates of
the two electrons and symmetric in their spatial coordinates. It will also have zero
orbital angular momentum (an S state); the most general S state can be shown to
depend only on the interparticle distances ry, rp, and ry, [11]. We construct it from
a basis of functions ¢; of the form

¢; = (1 + Ppye o —ﬁirz—Yirlz’ (2)

where P, is an operator interchanging r; and r,. We have chosen to restrict the
parameters «;, (3;, v; to real values. These parameters need not all be nonnegative,
but they must satisfy o;+3,>0, a;+v;>0, and 8;+v;>0.

The basis we have chosen is not that which has been used in the majority of the
studies of three-body systems. The most-used basis, often called a Hylleraas basis,
consists of functions of the form

i i Di o —e(r+
¢ = r{"ryry e, 3)

where ¢ is a real parameter that may (or may not) have been optimized, and m;, n;,
p; are nonnegative integers associated with basis function ¢;. In that basis, our
parameter v is zero, and the explicit dependence on the interelectron separation
consists of the powers of rj,. Hylleraas wavefunctions usually have the same
value of ¢ for all basis functions, and the needed flexibility is obtained by taking
many sets of the m, n, and p. By contrast, in our basis one does not have powers of
r; Or rq,, but instead takes individual values of «, (8, and v for each basis function.

2.2. Determination of wavefunction

For given values of the «;, §;, v;, the coefficients C; in a wavefunction of the form

w=> Co 4)
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Table 1. Two He wavefunctions

v, v,
o 2.101867 2.373380
61 1.986105 1.823092
Y1 0.263687 0.190160
oy 2.049014 2.508922
62 2.034074 1.767881
Y2 0.266048 0.130290
a3 2.109173 2.068456
63 1.395636 2.022847
Y3 —0.096823 0.264301
oy 2.735322 2.106416
B4 1.696751 1.395785
Y4 —0.004567 —0.096228
E —2.903687899 —2.903688012

Configurations in descending order of importance.

were determined variationally, minimizing the energy expectation value E=
(W|H|®) by standard methods. The matrix elements needed for this purpose have
been extensively studied, appearing as long ago as 1962 in a paper by Calais and
Lowdin [12]. Another important contribution from that era was by Sack et al. [13].
A compact and convenient formulation is available in a paper by Abbott and
Maslen [14]; see also Ref. [6].

Optimum values of the «; (;, 7v; were then determined variationally,
minimizing E (obtained as described above) with respect to these parameters by
application of a conjugate gradient method. This task is not without its problems;
even when taking as few as two configurations (containing six nonlinear
parameters) the energy surface exhibits multiple relative minima, some of which
are above the global minimum by very small amounts. This phenomenon is
reflective of the fact that as a basis becomes more complete, the dependence of the
computed energy on the basis weakens, disappearing entirely when completeness
is achieved.

An indication of the severity of this problem is illustrated by some data for four-
configuration wavefunctions of He. Table 1 shows two such wavefunctions and
the energy obtained from each. The first of these is near a local minimum; the
second can be further refined to move toward what we believe to be the global
minimum, ultimately yielding a wavefunction of energy —2.903688260 hartree,
and with the parameters shown in Table 5.

2.3. Wavefunction properties

For the analysis of the wavefunctions we computed the expectation values of a
number of operators, using formulas in the works already cited. The quantities
(6(ry)) and (6(r;,)) give probability densities for pairwise particle coincidences;
(6(r1)d(ry2)) gives the same data for the triple coincidence. The quantity v, is



Highly Compact Wavefunctions for Two-Electron Systems 411

a measure of the electron—nuclear cusp strength, with formal definition

_ (6(r)0/0ry) .

V= s &)
L ee)
the electron—electron cusp, v, is defined analogously.
For visualization purposes we have made plots of pair distribution functions,
defining the electron—nuclear radial probability distribution function D(r,) by the
formula

D(ry) = 2(4mr}) [dry W (ry, 1y, 1) (6)

We follow here the notation of Thakkar and Smith [15], and evaluated this and the
other distribution functions mentioned below using the formulas given by them.
The prefactor “2” in the definition of D(r;) causes it to describe the pair density
contributions of the entire electron distribution (rather than that of one of the two
electrons).

In addition to D(r), we have plotted the charge density p(r;) = D(r, )/47171”12, the
electron—electron probability distribution function P(r;,) (defined similarly to
D(r;) but with omission of the prefactor “2”), and the electron—electron density
h(rp) = P(rlz)/4nr%2 (sometimes referred to as the intracule function).

3. COMPACT WAVEFUNCTIONS
3.1. Single-configuration wavefunctions

Taking He as an example, we start by examining various single-configuration
wavefunctions. In Table 2 we compare the optimum-energy ‘“closed-shell” simple
exponential wavefunction, exp(— a[r| +r5]), with « assigned the well-known value
27/16, the optimum-energy “split-shell” wavefunction, and the optimum-energy
single-configuration wavefunction of the type given in equation (2). All these
wavefunctions (and in fact all studied herein) exactly satisfy the virial theorem, a
consequence of the optimization of the chosen functional form. We see that relaxing
the closed-shell condition « = cuts the energy error in half and causes the delta-
function properties to move significantly closer to their exact values. However, the
absence of ri, from the wavefunction (and of equivalent functional dependence
obtained from multiple configurations) causes the properties whose origin is
correlation to remain at zero values. Thus, r;-r, and p;-p, both have vanishing
expectation values, and there is no electron—electron cusp »,. The third data column of
Table 2 shows that substantial improvement is gained by including exp(—r,) in the
wavefunction. We note a decrease of nearly an order of magnitude in the energy error,
and all the computed properties move closer to their exact values. Those arising solely
from correlation are now nonzero and of correct orders of magnitude.

Looking next at the pair distribution functions, we find very little difference
among the three single-configuration wavefunctions in the quantities describing
the electronic distribution relative to the nucleus. The probability distributions
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Table 2. Energy (E) and other properties of He, computed from optimized single-
configuration wavefunctions of the form given in equation (2)

a=g, y=0° a#pB, y=0° a#p, y=0° Exact!

E —2.847656 —2.875661 —2.899534 —2.903724
E—E. 0.055618 0.028063 0.004190

(r;-ry) 0.000000 0.000000 —0.085010 —0.064737
(p1-p2) 0.000000 0.000000 0.192818 0.159069
(6(r))) 1.529613 1.751235 1777836 1.810429
(6(r2)) 0.191202 0.164767 0.129494 0.106345
(6(r,)5(r2)) 2.340 2.010 2.000 1.869

v, —1.688 —1.910 —1.962 —2.000
120 0.000 0.000 +0.207 +0.500

Data are in hartree atomic units; » is defined in equation (5).
# Closed-shell, a =3=27/16.

® Split-shell, «=2.183171, 8=1.188531.

¢ General, parameter values given in Table 4.

9 From Ref. [4].

D(ry) of these wavefunctions are so similar that little insight would be gained by
studying their graphs; the densities p(r;) are also similar except in the immediate
vicinity of the nucleus, where they approach different intercepts (as shown
adequately from the (6(r;)) data in Table 2).

Larger differences are observed in the electron—electron distributions; the radial
probability density, P(r,), is shown for the three single-configuration wavefunc-
tions in Fig. 1. Improvement in the energy occurs concurrently with a spreading
of the electron-pair probability distribution; a majority of the spread occurs with
passage from the closed-shell to the split-shell wavefunction. A small further
spreading is associated with the inclusion of the factor exp(—yri»).

(a) (b)

0.6} 0.16

0.12f
04}
0.08}

0.2}
0.04 +

Fig. 1. Electron—electron distribution functions for single-configuration He wavefunc-
tion: (a) radial probability distribution P(r,); (b) intracule function i(r;,). In both graphs,
the curve with largest maximum is for the closed-shell wavefunction; that of intermediate
maximum is for the split-shell wavefunction; that of smallest maximum is for the
wavefunction containing exp(—yr2).
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The differences between the single-configuration wavefunctions are more
clearly illustrated by comparing their plots of the intracule function A(ry,), also
shown in Fig. 1. This plot reveals the absence of an electron—electron cusp
for both the closed and split-shell functions, but shows that the inclusion of
exp(—yry») causes the distribution to have a minimum at r;, =0, forming a cusp
(of the correct sign) at that point. This feature will be important for the description
of phenomena that depend upon the coincidence probability.

It is of interest to compare the data in Table 2 with the results of the investigation
by KPTT. Only the tabulated function with nonzero v is qualitatively comparable
with the KPTT wavefunction for He; these two wavefunctions have about the
same energy (that of KPTT is —2.9000). Our wavefunction has the exact virial
ratio (—potential energy/kinetic energy=2 vs. the KPTT value of 2.074); this
may be interpreted as an indication that it is at a better overall scaling than the
KPTT function. That function, however, gives better results than ours for (p; - p»):
KPTT, 0.1545 vs. our 0.1928 and the exact value of 0.1591.

3.2. Two and three-configuration wavefunctions

Next we look at small multiconfiguration results for He; wavefunctions of two and
three optimized configurations are compared with the single-configuration and
exact results in Table 3; the nonlinear parameters of these wavefunctions are given
in Table 4. It is apparent that the second and third configurations cause major
improvements in the energy; the second configuration reduces the energy error by
about an order of magnitude and the third reduces it further to less than one-
quarter of the two-configuration error. Both the two- and three-configuration
results render {p;-p,), as well as the energy, more accurately than the KPTT
wavefunction; the delta-function properties have also moved close to the exact
results. The cusps, which are forced to have exact values in the KPTT formulation,
are also moving near to correct values.

Table 3. Energy (E) and other properties of He, computed from optimized one, two, and
three-configuration wavefunction (nonlinear parameters given in Table 4)

1 cfg 2 cfg 3 cfg Exact®

E —2.899534 —2.903270 —2.903629 —2.903724
E—E.qer 0.004190 0.000454 0.000095

(ry-ro) —0.085010 —0.064522 —0.064373 —0.064737
(p:-p2) 0.192818 0.160746 0.158308 0.159069
{6(ry)) 1.777836 1.783896 1.810488 1.810429
(5(r12) 0.129494 0.111481 0.108729 0.106345
{6(r1)o(r2)) 2.000 1.803 1.849 1.869

12 —1.962 —1.967 —2.001 —2.000
127 +0.207 +0.368 +0.427 +0.500

Data are in hartree atomic units; » is defined in equation (5).
# From Ref. [4].
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Table 4. Nonlinear parameters (bohr ~') of optimized one, two, and three-configuration
wavefunctions for He

Configuration
no. o 6 0%
1 cfg 1 2.206563 1.440579 —0.207329
2 cfg 1 1.802894 1.596886 0.127593
2 1.705758 1.682329 0.145798
3 cfg 1 1.889806 1.765564 0.286883
2 1.831361 1.819072 0.292634
3 1.993570 1.365369 —0.102849

Configurations in descending order of importance.

It is interesting to note that the two-configuration wavefunction yields a positive
electron—electron cusp v, even though neither of its configurations has a negative
value of v. What is occurring is that the two configurations enter the wavefunction
with opposite signs, and their net “negative-cusp” contribution is of opposite sign
to their net “6(r,)” contribution.

Plots of the pair distribution functions also indicate a rapid convergence as
the number of configurations increases. The main feature that undergoes a
noticeable change is the intracule function. Figure 2 shows h(rj,) for these
He wavefunctions. Addition of a second or third configuration lowers the pair
density near r, =0 and intensifies the cusp, without making significant changes to
the remainder of the pair distribution.

The trends observed here continue with the addition of more configurations; we
decided that a point of diminishing returns was reached at four configurations,
and therefore, established that degree of expansion for more exhaustive
investigation.

012}

0.08 -

0.04

Fig. 2. Electron—electron distributions for optimized one, two, and three-configuration
He wavefunctions: intracule function A(r,). The curve can be identified by the heights of
their maxima; larger maxima correspond to fewer configurations.
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Table 5. Nonlinear parameters (bohr ~ ') of optimized four-configuration wavefunctions

Configuration

no. o I Y
H™ 1 0.857017 0.751909 0.101595
2 0.841729 0.762291 0.105682
3 1.021337 0.310090 —0.016292
4 0.814655 0.814651 —0.212153
He 1 2.320734 1.854831 0.174222
2 2.427973 1.804002 0.128539
3 2.033598 2.066629 0.231423
4 2.110861 1.397545 —0.096522
Li* 1 3.889807 2.715842 0.467625
2 4.058785 2.653114 0.400041
3 3.235769 3.107544 0.633256
4 3.172516 2.329155 —0.106053
Be?™ 1 5.266091 3.648710 0.740043
2 5.412373 3.587088 0.685639
3 4288314 4.288312 0.956404
4 4.234919 3.268605 —0.110674
B3t 1 6.657537 4.630991 1.020850
2 6.830580 4.556398 0.960249
3 5.438123 5.438121 1.276809
4 5.288535 4.216078 —0.113689
cHt 1 7.999460 5.612951 1.319931
2 8.227960 5.510309 1.244053
3 6.575755 6.575753 1.602057
4 6.337482 5.167592 —0.115545
N>+ 1 0.268894 6.669156 1.673238
2 9.625883 6.501048 1.566561
3 7.739251 7.739249 1.940929
4 7.379939 6.124969 —0.116955
0°* 1 10.564255 7.691253 1.996284
2 11.017617 7.471464 1.867163
3 8.886470 8.886468 2.272811
4 8.421547 7.083665 —0.117972
F’+ 1 11.902890 8.692622 2.308089
2 12.422627 8.437673 2.164073
3 10.033120 10.033118 2.607577
4 9.460889 8.044691 —0.118788
Ned+ 1 13.283463 9.675289 2.615987
2 13.850848 9.397064 2.461465
3 11.180907 11.180904 2.949205
4 10.497988 9.907933 —0.119465

Configurations in descending order of importance.
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3.3. Four-configuration wavefunctions

As indicated in Section 3.2, we settled on an optimized four-configuration
wavefunction using the basis described in equation (2) as a standard highly
compact function for extensive study. These wavefunctions, for the members of
the He isoelectronic series from Z=1H ) to Z=10 (Neg+), have the parameter
values given in Table 5.

Table 6. Exact [4,6] and compact-function properties, respectively labeled E and C, for Z

from 1 to 6

“H™ “He “Li*

Ec —0.5277131 —2.9036883 —17.2798789
Eg —0.5277510 —2.9037244 —7.2799134
Ec—Eg 0.0000379 0.0000361 0.0000345
(r, r)c —0.684555 —0.064662 —0.017248
(r; 2)p —0.687313 —0.064737 —0.017253
1 po)e 0.032967 0.158902 0.288883
P1-p2E 0.032880 0.159069 0.288976
(6(r))e 0.164154 1.807626 6.845013
(6(r)e 0.164553 1.810429 6.852009
(6(r12))c 0.002865 0.108367 0.539470
(6(r12))e 0.002738 0.106345 0.533723
(6(r)6(r2))c 0.005128 1.885 33.408
(6(r6(r))e 0.005064 1.869 33.321
Ve —0.996 —1.993 —2.992
Vi —1.000 —2.000 —3.000
Viac +0.437 +0.436 +0.441
ViaE +0.500 +0.500 +0.500

ooBe2+ ooBe3+ wC4+
Ec —13.6555322 —22.0309380 —32.4062132
Eg —13.6555662 —22.0309716 —132.4062466
Ec—Eg 0.0000340 0.0000336 0.0000334
(r; e —0.00690431 —0.00342637 —0.00194202
(r r2)p —0.00690595 —0.00342674 —0.00194226
P1-p2)c 0.420480 0.552814 0.685468
(PP 0.420520 0.552753 0.685335
(6(r))e 17.1873 34.7409 61.4178
(6(r))e 17.1982 34.7587 61.4436
(6(r12))c 1.53465 3.33215 6.17079
(6(r12))e 1.52290 3.31244 6.14104
(6(ro(r))e 231.34 996.8 3223
(6(r6(r)): 231.04 996.0 3221
Ve —3.993 —4.993 —5.993
Vi —4.000 —5.000 —6.000
Viac +0.442 +0.443 +0.443
Viog +0.500 +0.500 +0.500

Data are in hartree atomic units; v is defined in equation (5).
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Energies and other properties for the optimized four-configuration wavefunc-
tions are presented in Tables 6 and 7. These wavefunctions yielded surprisingly
accurate total energies, with errors ranging from 37.9 (for H ) to 32.8 micro-
hartrees (for Ne®"). Not only are the energies almost incredibly precise for
a wavefunction of this degree of compactness, but so also are the derived
properties. The values of (r;-r,) and (p;-p,), both entirely dependent upon the
description of electron correlation, are correct to within 1%, and in many cases to
0.1%. Similar agreement is found for the delta-function properties and for the
electron—nuclear cusps. The only tabulated property not at the above level of
accuracy was the electron—electron cusp strength, which is somewhat over 10%
from its exact value +0.5. The energy and the values of (p;-p,), the only
properties available for comparison with KPTT, indicate errors about two orders
of magnitude less than the corresponding KPTT values.

Looking next at the wavefunctions themselves, we see that there is a difference
in character between that for H™ and those of the other species—the most obvious
distinguishing feature is the occurrence of two H ™ configurations with negative v,
in contrast to a single negative y for He through Ne®*. Wavefunctions of these
two types correspond to low-lying relative energy minima in the parameter space,
with the H™ -type minimum becoming less favored as Z increases. For He, the
H  -type minimum corresponds to the wavefunction labelled ¥ in Table 1; as
shown in that table, its energy is only 0.4 microhartree above the global minimum.
By the time Ne®*' is reached, the two minima are separated by more than
1 millihartree.

Table 7. Exact [4,6] and compact-function properties, respectively labelled E and C,
for Z from 7 to 10

°°N5+ °°O6+ °0F7+ OONe8+
Ec —44.7814121  —59.1565622  —75.5316795  —93.9067737
Ex —44.7814451  —59.1565951  —75.5317124  —93.9068065
Ec—Eg 0.0000330 0.0000329 0.0000329 0.0000328
{r; e —0.00120499  —0.00079835  —0.00055921  —0.00040250
(r) 1) —0.00120514  —0.00079846  —0.00055599  —0.00040254
(p1-P2)c 0.818379 0.951381 1.084471 1.217620
(p1 P2 0.818119 0.951029 1.084024 1.217079
GO(r))e 99.125 149.775 215.278 297.541
(6(r) e 99.162 149.825 215.342 297.623
(6(r12))c 10.289 15.926 23.320 32.709
(6(r12)e 10.247 15.870 23.248 32.620
(B(r)o(r))e 8599 19980 41836 80775
(3(r)o(ry))e 8596 19975 41750 80763
Vi e —6.993 —7.993 —8.993 —9.992
Vi —7.000 —8.000 —9.000 —10.000
Viac +0.444 +0.444 +0.445 +0.445
Virg +0.500 +0.500 +0.500 +0.500

Date are in hartree atomic units; v is defined in equation (5).
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Fig. 3. Z-scaled electron—nuclear distribution functions for H~, He, Li*, and Ne®™:
(a) radial probability distribution D(r)/Z; (b) radial density p(r))/Z°. The curves can be
identified from the fact that higher maxima correspond to higher Z.

One of the desirable features of compact wavefunctions is the ability to use
them to examine additional features of the electron distribution without the
necessity of repeating extensive computations to recreate complicated wavefunc-
tions. We illustrate this point, and also exhibit the similarity of our wavefunctions
with those of the 66-configuration study of Thakkar and Smith [15] by looking at
the pair distribution functions. It is most instructive to present these as Z-scaled
quantities; Figure 3 contains the electron—nuclear distributions D(r) and p(r); for
clarity we only plot data for H™, He, Li ", and Ne®*. Even after Z scaling, a small
but systematic narrowing of the distributions with increasing Z is still in process
at Z=10.

The Z-scaled electron—electron distribution shows more pronounced differ-
ences for species of different Z. Values of P(r|,) and h(r;,) are given in Fig. 4. The
Z-scaled intercepts (values of (6(r,))) change appreciably with Z, and even at Z=
10 the electron—electron cusp is clearly visible. None of these graphs exhibit

(@)0.4 (b)
0.024¢
0.2
0.012¢
0 : : ' 0 : : :
0 2 4 6 0 1 2 3
Zr zr

Fig. 4. Z-scaled electron distribution functions for H™, He, LiT, and Ne?™: (a) radial
probability distribution P(ri,)/Z; (b) intracule function h(r12)/Z°. Curve identification:
same as Fig. 3.
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perceptible differences from those from the 66-configuration Thakkar/Smith
wavefunctions.
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Excitation Energies for Transition Metal Atoms — A
Comparison between Coupled Cluster Methods and
Second-Order Perturbation Theory

Juraj Raab and Bjorn O. Roos

Department of Theoretical Chemistry, Chemical Center, P.O. Box 124,
S-221 00 Lund, Sweden

Abstract

Coupled cluster methods are compared to multiconfigurational second-order perturbation theory in a
study of the high spin d*s*>—d*"'s' excitations in first, second, and third row transition metals.
Large basis sets of the atomic natural orbital type are used. Scalar relativistic effects are included
using the Douglas—Kroll-Hess Hamiltonian. The effect of spin—orbit coupling is demonstrated for
third row atoms. The results show that the two methods give results of the same accuracy, with the
exception of first row atoms with less than five 3d-electrons. The CASPT2 method here
overestimates the effect of 3p correlation with about 0.1 eV.
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1. INTRODUCTION

In this chapter we present the results from a study of the high spin d*s*—d* " 's'
excitation for the first, second, and third row transition metal (TM) atoms. Two
methods have been used: coupled cluster with and without triples corrections
(CCSD(T)) and multiconfigurational perturbation theory (CASSCF/CASPT?2).
The aim of the study has been to establish the accuracy of the latter approach,
using CCSD(T) as the calibration point. Excitation energies for the first row TMs
have, for a long time, been used to calibrate quantum chemical methods. It
has been found particularly difficult to describe processes where the number of
d-electrons changes, in particular, for atoms with more than half-filled d-shells.
The reason is the strong electron repulsion, which apart from yielding strong
effects of electron correlation, also affects the radial shapes of the d-orbitals.

ADVANCES IN QUANTUM CHEMISTRY, VOLUME 48 © 2005 Elsevier Inc.
ISSN: 0065-3276 DOI: 10.1016/S0065-3276(05)48022-3 All rights reserved
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It was shown in a study of the nickel atom that one had to use an active
space extended with an extra d-shell (the double shell effect) when the MRCI
or CASSCF/CASPT2 methods were used to compute the d®s*> *F—d’s' °D
and d%* *F—d'%° 'S excitation energies [1,2]. Raghavachari and Trucks
(RT) presented in 1989 results from a study of all first row transition metals
where the quadratic CI method was used (QCISD(T)) [3]. A rather limited
basis set was used and relativistic effects were included only heuristically.
Nevertheless, this study showed that a size-consistent method gives reasonable
results for all first row TMs. A number of density functional studies have
been performed [4-6]. Many functionals give large errors. Bauschlicher and
Gutsev concluded in 2002 from a study of Ti, V, Fe, and Mn that the best
functionals to use for transition metals were B3LYP and BP86 but deviation
from experiment were in general larger than 0.5eV [5]. Somewhat better
results were obtained for the first row TMs in a recent application of a new
functional called X3LYP [6]. An extensive CCSD(T) study of the Fe atom
with a new basis set showed that this approach can give results in excellent
agreement with experiment [7]. Similar results have been obtained for V, Cr,
and Mn using the QCISD(T) method [8].

These single reference-based methods are limited to cases where the reference
function can be written as a single determinant. This is most often not the case and
it is then necessary to use a multiconfigurational approach. Multireference CI can
possibly be used, but this method is only approximately size extensive, which may
lead to large errors unless an extended reference space is used. For example,
Osanai et al. [8] obtained for the °S — °D excitation energy in Mn 2.24 eV with the
QCISD(T) method while SDCI with cluster corrections gave 2.64 eV. Extended
basis sets were used. The experimental value is 2.15 eV.

Here, we are testing the possibilities of multiconfigurational second-order
perturbation theory (CASPT2) [9,10]. It has been applied in a large number of
studies of transition metal complexes (see, for example, Ref. [11]). However, no
extensive test for the atoms has been performed, except a study of the
contributions of core correlation to the excitation energies in first row TM ions
[12]. It has recently been suggested in a study of the Cr dimer that the CASPT2
method overestimates the contribution from core—core and core—valence
correlation to the binding energy [13]. This conclusion is somewhat alarming.
If it is true, it will also affect the d*s*—d* " 's' excitation energies in the atoms
because core correlation favors electronic states with more d-electrons. It is
therefore of interest to compare CASPT?2 results for these excitation energies with
results obtained with the CCSD(T) method that experience shows to give accurate
results, at least for first row TMs.

We extend the method over all three rows of TMs. No systematic study is
available for the heavier atoms, where relativistic effects are more prominent.
Here, we use the Douglas—Kroll-Hess (DKH) Hamiltonian [14,15] to account for
scalar relativistic effects. No systematic study of spin—orbit coupling has been
performed but we show in a few examples how it will affect the results. A new
basis set is used in these studies, which has been devised to be used with the DKH
Hamiltonian.
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2. METHODS

All calculations were carried out with the software MOLCAS-6.0 [16]. Scalar
relativistic effects were included using a DKH Hamiltonian [14,15]. Specially
designed basis sets of the atomic natural orbital type were used. These basis sets
have been optimized with the scalar DKH Hamiltonian. They were generated
using the CASSCF/CASPT?2 method. The semi-core electrons (ns, np, n=3, 4, 5)
were included in the correlation treatment. More details can be found in Refs.
[17-19]. The size of the basis sets is presented in Table 1. All atoms have been
computed with basis sets including up to g-type function. For the first row TMs we
also studied the effect of adding two h-type functions.

The CCSD(T) calculations were performed using the ROHF CCSD(T) code
included in the MOLCAS program package. To preserve proper spin properties,
the cluster amplitudes describing double excitations (tg-b) were spin adapted (the
DDVYV approximation) [20]. We present results using the CCSD and CCSD(T)
variants of the coupled cluster method. It is important in these calculations to find a
representation where the reference function can be written as a single determinant.
It was obtained by running the calculations in D,; symmetry and select the open
shell orbitals such that the determinant exactly represents a component of the
given electronic state. As it turns out, this is possible for the lowest high spin states
for all the atoms in both the nd*(n+1)s* and the nd*"'(n+1)s' electronic
configurations. It will, in general, not be possible for low spin states (or for higher
angular momentum than 3 when the calculations are run in D,; symmetry). There
will be some symmetry breaking in the coupled cluster amplitudes but we expect
the effect to be small. Thus, CC wave functions give a correct, symmetry adapted,
description of the electronic states. It would not be the case if an unrestricted
version of the CC method was used.

The CASSCF/CASPT2 calculations were performed with an active space
including the five nd, the (n+ 1)s, the three (n+ 1)p orbitals, and a second set of
nd’ orbitals to account for the double shell effect. The importance of including a
second 3d shell in the active space was detected in an early study of the electronic
spectrum of the nickel atom [2]. This had already been suggested from MRCI
results [1]. The results obtained by RT at about the same time indicated that such
effects are effectively accounted for when a method is used that includes cluster
corrections to all orders, like the QCI method used by them [3]. This result will
hold true also for the less approximate coupled cluster method CCSD(T).

Also the CASSCF/CASPT?2 calculations were performed in D,;, symmetry and
the orbitals rotations were restricted such that mixing between different angular

Table 1. ANO-RCC basis sets used for the transition metal atoms

Excitation atom Primitive Contracted
Sc—Cu 21s15p10d6f4g(2h) 10s9p8d5fag(2h)
Y-Ag 21s18p13do6fag 10s9p8d5fag
La-Au 24s21p15dl1fdg 11s10p9d8fag

Calculations were performed with and without two h-type functions for the first row TMs.
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momenta did not occur. This does not completely ensure spherical symmetry
because orbitals in different irreps may have different radial shape, but the
deviations should be small. In most cases separate calculations were made for
each of the two electronic states. In some cases this was not possible because the
two states have components in the same irreps and have the same spin. State
average calculations were then made. An example is the *F d’s>—*F d®%!
excitation in Co, Rh, and Ir. The CASPT?2 calculations used the new level shift
technique that shifts active orbital energies in order to simulate ionization energies
for orbitals excited out and electron affinities for orbitals excited into. The
technique has recently been shown to reduce the systematic error in the CASPT2
approach for processes where the number of closed shell electron pairs
changes [21].

3. RESULTS
3.1. All atoms

We present the results for all atoms in Table 2. Three sets of results are given:
CCSD, CCSD(T), and CASPT?2. For the first row atoms we have also performed
calculations with two h-type basis functions added to the ANO-RCC basis set.
Table 3 gives the root mean square (RMS) errors and also the maximum absolute
error.

Comparison is made to experimental energies that have been averaged over the
J quantum number. This works well for the first row atoms where the spin—orbit
coupling is small and there is little interaction between different electronic states
but becomes more questionable for the second and third row atoms. We shall
return to this problem later.

The overall accuracy for all atoms is illustrated in Fig. 1, which gives the error
in computed excitation energies for the three methods used (the d's® state is the
reference state for all atoms). The RMS error is 0.21 for CCSD, 0.11 for
CCSD(T), and 0.14 for CASPT?2. The largest errors are found for the excitations to
the 'S d'%° state in Ni and Pd. It is clear from the picture that the errors vary in an
irregular way, but some general trends may be observed. CCSD and CCSD(T), in
general, give too large excitation energies, at least for the first and second row
atoms. The results for the third row are obscured by the large spin—orbit effects
(see below). The triples corrections lead in most cases to improved results, in
particular for the heavier first row atoms. Part of the error is certainly due to
deficiencies in the basis set. We see that the addition of two h-type functions
improves the results somewhat. The results of Ricca and Bauschlicher for Fe show
that extrapolation from a quadruple basis set to the basis set limit decreases the
excitation energy 0.13 eV at the CCSD(T) level [7]. Adding such a correction
would also bring the present result close to experiment. The large triples
corrections for atoms with more than a half-filled d-shell have most probably the
same origin as the need to add a second d-shell to the active space in CASPT2 and
MRSDCI calculations. We notice that the effect almost disappears for the second



Table 2. Coupled cluster and CASPT?2 excitation energies (in eV)

Excitation CCSD CCSD(2h) CCSD(T) CCSD(T)(2h) PT2 PT2(2h) Expt®
Sc °D d's?—“4F d3%s! 1.44 1.40 1.50 1.46 1.47 1.43 1.43
Ti °F d%s®> —=°F d%! 0.83 0.79 0.87 0.83 0.71 0.67 0.81
V 4F d3s? - °D ds! 0.28 0.25 0.30 0.26 0.10 0.07 0.25
Cr’S d°s' =D d*s? 0.98 1.02 0.96 1.00 1.21 1.24 1.00
Mn °S d°s>—°S d%! 2.40 2.35 2.28 2.23 2.30 2.25 2.15
Fe °D d%%—°F d’s! 1.13 1.07 1.01 0.95 1.11 1.04 0.88
Co “F d’s* = *F d&! 0.71 0.66 0.55 0.49 0.56 0.49 0.42
Ni °D d%s! —°F @82 —0.27 —0.22 —0.07 —0.02 —0.04 0.04 0.03
Ni °D d%'—=°D d'%° 2.23 1.80 1.85 1.74
Cu ’s d'%'—°D d’%? 1.26 1.31 1.46 1.51 1.48 1.53 1.49
Y 2D d's®> > *F d%s! 1.29 1.40 1.32 1.36
Zr °F d*s>—5F d3! 0.52 0.63 0.48 0.59
Nb *F d°s>—°D d*s! —0.29 —0.18 —0.32 —0.18
Mo ’S d°s' =D d*s? 1.66 1.54 1.57 1.47
Tc %S @°s>— 68 d! 0.56 0.58 0.57 0.41
Ru °D d%>—7F d’s! —0.71 —0.69 —0.78 —0.87
Rh “F d%' —?D d°° 0.67 0.51 0.51 0.34
Pd 'S d'%°—3D @%! 0.74 0.86 0.87 0.88
Pd 'S d'%°—3F d8%? 2.99 3.12 3.09 3.38
Ag %S d'%'—?D ¢°%* 3.76 3.76 3.76 3.97

(continued)
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Table 2. (continued)

Excitation CCSD CCSD(2h) CCSD(T) CCSD(T)(2h) PT2 PT2(2h) Expt®
La ’D d's>—>F d%! 0.24 0.37 0.26 0.36
Hf °F d%s>—°F d%! 1.50 1.65 1.54 1.69
Ta ‘F d°s>—°D d*s! 0.89 1.02 0.89 1.04
W D d*%?—7S d! —0.40 —0.25 —0.32 —0.19
Re °S d°s>—°D d%! 1.82 1.84 1.93 1.76
0s °D d%?—5F d’s! 0.79 0.82 0.89 0.75
Ir “F d’s? = *F d%! 0.24 0.25 0.17 0.14
Pt °D d%' —°3F d%? 0.35 0.35 0.46 0.40
Pt °D &' 'S d'%° 0.59 0.48 0.46 0.24
Au 28 d'%!' - 2D %> 1.64 1.63 1.94 1.74

(2h) means that two h-type basis functions have been added to the basis set.
* Experimental data (J-averaged) from the NIST tables [24].
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Table 3. RMS and maximum errors for the different calculations (in eV)

Method RMS Maximum error
All atoms

CCSD 0.21 0.49 (Ni d°s' —d'%%)
CCSD(T) 0.11 0.26 (Pd d'%s°— d%?)
CASPT2 0.14 0.29 (Pd d'%°— d8s?)
First row TMs

CCSD 0.24 0.49 (Ni d'%°— d®s?)
CCSD (frozen core) 0.31 0.44 (Mn)

CCSD (with 2h) 0.16 0.25 (Ni ds' = d®%?)
CCSD(T) 0.09 0.14 (Mn)

CCSD(T) (frozen core) 0.24 0.34 (Mn)

CCSD(T) (with 2h) 0.05 0.09 (Mn)

CASPT2 0.14 0.23 (Fe)

CASPT?2 (frozen core) 0.22 0.42 (Mn)

CASPT2 (with 2h) 0.13 0.24 (Cr)

427

and third row elements, where the d-orbitals are more diffuse and the d-electrons

not so strongly correlated.

The errors obtained with the CCSD(T) method are, in general, smaller than
0.2 eV. There are some exceptions, however, in particular for palladium and silver.

Excitation energies dns2 -> d(n+1)s1
deviation from experiment

08— ——————
------------ ccsD
—— ccsD(T)
06 ——— CASPT2 _
04 :

Error (calc. - expt.) in eV

"'Sc Ti V CrMnFe Co Ni Cu Y Zr Nb Mo Tc Ru Rh Pd Ag La Hf Ta W Re Os Ir Pt Au

Atom

Fig. 1. Error in calculated energies (in eV) for the d*s>—d*t1s' excitations (the
electronic states are given in Table 2). Dotted line: CCSD; solid line: CCSD(T); dashed

line: CASPT2.
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Actually, triples corrections do not lead to much improvement for the heavier
second row atoms. There is no obvious explanation for this behavior, except
possibly deficiencies in the basis set. The CASPT2 errors are, in general, smaller
than 0.2 eV and follow the CCSD(T) results in Fig. 1. For the first and second row
we notice, however, that the CASPT2 method gives too low energies for atoms with
less than five d-electrons and too large energies for the heavier atoms in each row.
The behavior mimics the CCSD(T) results, so the conclusion is that CASPT2 gives
too low excitations energies. The major part of this systematic error is due to an
overestimate of the core correlation contribution to the excitation energy as we shall
discuss below. Again, this is most pronounced for the first row atoms, while the
CASPT?2 and CCSD(T) errors are similar for second and third row atoms, indicating
that most of the error is here due to basis set incompleteness.

Both CCSD(T) and CASPT2 results are generally in good agreement with
experiment for the third row atoms. The behavior is somewhat irregular as seen
in Fig. 1. The irregularity is partly due to spin—orbit coupling. We will give a
more detailed discussion of the multiplet splittings in a forthcoming publication
[19]. Here, we give just one example. In Table 4 we present the results from a
CASPT2 calculation of the multiplets in the Pt atom. The calculation has been
performed using the RASSI-SO method of MOLCAS-6. It has been described
in detail in a recent publication [22]. CASSCF calculations are performed for
all electronic states corresponding to the configurations d®s?, d’s', and d'%°. A
spin—orbit Hamiltonian is constructed in this basis with the diagonal elements
shifted to the CASPT2 energies. The eigenvalues of this matrix give the
multiplet levels. They are presented in Table 4. We notice that the separation
of the levels does not at all follow the Landé interval rule. There is a strong
mixin§ between different electronic states. If one computes the J-averaged
’D—7F excitation energy using the results in the table, one obtains the
CASPT2 value 0.38 eV. The spin—orbit free excitation energy is 0.46 eV,
almost 0.1 eV larger. For the *D—'S excitation one obtains the J-averaged
result 0.39 eV to be compared to the spin-free result in Table 2, 0.46 eV. It is a
general result that corrections due to deviations for the Landé interval rule are
of the order of 0.1 eV for third row TMs.

Table 4. CASPT2 excitation energies for the Pt atom including
the effect of spin—orbit coupling

Excitation CASPT2 Expt*
D, d%! 0.00 0.00
D, d%! 0.76 0.81
3D, d%! 1.27 1.26
3F, d¥? 0.06 0.10
3F, d8%? 1.23 1.25
3R, d8s? 1.92 1.92
'Sy d'%° 0.90 0.76

? Experimental data from the NIST tables [24].
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3.2. First row atoms

For the first row atoms we have also studied the effect of adding two h-type basis
functions to the ANO-RCC basis set. We present in Fig. 2 the CCSD(T) and
CASPT2 results. The effect of the increased basis set is to lower the excitation
energies with about 0.04-0.06 eV for both methods. This leads to a general
improvement, reducing the RMS error from 0.09 to 0.05 eV for CCSD(T) and
from 0.14 to 0.13 eV for CASPT2. The maximum error is also improved for
CCSD(T) but actually increases for CASPT2 (cf. Table 3) because CASPT2
energies are already too small for the lighter atoms.

In Table 5 and Fig. 3 we show the effect of not including the 3s,3p electrons in
the correlation treatment. A comprehensive study of first row positive ions in 1993
showed that the effect of including the 3s,3p electrons in the correlation treatment
was crucial with large differential effects for different electronic states [12]. It was
shown that most of the differential effects derived from internal double excitations
of the type 3p3d—3d3d and 3p3p— 3d3d that are possible for some electronic
states but not for others. On the other hand, some of the results indicated that the
CASPT2 method may lead to an overestimation of the core correlation energy.
This deficiency of the method has recently been emphasized in a study of the
chromium dimer [13].

The present results show that there is a difference between CASPT2 and
CCSD(T) for the lighter first row TMs. Freezing the 3s,3p orbitals in the CCSD(T)

0.4 T T T T T T T

Calc. - Exp. with and without 2h functions (eV)

—— CCsD(T)
—— CCSD(T) 2h
02l IR /2 P CASPT2
' S~ e CASPT2 2h
L_0.4 1 1 1 1 1 1 1
Sc Ti \% Cr Mn Fe Co Ni Cu
Atom

Fig. 2. The effect of adding two h-type functions to the basis set for first row atoms.
Errors in computed excitation energies are shown (in eV). Solid lines: CCSD(T); dashed
lines: CASPT?2 (lower lines with h-type functions in both cases).



Table 5. Coupled cluster and CASPT2 excitation energies with (f.c.) and without the core electrons frozen (in eV)

Excitation CCSD f.c. CCSD(T) f.c. CASPT2 f.c. Expt®
Sc 2D d's?—4F d%s! 1.44 1.69 1.50 1.72 1.47 1.73 1.43
Ti °F d%s>—°F d%! 0.83 1.05 0.87 1.07 0.71 1.04 0.81
V 4F &3> - °D d*! 0.28 0.45 0.30 0.47 0.10 0.40 0.25
Cr D d**—-7S ds! —0.98 —0.89 —0.96 —0.87 —1.21 —0.96 —1.00
Mn 68 d°s®—°S d%! 2.40 2.58 2.28 2.48 2.30 2.56 2.15
Fe °D d%*—°F d’s! 1.13 1.27 1.01 1.15 1.11 1.15 0.88
Co *F d’s*—F d%! 0.71 0.82 0.55 0.66 0.56 0.54 0.42
Ni 3F d8%—3D d%! 0.27 0.37 0.07 0.18 0.04 —0.09 —0.03
Cu °D d%s>— 28 d'%! —1.26 —1.21 —1.46 —1.42 —1.48 —1.43 —1.49

# Experimental data (J-averaged) from the NIST tables [24].
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————— CASPT2
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Fig. 3. The effect of freezing the 3s,3p core electrons. Errors in computed excitation
energies are shown (in eV). Solid lines: CCSD(T); dashed lines: CASPT2 (upper lines
with frozen core in both cases).

calculation leads to an increase of the excitation energies between 0.09 and
0.22 eV for the atoms Sc—Mn. For CASPT?2, the effect varies between 0.25 and
0.33 eV. The difference is of the order 0.1 eV. The behavior for the heavier atoms
is more irregular at the CASPT2 level. On the other hand are the CCSD(T) and
CASPT?2 results with the core frozen very similar, so it is clear that the difference
is due to the correlation of the 3s,3p electrons. The difference between the
CCSD(T) and CASPT?2 results is largest for Ti. The effect of correlating 3s,3p is
0.33 eV with CASPT?2 but only 0.20 eV with CCSD(T). In order to study this
closer, we performed a CASPT? calculation with also the 3p orbitals active. The
crucial 3p to 3d excitations are then treated variationally. The resulting excitation
energy was 0.79 eV. The effect of correlating the core is now 0.24 eV to be
compared to the CCSD(T) value 0.20 eV. It is thus clear that the CASPT2 method
will overestimate the core correlation for the early transition metals. The situation
is different for the atoms with more than five 3d-electrons (Fe—Cu). Here it seems
that CASPT2 underestimates the effect. Actually, for Co and Ni the correction
changes sign. This behavior indicates that the reason for the error is an
overestimate of the internal excitations from the 3p to the 3d shell. Such
excitations are not possible for the heavier elements. A closer look shows that the
interaction between the 3p and 3d shell is large. For example, the matrix element
between the ground state and a (3p)2 - (3d)2 excited state is 0.1 a.u.=2.7eV. Itis
possible that treating such large interactions using second-order perturbation
theory will give rise to larger errors even if the denominators are large. This would
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Table 6. Basis set dependence for the 'S d’s' —°D d*s? excitation energy (CASPT2) for
Cr, Mo, and W (eV)

Basis set Cr Mo w?

MB 1.74 1.69 —0.00
DZP(1f) 121 1.73 —0.29
TZP(2f1g) 1.28 1.66 —0.40
QZP(3f2g) 1.22 1.60 —0.34
Large® 1.21 1.57 —0.32
Expt 1.00 1.47 —0.19

? The basis sets for W have one extra f- and g-type function.
® The basis set is given in Table 1.

also explain why the trend is the same for second and third row atoms but with
smaller errors. Here, the interaction elements are smaller.

We finally show in Table 6 an example of the convergence of the results with
the basis set for the atoms Cr, Mo, and W. Basis sets of quadruple zeta quality give
results that are close to those obtained with the large basis sets given in Table 1.
This is a general result for all atoms. The convergence is somewhat irregular. The
basis sets have been generated with core correlation included. It is then not
obvious what new correlation effects are included when the basis set is extended
with a new set of ANOs. They are ordered after decreasing occupation number
and account simultaneously for core and valence correlation. Similar tables
are available for all atoms in the ANO-RCC basis set library of MOLCAS-6
(www.teokem.lu.se/molcas).

4. CONCLUSIONS

We have shown in this chapter what accuracy can be obtained in calculations of
excitation energies for transition metal atoms using the CCSD(T) and CASPT2
methods, respectively. The purpose of the study has not been to achieve very
accurate results for the atoms themselves. Instead, the interest is to calibrate
methods and basis sets for use in transition metal containing molecules. The
general result is that CCSD(T) and CASPT?2 give similar absolute errors with the
basis sets used here. The CASPT2 results also show that excitation energies,
which converge within 0.1 eV, are obtained with basis sets of triple zeta quality.
This result is quite general and many examples can be found in the ANO-RCC
library, also for low spin excitations and ionization energies [23].

The largest difference between the CCSD(T) and CASPT?2 results occurs for
the first row TMs with less than five 3d-electrons. Here, it seems that the
CASPT2 method will overestimate the contribution to the correlation energy
from the 3p electrons. As a result, CASPT2 gives too low energies for the high
spin d*s”>—d* " 's' excitations. The deviation from the CCSD(T) energies varies
between 0 and 0.2 eV. This does not mean that the CASPT2 error is this large
because CCSD(T) tends to give slightly too large excitation energies. The error
is smaller for the second and third row transition metals.
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Abstract

A systematic development of relativistic molecular Hamiltonians and various non-relativistic
approximations are presented. Our starting point is the Dirac one-fermion Hamiltonian in the
presence of an external electromagnetic field. The problems associated with generalizing ‘Dirac’s
one-fermion theory’ smoothly to more than one fermion are discussed. The description of
many-fermion systems within the framework of quantum electrodynamics (QED) will lead to
Hamiltonians which do not suffer from the problems associated with the direct extension of ‘Dirac’s
one-fermion theory’ to many-fermion system. An exhaustive discussion of the recent QED
developments in the relevant area is not presented, except for cursory remarks for completeness.
The non-relativistic form (NRF) of the many-electron relativistic Hamiltonian is developed as
the working Hamiltonian. It is used to extract operators for the observables, which represent the
response of a molecule to an external electromagnetic radiation field. In this study, our focus is
mainly on the operators which eventually were used to calculate the nuclear magnetic resonance
(NMR) chemical shifts and indirect nuclear spin—spin coupling constants.
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1. INTRODUCTION

Ever since the pioneering work of Ramsey [1] deriving the form of the nuclear
magnetic resonance (NMR) spin—spin coupling operators based on phenomenological
and electrostatic arguments laying the foundation for the numerous succeeding
computational work on NMR spin—spin coupling constant calculations, a systematic
derivation of the form of the NMR operators starting from the approximate relativistic
many-electron Hamiltonian has not been presented. Considering the invaluable
contribution that Ramsey’s early work made toward the success of NMR spin—spin
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calculations enjoy today, we believe that it would be an interesting exercise which
would benefit both experts as well as non-experts, to revisit the Ramsey’s derivation
starting from the approximate four-component many-electron relativistic Hamiltonian
and follow a systematic approach to arrive at a general form of the molecular
Hamiltonian suitable for electronic structure calculations.

2. DIRAC’S ONE-FERMION THEORY

The relativistic one-fermion equation in the free field presented by Dirac in 1928
[2,3] is usually written in the contravariant form, which illustrates the relativistic
equivalence of space and time in an elegant way

i%—‘f = [c(ot-P) + Bmc* |y (1)

where m and c are the rest mass of the particle and the velocity of light in atomic
units, respectively. Here, the bold face letters represent both matrices and vectors
interchangeably. The linear momentum operator P is given by

AT R R

The components of the oo and B operators are independent of space and time
coordinates and satisfy the anticommutator relationship

[a,ua uu]+ = 26/.w (/—"’ V= O’x’y’ Z) (3)

where we have used
B = oy “4)

and x, y and z are the three components of the spatial coordinate vector r. The
components of & and B operators in matrix representation are 4 X 4 matrices, and
are usually written in the form

[0 Gx] [0 cy] [0 GZ]
o, = o, = o, =
o, 0 c, 0 o, 0
I 0
B=oy=
0 —I

where ¢’s are the Pauli spin matrices [4]; I and 0 are the 2X2 unit and null
matrices, respectively. The Dirac spinor

)

d)l(ra t)
@y (1, 1)

=yY(r,t) = (6)
o $a(r.1)

¢4(ra t)
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is a function of spatial (r) and time (#) coordinates. Lengthy accounts of the
properties and physical interpretation of the Dirac equation can be found in
several standard textbooks [5—7], and will not be repeated here. However, some
important points will be addressed below.

The Dirac equation is invariant to Lorentz transformations [8], a necessary
requirement of a relativistic equation. In the limit of large quantum numbers
the Dirac equation reduces to the Klein—Gordon equation [9,10]. The time-
independent form of Dirac’s Hamiltonian is given by

[c(o-P) + Bmc?ly = Ey (7)

This can easily be derived from equation (1) by standard separation of variables
technique (the quantity E is the total energy of the system). Note that in the time-
independent Dirac equation the frame of reference is fixed. The energy spectrum
of the Dirac equation is unbounded both from above and below, and has both
positive and negative energy solutions. As an example, in the Dirac picture,
a free fermion has both a positive and negative continuum of energies, above
mc* and below —mc?, respectively. However, in the presence of an external
field, the Dirac equation has a discrete spectrum of bound state solutions for
values of the total energy E in the range of E <mc?, in addition to the continuum
states above mc® and below —mc? [11]. The presence of a negative continuum
of energies leads to conceptual difficulties: there is no ground-state energy as
in the case of non-relativistic theory, which suggests that the fermion may fall
into the negative continuum of energy and attain infinitely low energy. Dirac
circumvented this problem by redefining the vacuum state as the situation in
which all the negative energy states are fully occupied and all the positive
energy states are unoccupied. The Pauli exclusion principle prevents additional
fermions from occupying the fully occupied negative energy states. Excitation of
a fermion from the negative energy state to a positive energy state implies a
creation of a hole in the negative energy continuum and a particle in the positive
energy continuum. The negative energy solutions are then interpreted as solu-
tions for such hole particles having a positive charge, +e, positrons, while the
positive energy solutions are interpreted as solutions for particles having an
equal magnitude but opposite charge to the hole particles, —e, electrons.
However, this interpretation is not free of problems either. One has to deal with
the interaction of fermions with the background charge of an infinite ‘sea of
fermions’. This leads to infinities in the actual calculation of electron properties.
On the other hand, Dirac’s hypothesis does not apply to spinless particles, which
do not obey the Pauli principle but which do have negative energy solutions. The
problem was ultimately solved by renormalized quantum electrodynamics
(QED) introduced in the late 1940s by Feynman, Dyson, Schwinger, Tomonaga
and others [12-16].

In the presence of an external electromagnetic radiation field the Dirac equation
for a fermion takes the form

i)
[z@ - qqs} ¥ = [c(o-IT) + Bmc* 1y (8)
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where g is the charge of the fermion, ¢ = ¢(r,?) is the scalar potential and IT is the
modified canonical momentum of the fermion. The modified canonical
momentum is given by

m=p—7a )
C

where A=A(r,f) is the vector potential. Thus, the introduction of coupling
between particles and the radiation field corresponds to the substitution (P —
%A) in equation (1) instead of P, a relation which is often referred to as the
principle of minimal electromagnetic coupling. This relationship can be
derived rigorously using QED [17]. The attractive features of the free field
Dirac Hamiltonian remain intact in the external electromagnetic radiation field
Dirac equation. Alternatively, we can write the time-independent form of
equation (8),

[hp + Vel = hp ey = EY (10)

where, hD=[c(a-P)+Bmc2] and Vo =¢g[¢l—(a-A)], in which the external,
field-dependent terms are grouped in V. and I is the identity operator. As we
will see later, the external electromagnetic field Dirac one-fermion equation as
written in equation (10) is more convenient for the discussion of many-fermion
relativistic Hamiltonians.

It is also common in the literature to write the time-independent Dirac equation
in terms of Pauli-spin matrices

2 I 11
) o
co-TI (—mc? + gp)1 ) \ ¥s Vs
Pi(x,1)
YL = 8
¢2(rat)

P5(r, 1)
Ys = ( 8 )

¢4 (ra t)
are historically known as ‘large’ and ‘small’ components. They also are
referred to as positive and negative energy components. The largest term in the
Dirac Hamiltonian (equation (10)) is mc?, the rest mass energy of the fermion.
It will be useful to know an estimate of the magnitude of the other terms
relative to this term. The order of magnitude of each of the other terms in the
Hamiltonian, co-P, g¢ and gco-A, can be expressed as mc’e”, based on the
magnitude of each of them in the ground state hydrogen atom [5]. As an
example, the electron velocity (u#) in the first Bohr radius is ca and the first

Bohr radius (ag) is given by 1/mc?a?. Thus, classically: cot-P~mecu=mc’a,

Here,

and
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q¢ ~ 1/ay=mc*o* and gco-A ~ ul/c’ay= mc*o’. Here « is the fine structure
constant. The magnitude of the electric and magnetic field experienced by an
electron in the first Bohr radius is much larger than the external electric or
magnetic fields commonly encountered in the laboratory [5]. Hence, these
qualitative estimates will not be altered materially in the presence of an applied
external field. It will be seen later that the order of magnitude of any term
arising in the relativistic many-fermion Hamiltonian can be estimated from
these results as well as the order of magnitude of each term in the equivalent
two-component form expanded in a power series.

So far our discussion is limited to a single fermion in the free field or in the
presence of an electromagnetic radiation field. In the following section, we will
generalize the discussion to relativistic many-fermion Hamiltonians.

2.1. Relativistic many-fermion Hamiltonians

Dirac’s equation cannot be extended directly to many-fermion systems. The
many-fermion Hamiltonians should be derived from first principles (QED).
However, QED treatments of interacting many-fermion systems do not auto-
matically lead to an eigenvalue problem. An eigenvalue problem has to be
extracted from a perturbation expansion derived by QED for the frequency of the
emitted radiation from a system. There is no universally accepted scheme for this
process and consequently there is no unique, multi-purpose relativistic many-
fermion Hamiltonian, but the Hamiltonians we are looking for should instead be
‘reasonable’. To be ‘reasonable’, we would like our many-fermion relativistic
Hamiltonian (H) to satisfy criteria which are vital or desirable. The proper
Hamiltonians should be based on sound theoretical concepts and should be
amenable to systematic improvements. In the non-interacting limit they should be
exact (i.e., reduce to a sum of independent external electromagnetic field
Dirac Hamiltonians). Relativistic many-fermion Hamiltonians H can be regarded
as linear Hermitian operators which act on configuration state functions (CS),
W=WW(r,r,,...,r'y,?) the multi-Dirac spinors, in the Hilbert space which refers
to a definite number N (N>0) of fermions. Here, the r; (i=1,2,...,N) are
the position vector and the Dirac spin matrix of the ith particle. Moreover, the
eigenvalue problem

HY = EW (12)

should have normalizable solutions, which can be associated with the energy
levels of an N electron atomic or molecular system. An extensive list of criteria
can be found in Ref. [18], and will not be repeated here.

The Dirac—Breit—Coulomb (DBC) Hamiltonian (Hppc) is a good starting point
for a discussion of many-fermion' relativistic Hamiltonians, not only because of
its historical importance and widespread use in molecular relativistic calculations
(in spite of its known failures) but also as an excellent example of a disastrous

! The original form of the DBC Hamiltonian was proposed for molecules. Here, we use it for general many-fermion systems.
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failure of an attempt to directly extend a relativistic ‘one-fermion theory’ to a
relativistic ‘many-fermion theory’ without sound theoretical justification. It has
the form

GII‘ N N
i = {;[hDa) + Ve (D] + ;Vim@j)}lv =HpscW  (13)
or for stationary states,
Hppc W = EW (14)
where hp(7),
hp (i) = [c(o; ) + Bymic’] (15)

is the free field Dirac Hamiltonian for the ith particle and V., (i),
Vexi(D) = qi[1 — (o A))] (16)

is the external radiation field effects acting on the ith particle and Vj,(i,j),
represents the particle—particle interactions. Note that the first part of the
DBC Hamiltonian (equation (13)) is a sum of external field one-particle Dirac
Hamiltonians. In the DBC Hamiltonian, the particle—particle interaction effects
are approximated by an instantaneous Coulombic and Breit interaction [19],

.. q:9;(1 + By)
Vil’lt(l7]) =V (17)
|r; — rjl
where By,
1 (ot; - r;)(ot; 1))

ij

both of which are on the order of magnitude mc*a” in a molecular environment.
The complete interaction cannot be written in a closed form but has to be obtained
by (diagrammatic) perturbation theory. The Coulomb and the Breit interaction
terms are the first two terms of an infinite series and the DBC Hamiltonian as
written in equation (13) is only an approximation (not a closed form equation).
The original derivation of the Breit interaction was based on the classical
magnetic dipole interactions of moving charged particles [19]. Since then it has
been rederived using QED arguments [11]. The higher order (>>mc2a4) terms in
the series arise from the retarded interactions of particles via transverse virtual
photons and, in principle, may be obtained to any order of accuracy based on
QED arguments. The DBC Hamiltonian is not Lorentz invariant, but it can be
systematically improved to any order and eventually in the limit it becomes
Lorentz invariant. As we can see from equation (13), in the absence of particle—
particle interactions the DBC Hamiltonian reduces to a sum of independent
one-particle external radiation field Dirac equations. The DBC Hamiltonian is
correct through order mc*a* and it can be shown that it is independent of the origin
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of the coordinate system chosen to represent the electromagnetic potentials
(gauge-origin invariant) [5].

At this point it is interesting to discuss the solutions of the DBC Hamiltonian
briefly. As Brown and Ravenhall pointed out in 1951 [20], the DBC Hamiltonian
does not have bound state solutions. To illustrate this point, let us consider the
stationary state DBC Hamiltonian of two non-interacting fermions in an external
potential given by

2 2
{Z[hw‘) + Vext(m}lvo = {Zhn,exta‘)}ﬁ' = EW (19)

i=1 i=1

As noted earlier, for each particle i, there is a discrete spectrum of positive
energy bound states and positive and negative energy continuum states. Let us
consider a product wave function of the form W = y;(1)y,(2), a normalizable
stationary bound-state eigenfunction of

2
> hp (i) (20)
i=1

with energy

2
E =Y &)
i=1
Here, y,(i) for each i, are normalizable stationary state eigenfunctions of

hp e ¥i()) = (Y1) i =1,2 1)

To any bound state solution with energy E, we can associate an infinite number of
states, one in the positive energy continuum and the other in the negative energy
continuum having the same £ as the combined energy. As we turn on the particle—
particle interaction, states from the negative energy continuum can mix with
the positive energy continuum states so that their combined energy equal to E.
This will add large contributions to the bound state wave function and extend it to
infinite distances or dissolve into the continuum. This phenomenon is commonly
known as ‘Brown and Ravenhall disease’ or ‘continuum dissolution’ (CD) [20].
As a consequence of the presence of negative energy continuum states, the positive
energy bound state solutions of interest are highly excited, and the electrons that
occupy the positive energy bound states can be excited to positive and negative
energy continuum states. Thus, it can be easily shown by using perturbation theory
arguments, following Sucher [18], that the first-order correction to the bound state
wave function is not normalizable. However, it is important to note that the zeroth-
order state is highly excited and for such a zeroth-order state, perturbation theory
arguments break down. A solvable model problem has also been used to
demonstrate the point in question, without relying on perturbation theory [21].
Obviously, the CD is related to the existence of unfilled negative energy
(including rest mass energy) states, but arises only because fermions are
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interacting with each other regardless of the mechanism of interaction. In the one-
fermion case, Dirac conceptually avoided this problem by assuming completely
filled negative energy states commonly known as Dirac’s ‘hole theory’ but there
is nothing explicitly in the Dirac equation itself to enforce this constraint. As noted
earlier, the DBC Hamiltonian is not derived from first principles; it is merely
an intuitive extension of Dirac’s ‘one-fermion’ theory to many fermions. Hence,
the DBC Hamiltonian does not incorporate the physical ideas of Dirac’s ‘hole
theory’ in which the Pauli exclusion principle prevents transitions to filled
negative energy states. This dilemma calls for the derivation of many-fermion
Hamiltonians from QED, the mathematical formulation of the Dirac’s ‘hole
theory’ which incorporates these ideas from the outset. As we will see later, such a
derivation provides many-fermion Hamiltonians which are amenable to system-
atic improvements and do not suffer from CD.

The Dirac—Hartree—Fock (DHF) equation has been derived starting from
the DBC Hamiltonian following similar arguments as was done in deriving its
non-relativistic analogue, the Hartree-Fock (HF) equation [22-24]. The DHF
equation has been severely numerically tested over the last few decades, and
proven to be useful in a qualitative, and often quantitative, understanding of
atomic structure and spectra of relativistic atoms, especially those involving
inner-shell ionization in heavy atoms. It is not surprising that the DHF equation
has bound state solutions, since the DHF equation is a one-body equation, which
does not suffer from CD. However, CD undermines the interpretation of these
solutions, because the exact wave function for which the DHF wave function is
supposed to be an approximation does not exist. Any attempt to improve upon the
DHEF solutions by including electron correlation effects proved to be a dismal
failure [25,26], just as one would expect since the DBC Hamiltonian does not have
bound state solutions.

Apparently, a large number of successful relativistic configuration-interaction
(RCI) and multi-reference Dirac—Hartree—Fock (MRDHF) calculations [27]
reported over the last two decades are ‘supposedly’ based on the DBC Hamilto-
nian. This apparent success seems to contradict the earlier claims of the CD.
As shown by Sucher [18,28], in fact the RCI and MRDHEF calculations are not
based on the DBC Hamiltonian, but on an approximation to a more fundamental
Hamiltonian based on QED which does not suffer from the CD. At this point,
let us defer further discussion until we review the many-fermion Hamiltonians
derived from QED.

The underlying relativistic Hamiltonian for many-fermion systems is the
Hamiltonian for QED, Hggp. It acts on wave functions in Fock space and is
capable of describing systems involving an arbitrarily large number of electrons,
positrons and photons. Hogp conserves only the total charge of the system, not
the total number of electrons, positrons or photons. Irrespective of a particular
partitioning, Hgogp will always have terms which couple different sectors of the
Fock space with the same total electric charge but with different number of
electrons, positrons and photons. The Fock-space wave function is an infinite-
order column matrix, consists of electrons, positrons and photons consistent
with the total charge and quantum numbers of the system [29]. For example, the
Fock-space wave function for an electron consists of a one-electron wave



A Reinvestigation of Ramsey’s Theory of NMR Coupling 443

function, a one-electron and one-photon function, a one electron and electron—
positron pair function, etc. The individual elements of the Fock-space wave
function in a particular sector (Hilbert space) satisfy a set of infinite coupled linear
partial differential equations and can be used to extract the form of the Fock-space
wave function for the photons and electrons [29].

The first rigorous derivation of such a relativistic Hamiltonian for a two-
fermion system that makes use of Feynman [13,14] formalism of QED was due to
Bethe and Salpeter [30,31]. Recently, Broyles has extended it to many-electron
atoms and molecules [32]. A detailed account of Broyle’s derivation can be found
elsewhere [32,33] and will not be repeated here. Following Broyles, the stationary
state many-fermion Hamiltonian based on QED can be written as

N
{ Z hD,ext(i) +
i=1

where A, 4 are the projection operator into the positive and negative energy states
of hp ¢« namely

N

N
HAk+ — (=" H Ay
k=1

k=1

> Vim<i,j>}llf =EW (22)

i<j

1
Aptik) = 5 (p* + m») " [(p* + m®)"? L hp o |y (k) (23)

where (k) is an eigenfunction of hp 4. As we can see from equation (22),
the form of the QED Hamiltonian is identical to that of the DBC Hamiltonian
given in equation (13) except for the presence of projection operators. For
potentials (Vj,(i,/)) which involve only pairwise interactions, Broyles has shown
that the bound state wave functions of equation (22) separate into two compo-
nents. This in mathematical terms can be written as

N N
W +W_ = |[[A — DY ][A- | (24)
k=1 k=1

and consequently in no case does the wave function have a mixture of both
positive and negative energy solutions. The positive and negative energy solutions
correspond to two different equations. It is the presence of projection operators,
which decouple the positive and negative energy states, that actually prevents
the QED Hamiltonian from CD. As Broyles stated, if more than two-body inter-
actions are present, this separation into two components still may hold, but in that
case a more elaborate proof is required. The no-pair Hamiltonian derived from
QED principles [26] is equivalent to the Broyles Hamiltonian. It may be obtained
in a more simple and transparent manner, without invoking the perturbational
four-dimensional machinery associated with Broyles or Bethe and Salpeter’s
derivation. However, it should be noted that this derivation is less rigorous. In the
Coulomb gauge Hggp can be written in the form

HQED = Hmat + Hrad + HT (25)

where H,,,, is the external field Hamiltonian for the particles (electrons and
positrons) in terms of the quantized Dirac field, the H,,4 is the free Hamiltonian
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for the radiation in terms of the quantized radiation field, and Hy is the
Hamiltonian for the interaction of particles with the quantized transverse radiation
field. The interaction term Hrt is assumed to be small and is usually treated by
perturbation theory. We can define a set of electron and positron creation and
annihilation operators in terms of the solutions of the external field Dirac equation
(equation (10)) or the free field Dirac equation (equation (7)). The two choices
correspond to different definitions of creation and annihilation operators and
hence lead to different ‘no-pair’ Hamiltonians. Expansion the quantized Dirac and
the radiation field in terms of electron and positron field operators defined in terms
of solution of the external field Dirac equation as in the Furry bound state picture
or in terms of solution of the free field Dirac equation as in the free picture leads to
analytical expressions for H,,,;, H;.q and Hy presented by Sucher [18,26,28]. The
major difficulty with the operator H,,,, is that it does not conserve the number of
particles. However, it is possible to split off from H,,,; a ‘pair part’ which involves
the creation or destruction of virtual electron—positron pairs and which can in
many cases be treated as perturbations, along with Hy. The remaining part, the
‘no-pair part’, then has a fixed number of electrons and positrons (commute with
electron and positron number operators) so that the eigenvalue problem it poses is
equivalent to the problem of solving for the relativistic many-fermion wave
equation. Thus, we can write

= HP, + H (26)

mat mat mat

H

The definition of the “pair’ part or, equivalently the ‘no-pair part’ of H,,, is not
unique. The precise meaning of ‘no-pair’ implicitly depends on the choice of
external potential, so that the operator H;, depends implicitly on the external
potential, whereas the sum H,,,, = Hy, + Hbo\ is independent of the choice of
external potential. Since the no-pair part conserves the number of particles
(electrons, positrons and photons) we can look for eigenstates W of H;b in the
sector of Fock space with N fermions and no photons or positrons. Following
Sucher [18,26,28], the resulting no-pair Hamiltonian in configuration space can be
written as

N N N N
{ hp, e (i) + ] [ Lt (k) (Z Vim(i,ﬂ) 1T Lk+(k)}11f =EW  (27)
i=1 k=1 k=1

i i<j

where the positive energy projection operators are defined in terms of positive
energy eigenfunctions ¥ (k) of hp., (both discrete and continuous) or hp
(continuous) such that

Liy = Wes (O)s (0] (28)
k

Depending on the choice of ¥, (k); eigenfunctions of the external field Dirac
equation hp ¢4, or the free field Dirac equation hp, equation (27) represents the
Furry bound state molecular Hamiltonian or the free molecular Hamiltonian.
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2.2. The non-relativistic form of the molecular relativistic Hamiltonian

Instead of a two-component equation as in the non-relativistic case, for fully
relativistic calculations one has to solve a four-component equation. Concep-
tually, fully relativistic calculations are no more complicated than non-relativistic
calculations, but they are computationally demanding, in particular, for correlated
molecular relativistic calculations. Unless taken care of at the outset, spurious
solutions can occur in variational four-component relativistic calculations. In
practice, this problem is handled by employing kinetically balanced basis sets.
The kinetic balance relation is

1

Vs = — e o Py, (29)
mc

This relation becomes exact only in the non-relativistic limit (NRL). If a basis set
is chosen in which the small and large components do not fulfill this condition,
convergence to the NRL upon enlarging the value of c is not possible. Such a lack
of balance between the large and small components manifests itself by giving too
small a value for the kinetic energy in that limit. Consequently, two different
atomic orbital basis functions for the large and small components are required.
This results in large storage requirements and expensive two electron integral
evaluation. However, Dirac Hartree—Fock (DHF) (four component) calculations
of atoms and simple diatomics are routine today and correlated fully relativistic
molecular calculations are rapidly emerging [27].

An attractive alternative is to use a two-component equation derived from a
decoupling of the ‘large’ and ‘small’ components of the four-component equation.
By decoupling of the ‘large’ and ‘small’ components (equivalently positive
and negative solutions) the Dirac equation would in effect be reduced to the
non-relativistic form (NRF). Furthermore, the decoupling would allow us to focus
on a particular component, basically the positive energy component, since the
processes that we are interested in studying does not involve positrons or
positron—electron pair creation. At least in principle, the decoupled equations can
be expanded in terms of powers of & which in turn can be used to obtain the NRL
by taking the limit « —O.

First, we consider the NRF and NRL of the one-electron external field Dirac
equation. Before we continue any further, let us rewrite the equation (11), for a
fermion in an external radiation field

) | co- 11
hpexi¥ = 5 Y =EYy (30)
co-II  (—2mc” + g¢)I

(n
w—<%>,

where,
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(yly)=TI and y; and Y are the large and small component, respectively. Note,
that equation (30) is written for stationary states and also the whole energy
spectrum is shifted by —mc?, so that a direct comparison with the non-relativistic
result is feasible. It is important to note that decomposition into small and large
components is strictly valid only for the one-electron case.

Since the introduction of the Dirac equation [2,3], there have been numerous
studies on the problem of decoupling it into a two-component equation and its
NRL. The problem is that the Dirac equation does not have an obvious NRF or
NRL. In order to write the Dirac equation in NRF or to establish the NRL one
must first manipulate the Dirac equation. A recent review by Kutzelnigg [34,35]
gives a detailed exposition of various approaches and the difficulties that arise
in the form of divergent terms and singularities. In these approaches, usually,
one first derives an effective Hamiltonian which acts on two-component wave
functions and which is supposed to have the same eigenvalues as the original
four-component Hamiltonian, before one takes the NRL or formulates a pertur-
bation series in terms of a>. We can classify all of these approaches into three
broad categories.

First, the method for the large component of the Dirac spinor. In this category,
the elimination of the small component (ESC) is the simplest and most straight-
forward [36]. It simply involves an elimination of the ‘small’ component in order
to derive a Hamiltonian for the ‘large’ component. The resulting Hamiltonian is
Hermitian, energy-dependent and acts on two-component spinors. Its eigenfunc-
tions are identical to the large component ¥ of the Dirac spinor y. In the second
category, the Foldy—Wouthuysen (FW) or related transformations convert the
Hamiltonian in equation (30) into a block diagonal form by a unitary transfor-
mation [37]. This results in an energy-independent, Hermitian Hamiltonian which
acts on a two-component spinor, but the eigenfunctions of this Hamiltonian are
no longer the large component of the Dirac spinor. The methods in the third
category leave the four-component form of the equation intact, but treat the
positive and negative energy states differently by different choices of the metric.
They can be derived from the direct perturbation theory (DPT) approach of
Kutzelnigg [34]. In the following discussion, all of the above three categories are
presented as special cases of the general theory of effective Hamiltonians [38].
This procedure will help us to identify elements common in each method,
problems, and possible solutions.

Let us rewrite the Dirac equation (equation (30)), with an added arbitrary real
parameter z,

((qu + 2)I co-I1
hy =

) )w =E+y G
co-Il  [2mc” + (gp + )1

where the use of z will become clear later on. Now, consider an arbitrary but non-
singular transformation U, as yet unspecified, of the old basis y, into a new basis
¥, such that = U"'y. Then equation (31) becomes

U'hU)U 'y = EUTU)U 'y (32)
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Let us define a transformed Hamiltonian as h,

5 . h;, h
h=Unhu=| " " (33)
h21 h22
and define the metric S,
S=U'U (34)

and rewrite equation (32),
hU 'y = ESU 'y (35)

As we can see from equation (35), v is an_eigenfunction of the transformed
Hamiltonian h with the normalization (¥|S|y) and the eigenvalues remain un-
changed. Basically this implies that instead of diagonalizing the full Hamiltonian
for the whole energy spectrum, one can diagonalize the effective Hamiltonian to
obtain a subset of eigenvalues. The form of U needs to be determined such that
both h and S are block diagonal. The transformed Hamiltonian is Hermitian, but in
general corresponds to a non-unit metric. Alternatively, we may use a similarity
transformation

U Thu)U 'y = EU 1y (36)

and define a similarity transformation h, h=U"'hU which does not involve a
metric. The similarity transformed Hamiltonian is not necessarily Hermitian,
but a Hermitian effective Hamiltonian can be derived from it by an additional
transformation commonly known by the name des Cloizeaux [39]. When U is
chosen to be unitary, the similarity transformed Hamiltonian is automatically
Hermitian and the unitary similarity transformations are commonly known in the
literature as Hermitian similarity transformations.

The FW transformation is in effect equivalent to a Hermitian similarity trans-
formation. Following van Lenthe et al. [40], we can parameterize the unitary
transformation U, as follows

U ( I+ XX)"1”2 (I+XTX)—1’2XT>

) (37)
—X@X+XXH™" @+ xxH?

Here, X is to be determined by imposing that the resulting transformed Dirac

Hamiltonian is block diagonal. It is fairly easy to see that this leads to an equation

for X

X(z) = (cXo-IIX — co-II + [(g¢ + 2L, X]) (38)

2mc?
and the effective Hamiltonian h;; and wave function t,beff

hy T = [A + XX ((g¢ + I — co-PX)A + XTX) 2yt

= (E + 7yt (39)
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The FW Hamiltonian h™V,
VY = (1 4+ XTX)"2(g¢I — co-PX)A + X' X) 2 = By (40)

follows directly from equations (38) and (39) by putting the arbitrary parameter z
to zero. Here, y*" is the FW two-component wave function. As we can see from
equation (40), the FW Hamiltonian is energy independent and Hermitian. It is
also important to note that the Hermiticity of h™ is guaranteed only for exact X.
Now, we can write the FW wave function in terms of the solutions of the original
Dirac Hamiltonian. Since
l//FW
0

is an eigenfunction of the similarity transformed Hamiltonian, one can write

Yy (XTI XTI (g @)
0 XT+XxH™" @+ xxH7? Vs

We can use the equation (41), to write an expression for wa, in terms of Yy as
Y =+ XXy (42)

As we can see, the FW two-component wave function is not the large component
of the Dirac spinor, but it is related to it by an expression involving X. Consider a
similarity transformation based on U parameterized as

(1 0) . (1 0)
U= U = (43)
X 1 X I

In this case, X is to be determined by requiring that the off-diagonal blocks of the
resulting transformed Dirac Hamiltonian vanishes. It can be shown that the equa-
tion for X is identical to the one we obtained in the case of a unitary transfor-
mation as given in equation (38). In this case, the effective Hamiltonian hy; and
wave function ¢, can be written as

hy " = [((g¢ + DI — co PXIY = (E + 9" (44)
The ESC Hamiltonian is obtained by substituting z= — E in equation (44)
hESCYESC — (401 — co- PX)YESC = EyBSC (45)

Similar to the FW case, one can write

(o )= DE)

resulting in 55=1; . That is, in contrast to the FW Hamiltonian, the large
component of the Dirac spinor is an eigenfunction of the two-component ESC
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Hamiltonian. Let us rewrite equation (38) when z= — E and rearrange to obtain

<1 O _f)x = [Xo IX —co Il —X(gp —BY  (47)
2mc 2mc

Rearranging equation (45) we get

(g9 — EW™C = co-PXyHC (48)

Multiply equation (48) on left by X. Then, the result is true for all =5, we can

substitute for X(g¢ — E)I in equation (47) to get a simplified expression for X,

(1 B (q;ﬁm—czE)>X _ —co-II _ —cko 11 49)

where k= (1 — (q¢p — E)2mc*)~'. Now substitute for X in equation (45) to get the
ESC Hamiltonian h®5¢

(6-IDk(c-II)
2

As seen from equation (50), the ESC Hamiltonian is energy dependent and
Hermitian. For a fixed value of E, the ESC Hamiltonian can be diagonalized and the
resulting solutions, in principle, form a complete orthonormal set. The eigen-
functions of h®5¢ are identical to the large component of the Dirac spinor. When
z=0, equations (38) and (44) give us the similarity transformed Hamiltonian ST

by = (g¢I — co-PX)y (51)

Note that the h®" is non-Hermitian and energy independent. Moreover, the large
component of the Dirac spinor is an eigenfunction of h®'. The Hamiltonians
h5T and h®5C are equivalent insofar as they have the same eigenvalues and
eigenfunctions. They are indeed grouped together as derived from the methods for
large components. The des Cloizeaux [39] transformation of hST will give us a
Hermitian similarity transformed Hamiltonian which is identical to the FW
Hamiltonian given in equation (40).

So far our derivations leading to the FW, ESC and ST Hamiltonians are
formally rigorous. However, to be useful, the FW, ESC and ST Hamiltonians
given in equations (40), (50) and (51) need to be rewritten with appropriate X
given in equation (38). Conveniently, we can solve for X by iterating equation
(38) with the outcome an expansion in terms of o:

3 3
6Tl — 2 [4oL, 6T + ~— (6 T)(o-M)(o-T) +--  (52)
dm 8m

hCy, = [qd)l + Y = EyL (50)

o
2m
Now, substituting for X in equation (40) we get the FW or equivalent Hermitian
similarity transformed Hamiltonian which is an expansion in terms of o

FW 1 2 o? b, o
™ =q¢+- (o 1l) —< (oI + o5 [(a-10). [g¢. (c-ID)]]
m 8m 8m

X =—

+ (Q(mc2 a6) (53)
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and the corresponding wave function

2
VAR +4“—mz<c-n>2¢L 4o (54)

Here, order of magnitude of the terms in the expansion belng determined on the
basis of orders of magnitude of ¢ ~mcza and o-TI~mc*a®. We only retain the
terms up to order of magnitude mc*a* or simply speaking expand through first
order in . Higher order terms quickly become cumbersome to evaluate. How-
ever, this is not a serious disadvantage, since higher order corrections are not very
often observed to be important at present. In addition, at higher orders radiative
corrections become important and QED treatments become essential.

In case of the Coulomb potential (¢ % 1/|r|, where r is the position vector of the
fermion with respect to an arbitrary origin) commutators such as [¢,(c- 1)’
would give us terms which are proportional to 1/|[r"| (here n is an integer greater
than 1) in the expansion for h*W in equation (53). When such operators act on
well-behaved wave functions they may give terms which are proportlonal to 1/|r|,
and singular when |r| — 0. Terms such as (o IT)* in the expansion lead to a hlgher
order differential equations and there may not be enough constraints in the
problem to find quantized solutions. These terms also become very large for the
particles with higher momentum and for such cases the above expansion is not
justified. Similar problems arise in the FW wave function too. As shown in
equation (54), the FW wave function can also be written as an expansion in o in
terms of the large component of the Dirac spinor which is a well-behaved
function. For Coulomb potentials, as in the case for the Hamiltonian, there will
be terms in the expansion which are proportional to (1/(|r"|))yy. (n is a positive
integer). This clearly shows that the FW wave function truncated at some finite
order in & can be divergent. The zeroth-order wave function is, of course, well
behaved. In conclusion, the perturbation expansion in equation (53) is not valid
for Coulomb potentials for small values of r.

As shown by Chang, Pelissier and Durand (CPD) [41] a regular expansion, how-
ever, can be deduced by isolating the Coulomb singularity by infinite summations.
Let us rewrite the equation (38), when z=0

q¢ _ 1
(1 — 2mc2>X = I [Xo-TIX — co- 11 — Xg¢],
f

2mc?

(55)

X = [Xo-TIX — co-IT — Xg¢]

where f=(1— (q¢/2mc2))_1. An iterative solution of equation (55) leads to a
regular expansion for X in terms of f

2 2 2.3
2 s -L % (o mgp — L2 (o e Mfe )+ (56

It is clear from equation (56), that the CPD expansion is free from potentially
problematic commutators in FW or ESC. Now, substituting for X in equation (40)
we get an expansion similar to the one given in equation (53). Although the CPD

X =
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expansion is free from Coulombic singularities, it is divergent for particles with
large momenta and should in principle only be used for slow moving particles.
Application of CPD or related expansions to atomic and molecular relativistic
calculations have been reported [40,42,43].

As we can see from equation (49), in the case of ESC the express1on for X is
much simpler and iterative solution gives an expansion in terms of o

11 —E)o 11 — EyY’c-1I
x—_onm  _—-—Eoll 5 (49 );6 L4
2m 4m? 8m

(57)

This expansion is valid only when (g¢ — E) <2mc>. For the Coulomb potentials
when |r| =0 this assumption breaks down and the expansion is unjustified.
Clearly, the expansion above is valid only for regular potentials such that the
classical velocity of the particle is everywhere small compared to the velocity of
light. On the assumptlon that such an expansion is Justlﬁed substitution in
equation (50) gives the ESC Hamiltonian as an expansion of o

ESC _ (c-I)* | (o-I)(g¢p —E)o-II) ,
h = q¢l + m + ) o

+ (o-1D)(q¢ —3E)2(6'H) e
8m

(58)

The ESC Hamiltonian is energy dependent and not very useful for higher
orders. The FW Hamiltonian (equation (53)) or identical Hermitian similarity
transformed Hamiltonian truncated at order o gives the widely used Pauli
Ham11t0n1an The resulting Hamiltonian has terms up to order of magnitude
mc?o* as one can see from equation (53), since the order of magnitude of both
g¢ and o-II are proportional to mc?a”. The Pauli Hamiltonian can also be
derived from truncating the ESC Hamiltonian equation (58), at order o’. The
Pauli Hamiltonian often regarded as a Vahd approximation to the exact FW
Hamiltonian (not expanded in powers of o%). However, as we have already seen
in the previous analysis, the expans1on of the FW Hamiltonian in terms of o? is
singular for small |r| and in fact the Pauli Hamiltonian is a very poor
approximation to the exact FW Hamiltonian in this region. Consequently, an
assessment of the accuracy of the Pauli Hamiltonian is necessary before it can be
used in electronic structure calculations. This is usually done by comparison of
the numerical results obtained by using the Pauli form with the full four-
component relativistic calculations.

However, it is more appropriate to provide theoretical justifications for such
use. In this respect, first, we introduce the third category of decoupling of positive
and negative states commonly known as the ‘direct perturbation theory’. This
approach does not suffer from the singularity problems described previously.
However, the four-component form of the Dirac equation remains intact. The
new Hamiltonian requires identical computational effort as for the Dirac equation
itself, hence it is not an attractive alternative to the Dirac equation. However, it is
useful to assess the accuracy of approximate two-component forms derived
from the Dirac equation such as Pauli Hamiltonian. Consider the transformation
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I 0
U= (59)
0 1
and corresponding metric S

. I 0
S=U0'U= (60)
0 ¢

matrix U

and the transformed wave function /

- YL I 0 YL
= = 61
v <w> (0 cI)(%) ob

Next, use the general transformation defined in equation (32), since we have a
non-zero metric. Substituting for UT, U and S in equation (32) with z=0 yields

gopl  o-11 +1 0 0 YL
oIl —2m) A\0 g1 )|\ cys
I 0 0 0
o) sl) e
0 0/\eys) Alo 1)\ cys

Hence, the NRL of the Dirac equation with c-dependent metric is

(o () bo)() e
oIl —2m cys 00 cys

This non-relativistic equation in terms of four-component spinors has been studied
in detail by Lévy-Leblond [44,45], who has shown that it results automatically
from a study of the irreducible representations of the Galilei group and that it gives
a correct description of spin. It is easy to see that in the absence of an external
magnetic field, equation (63) is equivalent to the Schrodinger equation in the
sense that after elimination of the ‘small component’

c-Py
qpyL +coPYs =By, Y5 =— (64)
mc
we get the Schrodinger equation
(c-P)
gpvr +C N~y ©9)

Assuming 1/c? as the perturbation parameter the first-order energy can be written as

(0) 0 0 (0)
o= (Lo )(e woemn)(Se)) @
vy JINO (99 —EL) |\ ey’
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or in two-component form

EV(DPT) =< 02 !( ¢ —EM| S~ ¢<°)> (67)
We can use the relation

{M + q¢} W) = EO g 68)

2m
(0) >
L

to rewrite equation (67)

ED(DPT) = < (Lo) 62,,11-[ <q¢ _ (c-I)(c-1D) —q¢)

2m
_ < 0)
L

g(c- M¢(c-I)  (o-I)*

(0) >
L

4m? 8m3 N 4m?
= (YO [nPPP |y ) (69)

where

poro _ 4(0-Ih¢(o-T) _ (o ) _ g(c-TI)’¢
! 4m? 8m> 4m?
Similarly, the first-order energy obtained from the Pauli Hamiltonian given in
equation (53) can be written as
(0)>
L

= (WO Y [y (70)

g(c- g(c-M) (o-I)* gl(c T, 4],
4m? 8m3 8m?

EV(FW) = < O

where

v _ 40 (eI (oI gi(o T ¢l
! 4m? 8m? 8m? '

The hP*P is a non-Hermitian operator. Noting that the expectation value of a real
non-Hermitian operator is equal to the expectation value of its Hermitian part, the
equivalence of the two first-order energies is obvious. The difference in two
Hamiltonians

FW DPD

hi" —hj

Z [(c-T1)%, 4]
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is responsible for the singularities in '™ higher orders of perturbation theory. But
as shown above this fact does not affect the first-order energy in equation (70).

So far our discussion of the NRF and the NRL of the relativistic
Hamiltonians has been limited to the one-fermion external field Dirac equation.
For the many-fermion case the picture is not so simple. For example, in the case
of two fermions, the wave function has 16 components: four components
representing both particles having positive energy states, another eight
components representing one particle having positive energy states and the
other particle having negative energy states and the other four components
representing both particles having negative energy states. Consequently, we
cannot decompose the full wave function into two group of components, one
having only positive energy states and the other having only negative energy
states or equivalently, we cannot write the many-fermion Hamiltonian in the
form given in equation (30) contrary to what has been done in the literature in
some occasions [46]. The decoupling of positive energy components from
negative and mixed (both positive and negative) components to establish the
NRF or NRL of many-fermion Hamiltonian is conceptually similar to the one-
fermion case but the mathematics involved is laborious. The two-fermion
problem is manageable but tedious.

Consequently, we have to adopt an intelligent, and at the same time accurate,
scheme to obtain the NRF of the many-electron Hamiltonian. Two such schemes
have been used in the literature. The first one involves a rigorous derivation of
the NRF of the two-fermion DBC Hamiltonian and directly extends the resulting
non-relativistic Hamiltonian to many-fermion systems. The advantage of this
scheme is that the order of each term in terms of mc?a” (n is a positive integer)
can be determined without any ambiguities. However, the physical significance of
the individual terms is not quite clear from the way they are derived. In the other
scheme, the NRF of the one-fermion Hamiltonian (equation (53)) is extended
directly to the many-fermion case. The Coulomb and Breit interaction terms
are added later on recognizing the fact that they are formally of order mc*a? in a
molecular environment. The effect of other moving charged particles to the vector
potential has to be taken into account in the derivation. Contrary to the former
procedure, there are ambiguities in the order of certain terms in the expansion [5].
For this reason the latter approach is not entirely satisfactory, but it does have
the advantage of exhibiting the origin of the each term in the Hamiltonian and
it allows physical interpretation to be given to each. Here, we adopt the first
approach.

Both FW and ESC methods have been applied to decouple the positive energy
states from the negative and mixed states of the two-fermion DBC Hamiltonian
[47-49]. Since we are only interested in positive energy solutions, we may start
from the original two-fermion DBC Hamiltonian without positive and negative
energy projection operators. The two-fermion DBC Hamiltonian for stationary
states can be written as

i=1 i=1 12

2 2
1+B
{zcci-ni+zqi¢il+w}w — EW (71)
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where

1 . .
Bio=—5 [a] o (o 1'12)2('12 rp) 72)

AV)

As 1n the one-fermion case, the whole energy spectrum is shifted by —(my+
my)c?, so that the direct comparison with the non-relativistic results is feasible.
Following the notation introduced by Foldy and Wouthuysen one can write

SS—Zq,q’)l +MI 80 = a1, O& = o, I,
(73)

(ot; -rp)(0  Ty7)
>
5V

1
9O = _E |:a1'd2 +

Here, & represents an even operator, that is one that has no matrix elements
between positive and negative energy components while © is an odd operator
having only matrix elements between positive and negative energy components.
The conditions for an operator to be even or odd can be expressed more formally;
an even operator must commute with 8: [,6]=0 while an odd operator must
anticommute with G: [8,8],

As mentioned earlier, the Concepts involved in the two fermion case are
essentially the same and also the expansion in terms of a” have the similar
problems as in the one-fermion case. Consequently, we have chosen to give only
the final form of the Hamiltonian and refer to Barker and Glover [49] for
mathematical details. The NRF of the two-fermion Hamiltonian can be written in
terms of the operators defined in equation (73) as

1 1
H=+_—(80) +-— (08 —
2m1 2m2

2
4
o 3 (8(9) 8m§ (©&)" + (66)

2
Z[@é’ [&&, (%’]]+ Z[g@ (88, 80]]

2

2
p— Z[é@ [O&, 0011 + O(mc*a”) (74)
Here, we only keep terms having order of magnitude mc?a*. One can compare this
expansion with the one-fermion Pauli expansion presented in equation (53), given
the fact that in the one-fermion case & =g¢I and ©=oc-II. We can simplify this
expression by expanding the commutators and with the extensive use of vector
algebra. The resulting two-fermion Hamiltonian can be extended to many-
fermions quite trivially and the NRF of the many-fermion Hamiltonian can
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be written as
1;- Hz) 1 qi4; g:8;-(VXA))
H=t) it ) o 122, 702
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(75)

It is important to note once again that ¢; and A; in equation (75) are the scalar
and vector potential resulting from the external electromagnetic radiation field.
Also note that here, E;=V¢; and S, is the spin of the ith particle. We can identify
each term in equation (75) as corresponding to a certain type of physical inter-
action of moving charged particles. The list of physical interpretations of terms
follows in the same order as the terms in equation (75).

Interaction of the charged particles with the external electric field.

Kinetic energy of the moving charged particle.

Particle—particle electrostatic interaction.

Interaction of particle spin magnetic moment with the external magnetic field

(Zeeman term).

Relativistic correction to the first term (Darwin term).

Relativistic correction to the second term.

Relativistic correction to the third term.

Interaction of an electron’s spin magnetic moment with the magnetic field

it experiences by virtue of its motion relative to the external electric field

(spin—orbit term).

9. Interaction of the spin magnetic moment of an electron with its own orbital

motion due to the electric field of another electron.

10. Interaction of the spin magnetic moment of one electron with the orbital
motion of another (spin—other orbit term).

11. Relativistic correction to the third term.

el e

LN w
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12. Retarded orbit—orbit interaction of one electron with the electromagnetic field
due to the relative motion of another.

13. Dipole—dipole interaction between the spin magnetic moments of two
electrons.

So far in the derivation of the Hamiltonian given in equation (75) we have not
placed any restriction on the type of particles except that they are fermions. If we
limit our many-fermion systems to be molecules whose nuclei are point charges
with spin one-half entities with proper nuclear masses and charges, equation (75)
describes a proper molecular Hamiltonian when we introduce the appropriate
notation to distinguish the nuclei from electrons. In the case of electrons, the
mass (m.) and electronic charge (e) both are unity in terms of Hartree atomic units.
The mass of nucleus N in atomic units is denoted by M. Similarly, the electron
spin S; is replaced by I, the spin of the nucleus N and Zye is used in place of
charge g, where Zy is the atomic number of nucleus N. However, this approach is
not problem free either. It has been shown from QED arguments that the resulting
molecular Hamiltonian is valid only if we neglect all the terms which involve
My? and smaller [11]. As we can see from equation (75), in fact all these terms
are formally of order mc?a* to begin with and at least 10~ ° smaller than the
corresponding electron terms.

Another potential problem which can arise can be seen by estimating the order
of magnitude of the terms on the basis of an electron in a Bohr orbit of the
hydrogen atom. In general, when higher nuclear charges (Zye) are involved it is no
longer appropriate to express the magnitude of terms in the Hamiltonian in terms
of mc?a. Instead the terms cat-P, g and gcor- A in the Dirac Hamiltonian are of
order mc*(Zyw), me*(Zye)* and me2(Zya)?, respectively, so that Zye should be
used as the expansion parameter rather than the fine structure constant itself.
However, since « is a very small number, these comments only become important
for atoms or molecules with large atomic numbers, and then only for the inner
electrons, since the outer electrons are screened from the nuclei.

Another subtlety is that the assumption nuclei behave as Dirac particles,
amounts to assuming that all nuclei have spin 1/2. However, it is not uncommon to
have nuclei with spin as high as 9/2: worse nuclei with integer spins are bosons
and do not obey Fermi—Dirac statistics. The only justification to use equation (75)
for such a case is that the resulting theory agrees with experiment. Under the
assumption, we are in a position to extend our many-fermion Hamiltonian to
molecules assuming that the nuclei are Dirac particles with anomalous spin. The
molecular Hamiltonian may then be written as

H= I{e +HN +HeN (76)

where H.=H! + H>+ H> + HY + H: + HS + H! + H3 + H] + H + H' + H!>+
HY}, Hy=H\+HY+Hy+HY and Hy,=Hy\,+Hy, +Hy+ Hyo + HyeH HYH
HY, are, respectively, the electronic, nuclear and the electron-nuclear interaction
Hamiltonian. Expressions for individual terms in equation (76) can easily
be written by substitution of appropriate masses and charges in equation (75).
In doing so, it is helpful to keep in mind the interpretation of the individual terms
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in equation (75) and which particle is responsible for quantities such as mass and
charge in individual terms. The electronic terms

.9
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the nuclear terms

HN =) Zyoy
N
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H2=\ N "N/
T
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and the electronic—nuclear coupling terms
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3. THE NMR CHEMICAL SHIFTS AND INDIRECT NUCLEAR
SPIN-SPIN COUPLING OPERATORS

The preceding discussion was intended to present a general survey of molecular
Hamiltonians, in both their relativistic and non-relativistic forms. We focused
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mainly on the approximations involved in their derivations and also their
limitations, with the hope that such a focus eventually will be helpful in using
them intelligently for problems of interest and also in assessing the results
obtained. In this respect, the Hamiltonian presented in equation (76) is general and
can be used in non-relativistic or relativistic (within limitations) calculations of
energetics, dynamics and spectra of molecules and atoms. Similarly, equation (27)
can be used in four-component, fully relativistic calculations of such molecular
properties.

We can make further approximations to simplify the NRF of the Hamiltonian
presented in equation (75) for non-dynamical properties. For such properties,
we can freeze the nuclear movements and study only the electronic problem.
This is commonly known as the clamped nuclei approximation, and it usually is
quite good because of the fact that the nuclei of a molecule are about 1836 times
more massive than the electrons, so we can usually think of the nuclei moving
slowly in the average field of the electrons, which are able to adapt almost
instantaneously to the nuclear motion. Invocation of the clamped nuclei
approximation to equation (75) causes all the nuclear contributions which
involve the nuclear momentum operator to vanish and the others to become
constants (nuclear repulsion, etc.). These constant terms will only shift the total
energy of the system. The remaining terms in the Hamiltonian are electronic
terms and nuclear—electronic interaction contributions which do not involve the
nuclear momentum operator.

Generally, it is not required to retain all the terms in the resulting approximate
Hamiltonian, except those operators which describe the actual physical processes
involved in the problem. For example, in the absence of an external
electromagnetic field, the non-relativistic energy calculations only requires
retaining the terms H!, H?, HZ and Hg. Perturbative relativistic energy
calculations can be camed out by including H>, HS in addition to the terms
retained for non-relativistic energy calculations.

The electron coupled interaction of nuclear magnetic moments with themselves
and also with an external magnetic field is responsible for NMR spectroscopy.
Since the focus of this study is calculation of NMR spectra within the non-
relativistic framework, we will take a closer look at the Hamiltonian derived from
equation (76) to describe NMR processes. In this regard, we retain all the terms,
which depend on nuclear magnetic moments of nuclei in the molecule and the
external magnetic field through its vector potential in addition to the usual non-
relativistic Hamiltonian. The result is

Z(H Hl)+ Z _Z_ ZZNZN’

Tij iN NN Ry
1 Iy-(rjy XIL) 1 S;i-Iy) S rip)dy 1))
+—Z'YN%__Z'YN< 3N -3 N5 N
CON Iin CIN Tin Iin

8
e 2o STy (79)
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Here, we have introduced the notation uy =yyly=gnByly = (§Zym,/My) X
(1/2myc)ly and B=1/2c where § is the Bohr magneton and Sy, vy and wy are
nuclear magneton, nuclear magnetogyric ratio and nuclear magnetic moments of
the nuclei N, respectively. Substitute for II,,

A, 1
l'[i—P,-—l—?—P,-—I-%ZBX(ri G) (80)

where B and G are the external magnetic fields, respectively. Substitute for II;
in equation (79) and then simplify assuming the Coulomb gauge (V-A=0)
to obtain
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We can assign a formal order to each term in equation (81) assuming B and vy
as ordering parameters. First, let us consider the first-order field independent terms
in equation (81)

16
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where 8= 1/2¢. Historically, these operators are known as Fermi-contact (FC),
spin-dipole (SD) and paramagnetic spin-orbit (PSO) operators and their forms
were originally derived by Ramsey [1]. As we shall see, a collection of second-
order properties, each of which involves a pair of the these various first-order
external field independent operators, contributes to the indirect nuclear spin—spin
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coupling constant tensor. According to Ramsey, the indirect nuclear spin-coupling
tensor also consists of a second-order contribution involving the diamagnetic
spin-orbit contribution (DSO) given by

33
N.N' N T v

H(DSO) = 23 ZYN N’Z(IN In) gy - Ty) — Ay Ty ) Ay Py (83)
The DSO term involves a product of vy, ordering parameters and formally a
second-order term. As seen from equation (81), the DSO term does not arise in our
derivation and requires further investigation. In this regard, first, we will present
another derivation which will eventually lead to the DSO term in addition to all
the other terms given in equation (81).

In principle, this additional derivation also starts from the many-fermion
Hamiltonian given in equation (75). As discussed earlier, extension of this
equation to molecules usually is done by imposing the requirement that some of
these particles are nuclei which are assumed to be fermions. An alternative, but
less rigorous approach to introduce nuclei is to consider them as an external
perturbation which modifies the external vector and scalar potential in equation
(75). Further approximations can be made for non-dynamical properties by
invoking the clamped nuclei approximation. For such a situation the external
vector potential A can be written as

1 uerzN
A, —EBX(r—G)—I-Z (84)

er

Retain the following terms in equation (75),
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and substitute for II; where II;=P;+ (A;/c) and A, is given in equation (84).
Expand the first term assuming the Coulomb gauge in order to obtain
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and then the last two terms
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and
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Substitute for A; from equation (84), in the last term of equation (85) and then
simplify to obtain
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The final molecular Hamiltonian
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is formulated by collecting the expressions derived in equations (86)—(89). The
first-order field independent operators collected from this Hamiltonian are
identical with the operators given in equation (82). The second-order field-
independent contribution is identical to the DSO operator given in equation (83).
As shown from this derivation, the DSO contribution arises from A-A type
contributions to the molecular Hamiltonian. Formally, this term has an order of
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magnitude mc*a® in a molecular environment. It is not all that surprising that
the DSO term does not arise in our first derivation since it is based on a truncated
Pauli expansion of the Hamiltonian in which the magnitude of all the terms is
mc?a’ or less. It seems, based on our estimation (mc?a®), that the magnitude of the
DSO term is very small. However, as we will see latter, the DSO contribution is
significant for certain coupling constants and cannot be discarded. Note that our
criterion to estimate the order of magnitude of the individual terms is based on an
electron in a Bohr orbit of the hydrogen atom. On some occasions this estimate
may not give a good indication of the actual magnitude.

For example, the DSO contribution involves a product of two gyromagnetic
ratios of the pair of coupled nuclei which can be larger for lighter atoms and
hence, can result in a large overall DSO contribution. Ultimately, these complica-
tions are results of the expansion of the Hamiltonian in terms of o and terms
which are supposedly higher order in the expansion and, can sometimes,
be numerically significant. In such occasions the only guidance we have is the
experimental results, and we arbitrarily incorporate higher order terms in the
expansion to improve the agreement with experiment.

At this point, it is appropriate to present a brief discussion on the origin of
the FC operator (¢ function) in the two-component form (Pauli form) of the
molecular relativistic Hamiltonian. Many textbooks adopt the point of view that
the FC is a relativistic effect, which must be derived from the Dirac equation
[50,51]. In other textbooks or review articles it is stressed that the FC is not a
relativistic effect and that it can be derived from classical electrodynamics
[52,53] disregarding the origin of the gyromagnetic factor g=2. In some
textbooks both derivations are presented [54]. The relativistic derivations suffer
from the inherent drawbacks in the Pauli expansion, in particular that the Pauli
Hamiltonian can only be used in the context of the first-order perturbation
theory. Moreover, the origin of the FC term appears to be different depending on
whether one uses the ESC method or FW transformation.

Earlier we mentioned briefly that the electron spin is perfectly consistent
with the non-relativistic four-component Levy-Leblond theory [44,45]. The FC
type interaction does not manifest in Dirac or Levy-Leblond theory. We shall
show that on reducing the four-component Levy-Leblond equation into a two-
component form the FC contribution arises naturally. A non-relativistic electron
in an electromagnetic radiation field is described by the Levy-Leblond equation

given by
e ) ()= G)(5) e
oIl —2m /) \ cyq 00/ \cys

where ¢ is the scalar potential and II=p— A/c. We can rewrite equation (91)

such that
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which led to the perturbing operator

1 0 oA
hlz_— .
c\oc-A 0

Hence, the first-order perturbed energy can be written as
0) (0)
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or in a two-component form
(o Py lo- Ay )+ W (o A e Ply)} (99

g _ 1 {
2mc
One can use the ‘turnover-rule’ for -P and get
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which is straightforward if A is regular at the origin, and which is still valid for
singular A if the derivative implicit in P is taken in the ‘distribution sense’ [55].
This can be further simplified to obtain

EV = —ﬁ{(wﬁ”lP-A +A-P+ic-(PXA) +ic-AXP)y")}  (96)

The vector potential created by spin of a nucleus with a magnetic moment p

pXr

3

A=

O7)

is singular at the origin. As a result we must take the derivatives, implicit in
equation (96), in the ‘distribution sense’. This means that VXA consists of
two terms, one in which the derivatives are taken in usual function sense, and
an extra term

UxA=—t 1 3(”3r)r + 2”5§r) (98)

r r 3r

This shows that the FC operator arises as an artifact if one wants to describe the
hyperfine interaction by first-order perturbation theory in terms of two-component
spinors. In other words, when singular functions are involved, the boundary
conditions cannot be ignored. These give rise to the FC operator.

4. CONCLUSION

To summarize, a detailed discussion of relativistic and non-relativistic forms of
molecular Hamiltonians is presented. Our starting point is the Dirac one-fermion
Hamiltonian in the presence of an external electromagnetic radiation field.



466 S. Ajith Perera and R. J. Bartlett

We have focused on the problems associated with extending ‘Dirac’s one-fermion
theory’ smoothly to many-fermion systems. A brief discussion of QED many-
fermion Hamiltonians also was given. A comprehensive account of the problem of
decoupling Dirac’s four-component equation into two-component form and the
serious drawbacks of the Pauli expansion were presented. The origins of the DSO
and FC operators have been addressed. The working Hamiltonian which describe
NMR spectra is derived.
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The Rotational g Tensor of HF, H,O, NH3, and CHy:
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Abstract

The rotational g tensors of hydrogen fluoride, water, ammonia and methane are calculated at their
equilibrium geometries with various correlated ab initio methods. Among the methods employed
are the second order polarization propagator approximation (SOPPA), which was developed by
Jens Oddershede and co-workers, the second order polarization propagator approximation with
coupled cluster singles and doubles amplitudes (SOPPA(CCSD)), Mgller—Plesset perturbation
theory in second (MP2), third (MP3) and fourth order (MP4), the coupled cluster method (CCSD)
and finally the multiconfigurational self-consistent field method (MCSCF) in the form of
complete (CASSCF) and restricted active space (RASSCF) variant with several different active
spaces. The results of calculations with the different methods using two large conventional basis
sets are compared.
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1. INTRODUCTION

The rotational g factor is the ratio of the rotational magnetic dipole moment of a
molecule to its molecular rotational angular momentum [1-5]. Experimentally the
rotational g factor was originally determined by measuring the rotational magnetic
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dipole moment of small molecules in molecular beam experiments, in which a
beam of molecules is deflected by an inhomogeneous magnetic field [6]. The
precision of these measurements could be greatly enhanced when magnetic
resonance techniques were introduced. The molecules in the beam then undergo a
spectral transition from one orientational state to another [1,7]. Due to its relation
to the rotation of molecules, the rotational g factor can also be measured in
microwave spectra [3]. In the presence of an applied magnetic field, the rotational
magnetic dipole moment interacts with the field leading to a splitting of spectral
lines in a rotational spectrum. This rotational Zeeman effect was first applied to
ammonia [8] and carbon monoxide [9] and was for many years the main source for
experimental values of the rotational g factor [2,4]. In addition to a rotational
magnetic moment, the rotational g factor is also related to a non-adiabatic
correction to the rotational reduced mass [5,10,11]. An estimate for the rotational
g factor can therefore also be obtained by fitting frequency data from ro-
vibrational spectra without a magnetic field to an effective Hamiltonian [12-15].

The first theoretical treatment of the rotational g factor [16] based on quantum
mechanics was presented only a couple of years after the first experimental
measurements [6]. Alternative derivations were published in the following years
[17-19]. The first series of calculations of the rotational g factor of diatomic
molecules was performed by Lipscomb and co-workers at the level of Coupled-
Hartree—Fock theory [20]. One of the first correlated calculations of the rotational
g factor were the two studies on H;r [21] and NH;3 [22] by Jens Oddershede and
co-workers at the level of the second order polarization propagator approximation
(SOPPA), a method which was mainly developed by Jens Oddershede and his
co-workers [23-25]. In the following years other correlated calculations were
presented using methods such as SOPPA [5,26], a coupled cluster polarization
propagator approximation (CCSDPPA) [14,27], the second order polarization
propagator approximation using coupled cluster singles and doubles amplitudes —
SOPPA(CCSD) [28], Mgller—Plesset perturbation theory to second order (MP2)
[29,30], to third order (MP3) [30], a linearized coupled cluster doubles method
(L-CCD) [30], multiconfigurational self-consistent field linear response theory
(MCSCF) [5,15,31-36], the full configuration interaction CI method (full CI)
[37,38] and finally density functional theory (DFT) [36,39].

However, until today no systematic comparison of methods based on Mgller—
Plesset perturbation (MP) and Coupled Cluster theory, the SOPPA or multi-
configurational linear response theory has been presented. The present study is
a first attempt to remedy this situation. Calculations of the rotational g factor of
HF, H,O, NH; and CH, were carried out at the level of Hartree—Fock (SCF) and
multiconfigurational Hartree—Fock (MCSCF) linear response theory, the SOPPA
and SOPPA(CCSD) [40], Mgller—Plesset perturbation theory to second (MP2),
third (MP3) and fourth order without the triples contributions (MP4SDQ)
and finally coupled cluster singles and doubles theory. The same basis sets
and geometries were employed in all calculations for a given molecule. The
results obtained with the different methods are therefore for the first time direct
comparable and consistent conclusions about the performance of the different
methods can be made.



The Rotational g Tensor of HF, H,O, NH3, and CH, 471
2. THEORY
2.1. The rotational g factor

Closed shell molecules in the rotational ground state have no net magnetic dipole
moment m apart from nuclear magnetic dipole moments. However, when
molecules rotate with angular momentum J, they acquire a net rotational magnetic
moment

- MN S
=gy 1
m=="g (D

in which g is the rotational g tensor, the trace of which is the rotational g
factor, g.

In the derivation of quantum mechanical expressions for the rotational g tensor
the nuclei are usually treated as classical rotating point charges, Zge, located at
Rg. Their contribution to the g tensor is then given as

m - -
Suf = I_ﬁp ZZK((RK - RCM)Z(Saﬁ — (Rgo — Romo)(Rk g — Remp))  (2)
X

Here I denotes the moment of inertia tensor defined with nuclear masses; I_éCM is
the position vector of the center of nuclear mass. The electrons, with position
vectors 7;, have to be treated quantum mechanically which implies that their
contribution is obtained as expectation value of the corresponding electronic
operator over the ground state wavefunction lI/
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This is, however, only the contribution of a rigidly rotating distribution of
electrons and predictions of the g factor based on this expression [41,42] do not
agree with the experiment [42]. It is therefore necessary to take into account that
the motion of the electrons is perturbed by the rotation of the molecule [16,17,42],

i.e., electronic motion and molecular rotation couple through > ; I (RCM) -J which
31gn1ﬁes a breakdown of the Born—Oppenheimer approximation. Treating this
perturbation to first order one obtains two additional terms which combined with
the rigid electron density distribution contribution in equation (4) gives a total
electronic contribution to the rotational g tensor

Z ((ﬁz - I_éCM)zéaﬁ - (f.i,a - RCM,a)(i;iﬁ - RCM”G))
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Similar to other magnetic properties, such as the magnetizability and the nuclear
magnetic shielding [43], the rotational g tensor has a ‘paramagnetic’ contribution,
which arises from non-adiabatic coupling of excited states |¥”) with energy
E'9 with the ground state I'J’BO)) with energy EY and a ‘diamagnetic’ contribution
which is a ground state average value. In analogy to the other magnetic properties
[44,45] the diamagnetic contribution can be rewritten in a sum-over-excited-states
form using a resolution of the identity 1=, [WONWY)|, and using the

hypervirial relation (&® |37, f;l- py="e(EQ — EQ Y@ Zi;e,- vV} [5]. Com-

th
bined with the paramagnetic contribution one obtains a slightly simpler expression

for the electronic contribution to the rotational g tensor [18]
<lpg” ‘Zz l.aRew) ‘ ’I’ﬁlo)> <q’5,0) Silig(Ren) ‘ 'I’f)o)>
ey £ — £
N <'p§)0) ‘Zizi,ﬁ(RCM)‘q’gzo)> <q/:(10)‘2iii,a(RCM)‘glgo)>
EE)O) —EO

(&)

From this expression one can see now that the electronic contribution gzlﬂ is related
to the paramagnetic contribution Ezﬁ to magnetizability evaluated with the center
of mass as gauge origin:

dm.m, >
el _ _ Tpllle .p
8ag = T as(Rem) (6)

In practical applications of the expressions for the rotational g tensor, equations
(2), 4), (5), or (6), the nuclear masses in the moment of inertia tensor I are
generally approximated with atomic masses and Ry is approximated with the
center of atomic masses. This introduces a correction term to the moment of inertia
tensor which is actually closely related to the nuclear contribution to the rotational
g tensor [3,11,38]. Going to second order of perturbation theory for the electronic
contributions one would obtain a further correction term to the moment of inertia
tensor which is similar to the electronic contribution to the rotational g tensor [3,4].
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All together one would obtain an effective moment of inertia tensor which includes
the rotational g tensor again. This correction is normally ignored for polyatomic
molecules, but allows to estimate the rotational g factor of diatomic molecules
from field-free rotation—vibration spectra [5,10,11].

In the presence of an external magnetic flux density B the rotational magnetic
moment m, equation (1), causes a splitting of the energy levels

AE = —in-B = — "X BgJ (7)

The electronic contribution to the rotational g tensor can therefore also be defined
as second derivative of the electronic energy

o h 0*E(B,J)

=—— 8
8a8 = Ty 0B,0]; |BI=0 ®)

with respect to the rotational angular momentum and the magnetic flux density.

2.2. Ab initio methods

The nuclear contribution, equation (2) to the rotational g tensor is trivially
calculated from the nuclear coordinates and atomic masses. The calculation of
the electronic contribution, equation (5), requires in principle the calculation
of all excited states |¥'®) of appropriate symmetry and the corresponding
magnetic dipole transition moments (P 37,7 s(Rey)|W®). Recalling the
spectral representation of the polarization propagator or linear response
function [25,46]

Wy 1Plw D) w101y

P, 0Y, = 0 L 2 9
«P; ON ; o — B —E) ©)

_ g Wl Pl )

ho + (E, — E,) (10)
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it can be seen that the electronic contribution to the rotational g tensor can also
be expressed as a polarization propagator

¢ == (X heRow: YlsRewn)) (a1

Polarization propagators or linear response functions are normally not
calculated from their spectral representation but from an alternative matrix
representation [25,46—48] which avoids the explicit calculation of the excited
states.
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Here A" is the unperturbed Hamiltonian of the system and {4,,} denotes a complete
set of excitation and de-excitation operators, arranged as column vector h or as
row vector h. Completeness of the set of operators {/,,} means that all possible
excited states [W”) of the system must be generated by operating on [W{”),
ie., h,|[WY)y= D). Various polarization propagator methods are obtained by
approximating the reference state |llff)0>) and the complete set of operators {#,,}
[25,46,48].

In the self-consistent field linear response method [25,46,48] also known as
random phase approximation (RPA) [49] or first order polarization propagator
approximation [25,46], which is equivalent to the coupled Hartree—Fock theory
[50], the reference state is approximated by the Hartree—Fock self-consistent field
wavefunction |@gcp) and the set of operators {4, } consists of single excitation and
de-excitation operators with respect to |®scp), i.e., the so-called orbital rotation
operators [51].

In SOPPA [24] a Mgller—Plesset perturbation theory expansion of the wave
function [52] is employed

W) =N(|@scr) + [0) + |07 -)

1
B (1), ab| zab 2 :(2) al pa
= N(|®SCF> +Z agi ij |d)U ) + a Ki |d)1) + ) (13)

bj

and double excitation and de-excitation operators are added to the set of operators
{h,}. In equation (13) |®¢) and |<15§§b ) are Slater determinants obtained by re]glacing
the occupied orbitals i and j in |Pgcp) by the virtual orbitals a and b, (l)KZ' , Dk,
are the so-called Mgller—Plesset correlation coefficients and N is a normalization
constant. All matrix elements involving single (de-)excitation operators in
equation (12) are then evaluated to second order in the fluctuation potential, which
is the difference between the instantaneous interaction of the electrons and the
averaged interaction as used in the Hartree—Fock approximation. Matrix elements
with single and double (de-)excitation operators are evaluated to first order and
pure double (de-)excitation matrix elements only to zeroth order. With this
definition of SOPPA only the single excited terms in the second order correction
to the wavefunction are needed. In the so-called SOPPA(CCSD) method [40],
SOPPA with coupled cluster singles and doubles amplitudes, the Mgller—Plesset
correlation coefficients (I)K;;b and D¢ are replaced in all SOPPA matrix elements
by the corresponding coupled cluster singles and doubles amplitudes Tf}” and 7¢.
SOPPA(CCSD) is a generalization of the earlier CCSDPPA method [53], where
only some of the Mgller—Plesset correlation coefficients were replaced by coupled

cluster amplitudes.
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In the MCSCEF linear response theory [48], also called multiconfigurational
RPA [54], the reference state is approximated by a MCSCF wavefunction

W) = | Pycser) = Y 19Cio (14)

where {|®;)} are configuration state functions. The set of operators {#,} contains
in addition to the non-redundant single excitation and de-excitation operators also
state transfer operators {R', R}, which are defined as

Rn = |@n> (‘PMCSCF| (15)

where |®,)=>";|®,)C;, are the orthogonal complement states of the MCSCF
state.

Based on equation (8) one can obtain alternative methods for the calculation
of the electronic contribution to the g tensor by differentiating expressions for
the electronic energy in the presence of an external magnetic flux density B and
the coupling with the rotational motion » ;/;(Rcy)-J. Using equation (6) the
rotational g tensor can also be obtained from the paramagnetic contribution of
the magnetizability, which is the second derivative of the electronic energy with
respect to an external magnetic flux den51ty B. This approach can be applied to
any method for which an energy is defined. The calculation of magnetic
properties as analytical derivatives of the MP2, MP3, MP4SDQ, and CCSD
energies is well described in the literature [29,30,55,56] and is therefore not
repeated here.

3. COMPUTATIONAL DETAILS

The calculations have been done using a local version of the Dalton 1.2 program
package [57] and the ACESII program package [58,59].

3.1. Basis set and geometry

It is well known that the usage of perturbation dependent basis functions leads
to a faster convergence towards the basis set limit in the calculation of
magnetic properties [60,61]. However, not all the methods employed in this
study have been modified for the use of perturbation dependent basis.
Therefore, standard basis sets are used in this study. This implies that larger
basis sets are required than would be the case for perturbation dependent basis
sets, but this poses no problem for molecules of this size. The first basis set
employed here is a modification of the sp,d,f>/sp,d basis set used in previous
studies of the magnetizability and nuclear magnetic shielding of small
molecules [45]. This basis set was originally based on the 11s7p/7s basis set
of van Duijneveldt [62] and the 3d2f/3p2d polarization basis set of Dunning
[63] for non-hydrogen/hydrogen atoms. The same polarization functions are
also used in the correlation consistent cc-pVQZ basis set. The sp,d,f, basis
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Table 1. vD+ D basis set: exponents of the additional polarization functions
included in the basis set

Atom s-type p-type d-type f-type
H - 0.102 - -

C 0.028099 0.030144 0.080; 0.0281 0.187
N 0.039255 0.0445396 0.116; 0.0401 0.245
O 0.0521357 0.0536415 0.152; 0.0518 0.324
F 0.0672366 0.0632794 0.199; 0.0676 0.460

sets had been optimized for the calculation of nuclear magnetic shielding
constants and magnetizabilities and were further optimized for the rotational g
tensor in this study. Starting from the sp,/s-subset of the sp,d,f>/sp,d basis sets
[45] the two additional tight p-type functions for the non-hydrogen atoms
and the contraction of the s-type functions is removed. The s-functions with
the three largest exponents for hydrogen and the six s-functions and three
p-functions with the largest exponents for the non-hydrogen atoms were
contracted with the SCF atomic orbital coefficients of van Duijneveldt [62].
Additional diffuse and polarization functions were then added as given in
Table 1. This basis set is identified by the label ‘vD+D’ in the following. In
total it consists of 7s-, 4p-, and 2d-type Gaussian functions contracted to 5s-,
4p-, and 2d-type Gaussian functions for hydrogen and 13s-, 8p-, 5d-, and 3f-
type Gaussian functions contracted to 8s-, 6p-, 5d-, and 3f-type Gaussian
functions for non-hydrogen atoms. It is expected to be well suited for the
calculation of rotational g factors.

In addition to this, basis set calculations were also carried out with the daug-
cc-pVTZ correlation consistent basis set by Dunning and co-workers [63,64].
This basis set consists of 7s-, 4p-, and 3d-type Gaussian functions contracted to
S5s-, 4p-, and 3d-type Gaussian functions for hydrogen and 12s-, 7p-, 4d-, and
3f-type Gaussian functions contracted to 6s-, Sp-, 4d-, and 3f-type Gaussian
functions for non-hydrogen atoms. The daug-cc-pVTZ basis set has thus one set
of d-type functions more for the hydrogen atoms but is considerably smaller for
the non-hydrogen atoms.

The internuclear distances and bond angles used in this study are the usual
experimental equilibrium geometries. The details are given in Table 2.

Table 2. Experimental equilibrium geometries used in the calculations

Molecule Ry_x (pm) / H-X-H References

HF 91.68 - [65]
H,0 95.72 104.52° [66]
NH; 101.24 106.671° [66]
CH, 108.50 109.471° [67]
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3.2. Choice of the active space

The selection of configuration state functions to be included in MCSCF calculations
is not a trivial task. Two approaches which can reduce the complexity of the
problem are the complete active space self-consistent-field (CASSCF) [68] and
the restricted active space self-consistent-field (RASSCF) [69] approach. Both are
implemented in the Dalton program package [57] and are used in this study.
Throughout the paper a CASSCF calculation is denoted by "™**"V*CAS**""® and a
RASSCF calculation by ativeR ASRA22. For the active spaces of HF, H,O, and CH,
anotation (na; ngs N nao) is used [70], where nr- is the number of orbitals in the
irreducible representation I" of the C,, point group, and (14’ n5~) for NH; in terms of
the irreducible representations of the C, point group.

Three different types of CAS calculations and one RAS calculation were carried
out for all molecules, where the 1s orbital on C, N, O, or F was always kept
inactive (Table 3).

1. A valence CAS, which includes the molecular orbitals created from the 2s and
2p orbitals on C, N, O, or F and the 1s orbitals on the hydrogen atoms.
Naturally the size of these valence CAS, (3110) for HF, (3210) for H,O, (52)
for NH; and (4220) for CHy4, increases from HF to CH, and thus the amount of
correlation included in the respective calculations.

2. A CAS, (4220) or (62), which consists of the valence orbitals which would
be occupied in a Hartree—Fock calculation, (2110) or (31), and exactly
one unoccupied, so-called correlating, orbital for each of the occupied ones
included in the active space. In CHy this is the same as the valence CAS.

3. A CAS, (6331) or (94), which was chosen according to the MP2 natural orbital
occupation numbers [71]. They turn out to be slightly larger than a CAS which
includes two correlating orbitals for each HF occupied orbital, (6330) or (93).

Table 3. Active spaces and corresponding number of determinants
used in the MCSCF calculations. The notation of the spaces is
inactiveC AGACtve op inactive R ASRAS2. SD indicates that single and double
excitations out of RAS2 into RAS3 were allowed

Number of

Molecule Active space determinants
HF, H,0, CH, 1000cp§3110 11
1000CAS3210 65
IOOOCAS4220 1284
1000 A 86331 128,283
1000R ASSHISD 3,710,129
NH; 19CAS™? 625
10cAS®2 2500
10cAS* 256,033

'"RAS33SD 3,792,373
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The symmetry of the additional unoccupied orbital indicates that d-type
orbitals are included in these active spaces.

4. A RAS, with the largest CAS, (6331) or (94), as RAS2 and single and double
excitations to a RAS3, (3321) or (33).

4. RESULTS AND DISCUSSION
4.1. Basis sets

Before one can compare different correlated methods and their results for the
rotational g tensor, one should discuss the quality of the employed basis set.
Therefore, I have performed also calculations with rotational London orbitals for all
the molecules at the SCF and the '°*°CAS**2%/'°CAS®? level of theory and compare
them with the respective calculations with conventional basis sets in Tables 4-8.

Table 4. HF: the rotational g factor calculated with different ab initio methods and two
basis sets. The nuclear contribution to the rotational g factor is 0.9731

g
vD+D? daug-cc-pVTZ
Method 99 functions 94 functions A (%)
SCF London® 0.7624 0.7644 0.26
SCF 0.7632 0.7664 0.42
SOPPA 0.7479 0.7501 0.29
SOPPA(CCSD) 0.7465 0.7493 0.37
MP2 0.7628 0.7668 0.53
MP3 0.7443 0.7484 0.54
MP4SDQ 0.7433 0.7472 0.52
CCSD 0.7410 0.7450 0.53
1000cA G310 0.7155 0.7189 0.47
1000 A 54220 0.7630 0.7662 0.41
London®
1000 A 54220 0.7621 0.7654 0.43
1000 A g6331 0.7594 0.7626 0.42
100RAS$331SD 0.7521 0.7552 0.41
Experiment® 0.75449
Experiment? 0.7523
Experiment® 0.7538

4 Described in Section 3.1.
b Using perturbation dependent atomic orbitals (rotational London orbitals [61]) as basis functions.
¢ Extrapolated to a equilibrium geometry from the measured values in the v=0 and v=1 vibrational
states [72].

Experimental value for the v=0 state 0.741599 [72] minus a zero-point-vibrational correction
—0.0107 calculated with a '"°CAS®**! wavefunction [35].
¢ Experimental value for the v=0 state 0.741599 [72] minus a zero-point-vibrational correction
—0.0122 calculated with a '""RAS$3) wavefunction [34].
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Table 5. H,O: the rotational g tensor calculated with different ab initio methods and two
basis sets. The nuclear contributions to the rotational g factor are g, = 0.9440,*
Zoop = 0.9802% and g||** = 0.9995

vD+DP 126 functions daug-cc-pVTZ 126 functions
Method 8ip 8oop &Il 8ip 8oop &Il
SCF London® 0.6821 0.6639 0.7346 0.6823 0.6639  0.7345
SCF 0.6833 0.6644 0.7353 0.6900 0.6670  0.7359
SOPPA 0.6689 0.6546 0.7295 0.6744 0.6559  0.7290
SOPPA(CCSD) 0.6667 0.6506 0.7252 0.6727 0.6524  0.7252
MP2 0.6821 0.6714 0.7555 0.6894 0.6746  0.7568
MP3 0.6649 0.6498 0.7310 0.6724 0.6527  0.7323
MP4SDQ 0.6603 0.6448 0.7274 0.6675 0.6479  0.7286
CCSD 0.6585 0.6430 0.7246 0.6656 0.6457  0.7254
1000c A g3210 0.6343 0.6298 0.7011 0.6408 0.6325  0.7017
1000 A §4220 0.6799 0.6526 0.7304 0.6850 0.6531  0.7279
London®
1000C A §#220 0.6804 0.6526 0.7315 0.6869 0.6553  0.7321
1000 A 56331 0.6768 0.6589 0.7349 0.6835 0.6618  0.7357
1000R ASS331SD 0.6664 0.6504 0.7291 0.6728 0.6533  0.7300
Experiment? 0.6920  0.6605 0.7335
Experiment® 0.6902 0.6542 0.7279
Experiment’ 0.6964 0.6584 0.7348

#The subscript ip stands for in-plane and oop for out-of-plane.

® Described in Section 3.1.

¢ Using perturbation dependent atomic orbitals (rotational London orbitals [61]) as basis functions.
4 Experimental values for the v=0 state gip=0.6650£0.002, g,,,=0.6465+0.002 and
&1=0.7145+0.002 [73] minus a ZPVC Agj,= —0.0270, Agyop= —0.0140 and Ag; = —0.0190
calculated with a '"°RAS#20 wavefunction [33].

© Experimental values (see footnote d) minus a ZPVC Ag;,= —0.0252, Ag,,,= —0.0077 and
Ag,= —0.0134 calculated with a ""°CAS®**' wavefunction [35].

f Experimental values (see footnote d) minus a ZPVC Agj,= —0.0314, Agyo,=—0.0119 and
Ag; = —0.0203 calculated with a '"°RAS}239 wavefunction [36].

The differences between the results from the vD 4D and daug-cc-pVTZ basis sets
are smaller in rotational London orbital calculations than in conventional
calculations, as one might expect [61]. Nevertheless, the differences between the
vD+D and daug-cc-pVTZ results are not larger than 0.5% for all methods used
here even without the usage of rotational London orbitals. Furthermore, the
differences between the rotational London orbital results and conventional results
for the vD + D basis set, 0.2% for CH, and 0.1% otherwise, are smaller than for the
daug-cc-pVTZ basis set and often smaller than the differences between rotational
London orbital results from the two basis sets.

I conclude therefore that the vD + D basis is closer to the basis set limit than the
daug-cc-pVTZ basis set and that no important improvement could have been
obtained by using rotational London orbitals in all calculations.
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Table 6. H,O: the rotational g factor calculated with different ab initio
methods and two basis sets

g
vD+D? daug-cc-pVTZ

Method 126 functions 126 functions A (%)
SCF London® 0.6935 0.6936 0.01

SCF 0.6944 0.6976 0.47

SOPPA 0.6843 0.6864 0.31

SOPPA(CCSD) 0.6808 0.6835 0.39

MP2 0.7030 0.7069 0.56

MP3 0.6819 0.6858 0.56

MP4SDQ 0.6775 0.6813 0.56

CCSD 0.6753 0.6789 0.53

1000 A §3210 0.6551 0.6584 0.50

1000 A 8220 0.6876 0.6886 0.15

London®

1000 A §#4220 0.6882 0.6914 0.47

1000C A §6331 0.6902 0.6937 0.50

'OOORAS§§%}SD 0.6820 0.6854 0.50

4 Described in Section 3.1.
bUsing perturbation dependent atomic orbitals (rotational London orbitals [61]) as
basis functions.

Another way to judge the quality of the basis sets employed here is to
compare with the results of previous calculations. Cybulski and Bishop [29,30]
have carried out SCF and correlated calculations of the rotational g tensor of the
same molecules with a conventional basis set of comparable size. For HF their basis
setis clearly larger than ours and their SCF result, 0.7624, is identical to our London
orbital result with the vD + D basis set and very close to the conventional vD+D
result. The same holds also at the MP2 level, where g =0.7619. For the other three
molecules they used a basis set which is larger in the s- and p-functions part but
includes a smaller number of polarization functions than my vD + D basis set. Their
SCF results (H,O: g;,=0.6830, go0,=0.6640, g;;=0.7355; NH3: g, =0.5805,
g1=0.5061 and CH4: 0.3019) are still close to our conventional vD+D SCF
results, but they are no longer identical to the London orbitals results. Furthermore,
larger differences are also observed between the results at the MP2 level of theory
(HzOZ g1p=O6822, g00p20.6670, i =07453, NH3§ g1 =0.5921 > 8l =0.5224
and CHy: 0.3338) which must be a consequence of the smaller number of
polarization functions in the basis set of Cg/bulski and Bishop.

Finally, I can compare my SCF and '"°CAS®**! results with corresponding
rotational London orbital calculations by Ruud and co-workers [32-36,61].
My SCEF results for HF using the vD+ D basis set and conventional or rotational
London orbitals are almost identical to a rotational London orbital result 0.7627
using the daug-cc-pVQZ basis set [34,61] or a result 0.7626 obtained with a large
ANO basis set [34,35]. Similarly the '°°CAS***° and '°°CAS®*! results for HF
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Table 7. NHj: the rotational g tensor calculated with different ab initio methods and two
basis sets. The nuclear contributions to the rotational g factor are g"'*=0.9806 and
g =10.9995

vD+D? 153 functions daug-cc-pVTZ 158 functions A (%)
Method g1 Ll g g1 8l g g
SCF London®  0.5798  0.5060  0.5552  0.5790  0.5059 0.5546 —0.10
SCF 0.5807  0.5065 0.5560  0.5832  0.5073 0.5579 0.34
SOPPA 0.5794  0.5097  0.5562  0.5803  0.5087 0.5564  0.05
SOPPA 0.5729  0.5024  0.5494 05743 05022 05503 0.17
(CCSD)
MP2 0.6048  0.5395  0.5830  0.6070  0.5402 0.5848  0.30
MP3 0.5834  0.5157 0.5608 05854 05162 0.5623 0.27
MP4SDQ 0.5745  0.5064  0.5518 05766  0.5070 0.5534 029
CCSD 0.5723  0.5055  0.5501 0.5741  0.5059 0.5514 0.24
19CAS>? 0.5494  0.4812  0.5266 0.5520 0.4822 0.5287 0.39
10cAS®? 0.5615 0.4856  0.5362 05625 04857 0.5369 0.14
London®
10cAS®? 0.5624  0.4862  0.5370 0.5650  0.4871 0.5391  0.38
19cAs™ 0.5807 0.5128  0.5581 0.5835  0.5140 0.5603  0.40

ORASHSD 05754 05068 05525 05783 05082 05549 043
Experiment* 0.5789  0.5086

? Described in Section 3.1.

® Using perturbation dependent atomic orbitals (rotational London orbitals [61]) as basis functions.
© Experimental values for the v=0% state g, =0.565440.0007 and 81=0.5024 £0.0005 [74]
minus a zero-point-vibrational correction Ag ; = —0.0135 and Ag; = —0.0062 calculated with a
1000CAS533! wavefunction [35].

compare excellent with the corresponding results, 0.7621 and 0.7584, obtained
with a large ANO basis set [34,35]. For the other molecules the comparison with
the previous calculations using large ANO basis sets of rotational London orbitals
[33,35,36] shows that my rotational London orbitals results with both basis sets
and the conventional vD+D basis set results at the SCF level as well as the
conventional vD+D basis set results at the '°“°CAS®*! level are in good
agreement with the previous results, which indicates that the vD+D basis set is
indeed close to the basis set limit for this property at the SCF and correlated level.

On the other hand, I observe larger differences between my SCF rotational
London orbital results for HF, H,O and NHj; using both basis sets and
the corresponding results in another study by Ruud ef al. [32]. Similar larger
deviations are found between the '°*°CAS®**! results. This is partly due to slightly
different geometries but mostly to the fact that Ruud et al. used a smaller basis set,
aug-cc-pVTZ, than I did.

4.2. Comparison with previous correlated calculations

The results of the correlated calculations in this paper can be compared with two
different sets of calculations. There are on one side the MP2, MP3 and linearized
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Table 8. CH,: the rotational g factor calculated with different ab initio methods and two
basis sets. The nuclear contribution to the rotational g factor is 0.9995

g
vD+D? daug-cc-pVTZ
Method 180 functions 190 functions A (%)
SCF London® 0.3031 0.3044 0.41
SCF 0.3039 0.3052 0.44
SOPPA 0.3201 0.3195 —0.19
SOPPA(CCSD) 0.3136 0.3139 0.08
MP2 0.3670 0.3674 0.11
MP3 0.3488 0.3491 0.06
MP4SDQ 0.3381 0.3386 0.14
CCSD 0.3365 0.3368 0.09
1000C A 54220 0.2777 0.2795 0.65
London®
1000 A 54220 0.2784 0.2800 0.58
1000C A §6331 0.3285 0.3301 0.50
1000R AS$HISD 0.3097 0.3108 0.33
Experiment® 0.3220

4 Described in Section 3.1.

® Using perturbation dependent atomic orbitals (rotational London orbitals [61]) as basis functions.
¢ Experimental value for the v=0 state 0.31338+0.0004 [75] minus a zero-point-vibrational
correction —0.0086 calculated with a '°°°CAS®**! wavefunction [35].

coupled cluster doubles calculations by Cybulski and Bishop [29,30] and on
the other hand a whole series of MCSCF calculations by Ruud and co-workers
[32-36]. For NH; and CH,, I am only aware of previous '"°CAS®**! calculations
[32,35], which are in good agreement with the equivalent results presented here
as discussed in Section 4.1. My '"RAS;SD/'"PRAS$3ISD results in Tables 7
and 8 are therefore the most accurate MCSCEF results for the rotational g tensor of
these molecules reported so far.

In the case of HF and H,O, I can compare my MCSCEF results in Tables 4 and 5
also with the results of other large RAS calculations [33,34,36]. Astrand et al. [34]
have conducted an extended basis set and correlation study of the magnetic
properties of HF using much larger RASSCF wavefunctions than the ones
employed in this study. They found, however, that the '*°°CAS®**!' wavefunction
accounted for almost all of the correlation effects obtainable with MCSCF
wavefunctions. Ruud et al. [33] have similarly performed a extensive
investigation of the dependence of the rotational g tensor in water on the size
of the spaces in a RASSCEF calculation. They used a smaller RAS2 space, (4220)
than is used in this study, but performed also calculations with much larger RAS3
spaces (12;884). Nevertheless, their results show that the additional correlation
effects included in calculations with larger active spaces than the °°’°RAS$331SD
space employed here are negligible. Their best results are therefore also in

excellent agreement with the '""RAS$331SD results from this study (Table 5).
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Mohn et al. [36] employed in a very recent study an even larger RAS3 space
(17;11;11;9), but the results are still in good agreement with the RAS calculation
of this work.

In comparison with the MP2 and MP3 results of Cybulski and Bishop [29,30], I
note a non-uniform picture. In most cases they predict smaller correlation effects
than observed in this study whereas in individual cases such as HF at MP2, H,O g,
at MP3, H,O g;, at MP2, NH3 g, and g, at MP3 level their results are in good
agreement with my results. I believe that the differences are due to the smaller
basis sets used by Cybulski and Bishop.

4.3. Comparison of ab initio methods

The first observation one can make is that the correlation effects for the
rotational g tensor in HF, H,0O, and NHj3 are in general small, 1.5-3.5%, and
negative, i.e., correlation reduces the values of the rotational g tensor and
therefore the amount of coupling between the electronic and rotational motion.
Methane is an exception in that respect, because correlation increases the value
of the g factor and because some methods, MPn and CCSD, predict much larger
correlation corrections.

In general, the results of the perturbation theory based methods, SOPPA,
SOPPA(CCSD), MPn and CCSD become smaller with increasing level of theory,
whereas the results of the CASSCF/RASSCEF calculations go through a maximum
for the '°°CAS**?° or '"°CAS®**! wavefunctions depending on the molecule.
What slightly varies from molecule to molecule is the relative placement of the
three series SOPPA-SOPPA(CCSD), MP2-CCSD and valence CAS to RAS
calculation. Here methane clearly differs from the other molecules again.
Nevertheless, some general statements can be made.

The valence CAS calculations overestimate the correlation corrections
dramatically and predict rotational g tensor components which are much too
small for all molecules. In CHy it predicts even the wrong sign for the correlation
correction. Similarly, MP2 is not able to reproduce the sign or size of the
correlation correction. For HF and the in-plane component in H,O, the
MP2 contribution is too small and for all the other molecules or tensor
components the MP2 contribution is much too large and has even the wrong sign.

Comparing the SOPPA and SOPPA(CCSD) results one can see that both
methods predict correlation corrections which are comparable to the results
obtained at the CCSD or 'CRAS$3ISD level. However, it is clear that
SOPPA(CCSD) is in better agreement with these more expensive methods. The
SOPPA(CCSD) results for HF, for gj, and g, in H,O are close to the respective
MP3 results. In case of NH; and the parallel component of the g tensor of H,O,
where the correlation corrections are somewhat smaller, ~1.5%, SOPPA(CCSD)
predicts values close to the CCSD numbers.

Overall, CCSD predicts larger correlation corrections than SOPPA(CCSD),
which on the other hand predicts larger corrections than the '““RAS$331SD
calculations. The only exceptions are g in NH3, where SOPPA(CCSD) gives a
larger correction than CCSD, and gip/o0p in H>O where the order of
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Fig. 3. H,O: the g, component of the rotational g tensor as a function of ab initio methods
for two basis sets.

SOPPA(CCSD) and '"YRAS$31SD is interchanged. One can therefore conclude
that for the molecules studied here the results of SOPPA(CCSD) calculations are
comparable to results of other state-of-the-art methods.

4.4. Comparison with experiment

Comparison with experiment is complicated by the fact that measurements can
give the value of the rotational g tensor in one or several vibrational states and
the rotational ground state, but not the value for a particular nuclear geometry.
Since the results in this paper are calculated for a particular geometry, the
alleged equilibrium geometry, it is in principle not possible to compare these
results directly with the experimental values. One way to remedy this problem
would be to vibrationally average the results of the various methods over
appropriate nuclear vibrational wavefunctions. However, this is far beyond the
scope of this paper. The other alternative is to compare with a value at a given
nuclear geometry extracted or estimated from the experimental values. This is
possible when the rotational g tensor was measured in more than one
vibrational state [72]. From these values one can extrapolate to an equilibrium
geometry. Another way is to combine the experimental vibrational state
specific values with calculated vibrational corrections leading to ‘empirical’
equilibrium geometry values of the g tensor components. The experimental
values listed in Tables 4-8 and shown in Figs 1-5 were obtained in this way
from the experimental vibrational ground state values [72-75] and zero-point
vibrational corrections calculated by Ruud and co-workers with CASSCF and
RASSCF wavefunctions [33-36]. However, this approach becomes somewhat
questionable, when the vibrational corrections are as large or even larger than
the correlation corrections under investigation as it is the case for H,O and
NH; in this study. I will therefore not further discuss the different correlated
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results with respect to the experimental values because I believe that a
complete investigation including the vibrational corrections is required in such
a case [22,33-36].

5. FINAL REMARKS AND CONCLUSIONS

The components of the rotational g tensor of hydrogen fluoride, water, ammonia
and methane have been calculated at their equilibrium geometries with different
correlated ab initio methods and two large basis sets.

It is found that the basis sets employed are well converged even though no
rotational London orbitals are used in the calculations. The correlation effects are
rather small, in the range of 1.5-3.5%, and for all but methane the correlation
corrections are negative.

Comparing the results of the different methods one sees that SOPPA gives a good
indication of the size and sign of the correlation correction, but that SOPPA(CCSD)
is always in better agreement with MPn/CCSD and the large RASSCF calculations
than SOPPA. SOPPA(CCSD) gives results which are close to the results of MP3
calculations with the exception of CH,. When the correlation effects are small,
~1.5%, the SOPPA(CCSD) results are even close to the CCSD results.

On the other hand, the results of MP2 and valence CAS calculations are not
useful. MP2 predicts correlation correction which are not only much too large but
have also the wrong sign for most g tensor components studied here. In the
remaining cases the correlation correction is either much too large (CH,4) or much
too small (HF and H>O g;,). The valence CAS calculations similarly overestimate
the correlation effects and predict in general much too small g tensor components.
SOPPA and SOPPA(CCSD) performs thus clearly better than MP2 or valence
CAS calculations for the rotational g tensor in the studied molecules.

The results of the three best methods employed here show for all but three cases
the following ordering:

1000R AS$331SD > SOPPA(CCSD) > CCSD

which implies that the SOPPA(CCSD) results can compete with the results from
other state-of-the-art methods.

Finally, the results for CH4 show quite a different pattern. The correlation
corrections are positive and the results of MPn/CCSD calculations differ more
from the results of SOPPA/SOPPA(CCSD) and the RASSCEF calculations than for
the other molecules. Further investigations of the correlation effects in this
molecule are necessary.
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